
    

 

ChapterChapterChapter

Chapter

888

8

    

 

    

 

    

 

OptimizationOptimizationOptimization

Optimization

forforfor

for

TTT

T

rainingrainingraining

raining

DeepDeepDeep

Deep

MoMoMo

Mo

delsdelsdels

dels

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

DeepDeepDeep

Deep

learninglearninglearning

learning

algorithmsalgorithmsalgorithms

algorithms

ininin

in

vvv

v

olvolvolv

olv

eee

e

optimizationoptimizationoptimization

optimization

ininin

in

manmanman

man

yyy

y

conconcon

con

texts.texts.texts.

texts.

FFF

F

ororor

or

example,example,example,

example,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

erformingerformingerforming

erforming

inferenceinferenceinference

inference

ininin

in

momomo

mo

delsdelsdels

dels

sucsucsuc

suc

hhh

h

asasas

as

PCAPCAPCA

PCA

ininin

in

volvvolvvolv

volv

eseses

es

solvingsolvingsolving

solving

ananan

an

optimizationoptimizationoptimization

optimization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

problem.problem.problem.

problem.

WWW

W

eee

e

oftenoftenoften

often

useuseuse

use

analyticalanalyticalanalytical

analytical

optimizationoptimizationoptimization

optimization

tototo

to

writewritewrite

write

propropro

pro

ofsofsofs

ofs

ororor

or

designdesigndesign

design

algorithms.algorithms.algorithms.

algorithms.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

OfOfOf

Of

allallall

all

ofofof

of

thethethe

the

manymanymany

many

optimizationoptimizationoptimization

optimization

problemsproblemsproblems

problems

invinvinv

inv

olvolvolv

olv

ededed

ed

ininin

in

deepdeepdeep

deep

learning,learning,learning,

learning,

thethethe

the

mostmostmost

most

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

difficultdifficultdifficult

difficult

isisis

is

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

training.training.training.

training.

ItItIt

It

isisis

is

quitequitequite

quite

commoncommoncommon

common

tototo

to

ininin

in

vvv

v

estestest

est

daysdaysdays

days

tototo

to

monthsmonthsmonths

months

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

timetimetime

time

ononon

on

hundredshundredshundreds

hundreds

ofofof

of

macmacmac

mac

hineshineshines

hines

ininin

in

orderorderorder

order

tototo

to

solvesolvesolve

solve

eveneveneven

even

aaa

a

singlesinglesingle

single

instanceinstanceinstance

instance

ofofof

of

thethethe

the

neuralneuralneural

neural

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

www

w

orkorkork

ork

trainingtrainingtraining

training

problem.problem.problem.

problem.

BecauseBecauseBecause

Because

thisthisthis

this

problemproblemproblem

problem

isisis

is

sososo

so

impimpimp

imp

ortantortantortant

ortant

andandand

and

sososo

so

expexpexp

exp

ensive,ensive,ensive,

ensive,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

spspsp

sp

ecializedecializedecialized

ecialized

setsetset

set

ofofof

of

optimizationoptimizationoptimization

optimization

techniquestechniquestechniques

techniques

hahaha

ha

vvv

v

eee

e

bbb

b

eeneeneen

een

developeddevelopeddeveloped

developed

forforfor

for

solvingsolvingsolving

solving

it.it.it.

it.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThisThisThis

This

chapterchapterchapter

chapter

presenpresenpresen

presen

tststs

ts

thesethesethese

these

optimizationoptimizationoptimization

optimization

techniquestechniquestechniques

techniques

forforfor

for

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

training.training.training.

training.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

IfIfIf

If

youyouyou

you

areareare

are

unfamiliarunfamiliarunfamiliar

unfamiliar

withwithwith

with

thethethe

the

basicbasicbasic

basic

principlesprinciplesprinciples

principles

ofofof

of

gradient-basedgradient-basedgradient-based

gradient-based

optimization,optimization,optimization,

optimization,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

eee

e

suggestsuggestsuggest

suggest

reviewingreviewingreviewing

reviewing

ChapterChapterChapter

Chapter

...

.

ThatThatThat

That

chapterchapterchapter

chapter

includesincludesincludes

includes

aaa

a

briefbriefbrief

brief

ooo

o

vvv

v

erviewerviewerview

erview

ofofof

of

nnn

n

umericalumericalumerical

umerical

444

4

    

 

    

 

optimizationoptimizationoptimization

optimization

ininin

in

general.general.general.

general.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThisThisThis

This

chapterchapterchapter

chapter

fofofo

fo

cusescusescuses

cuses

ononon

on

oneoneone

one

particularparticularparticular

particular

casecasecase

case

ofofof

of

optimization:optimization:optimization:

optimization:

ndingndingnding

nding

thethethe

the

param-param-param-

param-

eterseterseters

eters

θθθ

θ

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

aaa

a

neuralneuralneural

neural

netnetnet

net

www

w

orkorkork

ork

thatthatthat

that

signicantlysignicantlysignicantly

signicantly

reducereducereduce

reduce

aaa

a

costcostcost

cost

functionfunctionfunction

function

JJJ

J

(((

(

θθθ

θ

    

 

)))

)

,,,

,

whichwhichwhich

which

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ttt

t

ypicallyypicallyypically

ypically

includesincludesincludes

includes

aaa

a

ppp

p

erformanceerformanceerformance

erformance

measuremeasuremeasure

measure

evevev

ev

aluatedaluatedaluated

aluated

ononon

on

thethethe

the

entireentireentire

entire

trainingtrainingtraining

training

setsetset

set

asasas

as

    

 

    

 

    

 

    

 

www

w

ellellell

ell

asasas

as

additionaladditionaladditional

additional

regularizationregularizationregularization

regularization

terms.terms.terms.

terms.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WWW

W

eee

e

bbb

b

egineginegin

egin

withwithwith

with

aaa

a

descriptiondescriptiondescription

description

ofofof

of

hohoho

ho

www

w

optimizationoptimizationoptimization

optimization

usedusedused

used

asasas

as

aaa

a

trainingtrainingtraining

training

algorithmalgorithmalgorithm

algorithm

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

forforfor

for

aaa

a

machinemachinemachine

machine

learninglearninglearning

learning

tasktasktask

task

differsdiffersdiffers

differs

fromfromfrom

from

purepurepure

pure

optimization.optimization.optimization.

optimization.

Next,Next,Next,

Next,

www

w

eee

e

presenpresenpresen

presen

ttt

t

severalseveralseveral

several

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

thethethe

the

concreteconcreteconcrete

concrete

challengeschallengeschallenges

challenges

thatthatthat

that

makemakemake

make

optimizationoptimizationoptimization

optimization

ofofof

of

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

difficult.difficult.difficult.

difficult.

WWW

W

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thenthenthen

then

denedenedene

dene

severalseveralseveral

several

practicalpracticalpractical

practical

algorithms,algorithms,algorithms,

algorithms,

includingincludingincluding

including

bbb

b

othothoth

oth

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

themselvthemselvthemselv

themselv

eseses

es

andandand

and

strategiesstrategiesstrategies

strategies

forforfor

for

initializinginitializinginitializing

initializing

thethethe

the

parameters.parameters.parameters.

parameters.

MoreMoreMore

More

advadvadv

adv

ancedancedanced

anced

algorithmsalgorithmsalgorithms

algorithms

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

adaptadaptadapt

adapt

theirtheirtheir

their

learninglearninglearning

learning

ratesratesrates

rates

duringduringduring

during

trainingtrainingtraining

training

ororor

or

leverageleverageleverage

leverage

informationinformationinformation

information

conconcon

con

tainedtainedtained

tained

ininin

in

274274274

274



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

secondsecondsecond

second

derivderivderiv

deriv

ativativativ

ativ

eseses

es

ofofof

of

thethethe

the

costcostcost

cost

function.function.function.

function.

FinallyFinallyFinally

Finally

,,,

,

www

w

eee

e

concludeconcludeconclude

conclude

withwithwith

with

aaa

a

reviewreviewreview

review

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

sevsevsev

sev

eraleraleral

eral

optimizationoptimizationoptimization

optimization

strategiesstrategiesstrategies

strategies

thatthatthat

that

areareare

are

formedformedformed

formed

bybyby

by

comcomcom

com

biningbiningbining

bining

simplesimplesimple

simple

optimizationoptimizationoptimization

optimization

    

 

    

 

    

 

algorithmsalgorithmsalgorithms

algorithms

intointointo

into

higher-levhigher-levhigher-lev

higher-lev

elelel

el

propropro

pro

cedures.cedures.cedures.

cedures.

    

 

    

 

    

 

    

 

    

 

    

 

8.18.18.1

8.1

HoHoHo

Ho

www

w

LearningLearningLearning

Learning

DiffersDiffersDiffers

Differs

fromfromfrom

from

PurePurePure

Pure

OptimizationOptimizationOptimization

Optimization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

OptimizationOptimizationOptimization

Optimization

algorithmsalgorithmsalgorithms

algorithms

usedusedused

used

forforfor

for

trainingtrainingtraining

training

ofofof

of

deepdeepdeep

deep

momomo

mo

delsdelsdels

dels

differdifferdiffer

differ

fromfromfrom

from

traditionaltraditionaltraditional

traditional

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

ininin

in

severalseveralseveral

several

www

w

aaa

a

ys.ys.ys.

ys.

MacMacMac

Mac

hinehinehine

hine

learninglearninglearning

learning

usuallyusuallyusually

usually

actsactsacts

acts

indirectlyindirectlyindirectly

indirectly

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

mostmostmost

most

machinemachinemachine

machine

learninglearninglearning

learning

scenarios,scenarios,scenarios,

scenarios,

wewewe

we

carecarecare

care

ababab

ab

outoutout

out

somesomesome

some

ppp

p

erformanceerformanceerformance

erformance

measuremeasuremeasure

measure

PPP

P

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

thatthatthat

that

isisis

is

deneddeneddened

dened

withwithwith

with

resprespresp

resp

ectectect

ect

tototo

to

thethethe

the

testtesttest

test

setsetset

set

andandand

and

mamama

ma

yyy

y

alsoalsoalso

also

bbb

b

eee

e

ininin

in

tractable. Wtractable. Wtractable. W

tractable. W

eee

e

    

 

thereforethereforetherefore

therefore

optimizeoptimizeoptimize

optimize

PPP

P

    

 

    

 

    

 

    

 

    

 

    

 

    

 

onlyonlyonly

only

indirectlyindirectlyindirectly

indirectly

...

.

WWW

W

eee

e

reducereducereduce

reduce

aaa

a

differentdifferentdifferent

different

costcostcost

cost

functionfunctionfunction

function

JJJ

J

(((

(

θθθ

θ

    

 

)))

)

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

hophophop

hop

eee

e

thatthatthat

that

doingdoingdoing

doing

sososo

so

willwillwill

will

improvimprovimprov

improv

eee

e

PPP

P

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

ThisThisThis

This

isisis

is

ininin

in

contrastcontrastcontrast

contrast

tototo

to

purepurepure

pure

optimization,optimization,optimization,

optimization,

    

 

wherewherewhere

where

minimizingminimizingminimizing

minimizing

JJJ

J

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

aaa

a

goalgoalgoal

goal

ininin

in

andandand

and

ofofof

of

itself.itself.itself.

itself.

OptimizationOptimizationOptimization

Optimization

algorithmsalgorithmsalgorithms

algorithms

forforfor

for

trainingtrainingtraining

training

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

deepdeepdeep

deep

momomo

mo

delsdelsdels

dels

alsoalsoalso

also

ttt

t

ypicallyypicallyypically

ypically

includeincludeinclude

include

somesomesome

some

spspsp

sp

ecializationecializationecialization

ecialization

ononon

on

thethethe

the

spspsp

sp

ecicecicecic

ecic

structurestructurestructure

structure

ofofof

of

    

 

    

 

    

 

macmacmac

mac

hinehinehine

hine

learninglearninglearning

learning

obobob

ob

jectivjectivjectiv

jectiv

eee

e

functions.functions.functions.

functions.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TTT

T

ypicallyypicallyypically

ypically

,,,

,

thethethe

the

costcostcost

cost

functionfunctionfunction

function

cancancan

can

bbb

b

eee

e

writtenwrittenwritten

written

asasas

as

ananan

an

avavav

av

erageerageerage

erage

ooo

o

vvv

v

ererer

er

thethethe

the

trainingtrainingtraining

training

set,set,set,

set,

    

 

sucsucsuc

suc

hhh

h

asasas

as

JJJ

J

(((

(

) = ) = ) = 

) = 

θθθ

θ

EEE

E

(((

(

)))

)

ˆ̂̂

ˆ

xxx

x

,,,

,

yyy

y

∼∼∼

∼

ppp

p
datadatadata

data

    

 

    

 

    

 

LLL

L

fff

f

,,,

,

yyy

y

,,,

,

(((

(

(((

(

;;;

;

)))

)

xxx

x

θθθ

θ

)))

)

(8.1)(8.1)(8.1)

(8.1)

wherewherewhere

where

LLL

L

    

 

    

 

    

 

    

 

isisis

is

thethethe

the

ppp

p

er-exampleer-exampleer-example

er-example

losslossloss

loss

function,function,function,

function,

fff

f

(((

(

xxx

x

;;;

;

θθθ

θ

    

 

    

 

    

 

    

 

    

 

)))

)

isisis

is

thethethe

the

predictedpredictedpredicted

predicted

outputoutputoutput

output

whenwhenwhen

when

    

 

    

 

thethethe

the

inputinputinput

input

isisis

is

xxx

x

,,,

,

ˆ̂̂

ˆ

ppp

p

datadatadata

data

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

thethethe

the

empiricalempiricalempirical

empirical

distribution.distribution.distribution.

distribution.

InInIn

In

thethethe

the

supsupsup

sup

ervisedervisedervised

ervised

learninglearninglearning

learning

case,case,case,

case,

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

thethethe

the

targettargettarget

target

output.output.output.

output.

ThroughoutThroughoutThroughout

Throughout

thisthisthis

this

chapter,chapter,chapter,

chapter,

wewewe

we

developdevelopdevelop

develop

thethethe

the

unregularizedunregularizedunregularized

unregularized

    

 

    

 

    

 

    

 

    

 

supsupsup

sup

ervisedervisedervised

ervised

case,case,case,

case,

wherewherewhere

where

thethethe

the

argumenargumenargumen

argumen

tststs

ts

tototo

to

LLL

L

areareare

are

fff

f

(((

(

xxx

x

;;;

;

θθθ

θ

    

 

)))

)

andandand

and

yyy

y

    

 

    

 

    

 

    

 

...

.

HowHowHow

How

evevev

ev

er,er,er,

er,

ititit

it

isisis

is

trivialtrivialtrivial

trivial

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

extendextendextend

extend

thisthisthis

this

developmendevelopmendevelopmen

developmen

t,t,t,

t,

forforfor

for

example,example,example,

example,

tototo

to

includeincludeinclude

include

θθθ

θ

ororor

or

xxx

x

    

 

    

 

    

 

asasas

as

arguments,arguments,arguments,

arguments,

ororor

or

tototo

to

excludeexcludeexclude

exclude

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

asasas

as

argumenargumenargumen

argumen

ts,ts,ts,

ts,

ininin

in

orderorderorder

order

tototo

to

developdevelopdevelop

develop

vvv

v

ariousariousarious

arious

formsformsforms

forms

ofofof

of

regularizationregularizationregularization

regularization

ororor

or

    

 

unsupunsupunsup

unsup

ervisedervisedervised

ervised

learning.learning.learning.

learning.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

Eq.Eq.Eq.

Eq.

denesdenesdenes

denes

ananan

an

obobob

ob

jectivejectivejective

jective

functionfunctionfunction

function

withwithwith

with

resprespresp

resp

ectectect

ect

tototo

to

thethethe

the

trainingtrainingtraining

training

set.set.set.

set.

WWW

W

eee

e

8.18.18.1

8.1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

ouldouldould

ould

usuallyusuallyusually

usually

preferpreferprefer

prefer

tototo

to

minimizeminimizeminimize

minimize

thethethe

the

correspcorrespcorresp

corresp

ondingondingonding

onding

obobob

ob

jectivjectivjectiv

jectiv

eee

e

functionfunctionfunction

function

wherewherewhere

where

thethethe

the

    

 

    

 

    

 

expexpexp

exp

ectationectationectation

ectation

isisis

is

taktaktak

tak

enenen

en

acrossacrossacross

across

    

 

    

 

    

 

    

 

thethethe

the

datadatadata

data

generatinggeneratinggenerating

generating

distributiondistributiondistribution

distribution

ppp

p

datadatadata

data

    

 

ratherratherrather

rather

thanthanthan

than

    

 

    

 

    

 

    

 

    

 

justjustjust

just

ovovov

ov

ererer

er

thethethe

the

nitenitenite

nite

trainingtrainingtraining

training

set:set:set:

set:

JJJ

J
∗∗∗

∗

(((

(

) = ) = ) = 

) = 

θθθ

θ

EEE

E

(((

(

)))

)

xxx

x

,,,

,

yyy

y

∼∼∼

∼

ppp

p
datadatadata

data

    

 

    

 

    

 

LLL

L

fff

f

,,,

,

yyy

y

...

.

(((

(

(((

(

;;;

;

)))

)

xxx

x

θθθ

θ

)))

)

(8.2)(8.2)(8.2)

(8.2)

    

 

    

 

    

 

8.1.18.1.18.1.1

8.1.1

EmpiricalEmpiricalEmpirical

Empirical

RiskRiskRisk

Risk

MinimizationMinimizationMinimization

Minimization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

goalgoalgoal

goal

ofofof

of

aaa

a

machinemachinemachine

machine

learninglearninglearning

learning

algorithmalgorithmalgorithm

algorithm

isisis

is

tototo

to

reducereducereduce

reduce

thethethe

the

expexpexp

exp

ectedectedected

ected

generalizationgeneralizationgeneralization

generalization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

errorerrorerror

error

givengivengiven

given

bbb

b

yyy

y

Eq.Eq.Eq.

Eq.

...

.

ThisThisThis

This

quantitquantitquantit

quantit

yyy

y

isisis

is

knoknokno

kno

wnwnwn

wn

asasas

as

thethethe

the

...

.

WWW

W

eee

e

emphasizeemphasizeemphasize

emphasize

hereherehere

here

thatthatthat

that

8.28.28.2

8.2

riskriskrisk

risk

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

expexpexp

exp

ectationectationectation

ectation

isisis

is

taktaktak

tak

enenen

en

ovovov

ov

ererer

er

thethethe

the

truetruetrue

true

underlyingunderlyingunderlying

underlying

distributiondistributiondistribution

distribution

ppp

p

datadatadata

data

    

 

    

 

    

 

...

.

IfIfIf

If

wewewe

we

knewknewknew

knew

    

 

    

 

thethethe

the

truetruetrue

true

distributiondistributiondistribution

distribution

ppp

p

datadatadata

data

(((

(

    

 

xxx

x

,,,

,

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

)))

)

,,,

,

riskriskrisk

risk

minimizationminimizationminimization

minimization

wouldwouldwould

would

bbb

b

eee

e

ananan

an

optimizationoptimizationoptimization

optimization

tasktasktask

task

275275275

275



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

solvsolvsolv

solv

ableableable

able

bybyby

by

ananan

an

optimizationoptimizationoptimization

optimization

algorithm.algorithm.algorithm.

algorithm.

HoHoHo

Ho

wevwevwev

wev

er,er,er,

er,

whenwhenwhen

when

www

w

eee

e

dododo

do

notnotnot

not

knowknowknow

know

ppp

p

datadatadata

data

(((

(

    

 

xxx

x

,,,

,

yyy

y

)))

)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

butbutbut

but

onlyonlyonly

only

hahaha

ha

vvv

v

eee

e

aaa

a

trainingtrainingtraining

training

setsetset

set

ofofof

of

samples,samples,samples,

samples,

wewewe

we

hahaha

ha

veveve

ve

aaa

a

machinemachinemachine

machine

learninglearninglearning

learning

problem.problem.problem.

problem.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

simplestsimplestsimplest

simplest

wawawa

wa

yyy

y

tototo

to

convconvconv

conv

ertertert

ert

aaa

a

machinemachinemachine

machine

learninglearninglearning

learning

problemproblemproblem

problem

backbackback

back

ininin

in

tototo

to

ananan

an

op-op-op-

op-

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

timizationtimizationtimization

timization

problemproblemproblem

problem

isisis

is

tototo

to

minimizeminimizeminimize

minimize

thethethe

the

expexpexp

exp

ectedectedected

ected

losslossloss

loss

ononon

on

thethethe

the

trainingtrainingtraining

training

set.set.set.

set.

ThisThisThis

This

    

 

    

 

    

 

    

 

meansmeansmeans

means

replacingreplacingreplacing

replacing

thethethe

the

truetruetrue

true

distributiondistributiondistribution

distribution

ppp

p

(((

(

    

 

xxx

x

,,,

,

yyy

y

    

 

    

 

    

 

) ) ) 

) 

withwithwith

with

thethethe

the

empiricalempiricalempirical

empirical

distributiondistributiondistribution

distribution

ˆ̂̂

ˆ

ppp

p

(((

(

    

 

xxx

x

,,,

,

yyy

y

)))

)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

deneddeneddened

dened

bybyby

by

thethethe

the

trainingtrainingtraining

training

set.set.set.

set.

WWW

W

eee

e

nownownow

now

minimizeminimizeminimize

minimize

thethethe

the

empiricempiricempiric

empiric

alalal

al

riskriskrisk

risk

EEE

E

xxx

x

,,,

,

yyy

y

∼∼∼

∼

ˆ̂̂

ˆ

ppp

p
datadatadata

data

(((

(

)))

)

xxx

x

,y,y,y

,y

    

 

    

 

[[[

[

(((

(

(((

(

;;;

;

)))

)

)] =)] =)] =

)] =

LLL

L

fff

f

xxx

x

θθθ

θ

,,,

,

yyy

y
111

1

mmm

m mmm

m

XXX

X

iii

i

=1=1=1

=1
LLL

L

fff

f

(((

(

(((

(

xxx

x
(((

(

)))

)

iii

i

    

 

    

 

;;;

;

)))

)

θθθ

θ

,,,

,

yyy

y
(((

(

)))

)

iii

i

    

 

)))

)

(8.3)(8.3)(8.3)

(8.3)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

wherewherewhere

where

isisis

is

thethethe

the

nnn

n

umberumberumber

umber

ofofof

of

trainingtrainingtraining

training

examples.examples.examples.

examples.

mmm

m

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

trainingtrainingtraining

training

propropro

pro

cesscesscess

cess

basedbasedbased

based

ononon

on

minimizingminimizingminimizing

minimizing

thisthisthis

this

avavav

av

erageerageerage

erage

trainingtrainingtraining

training

errorerrorerror

error

isisis

is

knownknownknown

known

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

asasas

as

empiricempiricempiric

empiric

alalal

al

riskriskrisk

risk

minimizationminimizationminimization

minimization

...

.

InInIn

In

thisthisthis

this

setting,setting,setting,

setting,

machinemachinemachine

machine

learninglearninglearning

learning

isisis

is

stillstillstill

still

vvv

v

eryeryery

ery

similarsimilarsimilar

similar

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

straightforwstraightforwstraightforw

straightforw

ardardard

ard

optimization.optimization.optimization.

optimization.

RatherRatherRather

Rather

thanthanthan

than

optimizingoptimizingoptimizing

optimizing

thethethe

the

riskriskrisk

risk

directlydirectlydirectly

directly

,,,

,

www

w

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

optimizeoptimizeoptimize

optimize

thethethe

the

empiricalempiricalempirical

empirical

risk,risk,risk,

risk,

andandand

and

hophophop

hop

eee

e

thatthatthat

that

thethethe

the

riskriskrisk

risk

decreasesdecreasesdecreases

decreases

signicantlysignicantlysignicantly

signicantly

asasas

as

well.well.well.

well.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AAA

A

vvv

v

arietyarietyariety

ariety

ofofof

of

theoreticaltheoreticaltheoretical

theoretical

resultsresultsresults

results

establishestablishestablish

establish

conditionsconditionsconditions

conditions

underunderunder

under

whicwhicwhic

whic

hhh

h

thethethe

the

truetruetrue

true

riskriskrisk

risk

cancancan

can

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

eee

e

expexpexp

exp

ectedectedected

ected

tototo

to

decreasedecreasedecrease

decrease

bbb

b

yyy

y

vvv

v

ariousariousarious

arious

amounamounamoun

amoun

ts.ts.ts.

ts.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

HoHoHo

Ho

www

w

evevev

ev

er,er,er,

er,

empiricalempiricalempirical

empirical

riskriskrisk

risk

minimizationminimizationminimization

minimization

isisis

is

proneproneprone

prone

tototo

to

ovovov

ov

ertting.ertting.ertting.

ertting.

ModelsModelsModels

Models

withwithwith

with

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

highhighhigh

high

capacitycapacitycapacity

capacity

cancancan

can

simplysimplysimply

simply

memorizememorizememorize

memorize

thethethe

the

trainingtrainingtraining

training

set.set.set.

set.

InInIn

In

manymanymany

many

cases,cases,cases,

cases,

empiricalempiricalempirical

empirical

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

riskriskrisk

risk

minimizationminimizationminimization

minimization

isisis

is

notnotnot

not

reallyreallyreally

really

feasible.feasible.feasible.

feasible.

TheTheThe

The

mostmostmost

most

effectiveeffectiveeffective

effective

momomo

mo

dernderndern

dern

optimizationoptimizationoptimization

optimization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

algorithmsalgorithmsalgorithms

algorithms

areareare

are

basedbasedbased

based

ononon

on

gradiengradiengradien

gradien

ttt

t

descent,descent,descent,

descent,

butbutbut

but

manymanymany

many

usefulusefuluseful

useful

losslossloss

loss

functions,functions,functions,

functions,

suchsuchsuch

such

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

asasas

as

0-10-10-1

0-1

loss,loss,loss,

loss,

hahaha

ha

vvv

v

eee

e

nonono

no

usefulusefuluseful

useful

derivderivderiv

deriv

ativativativ

ativ

eseses

es

(the(the(the

(the

derivderivderiv

deriv

ativeativeative

ative

isisis

is

eithereithereither

either

zerozerozero

zero

ororor

or

undenedundenedundened

undened

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

evevev

ev

erywhere).erywhere).erywhere).

erywhere).

TheseTheseThese

These

twtwtw

tw

ooo

o

problemsproblemsproblems

problems

meanmeanmean

mean

that,that,that,

that,

ininin

in

thethethe

the

contextcontextcontext

context

ofofof

of

deepdeepdeep

deep

learning,learning,learning,

learning,

wewewe

we

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

rarelyrarelyrarely

rarely

useuseuse

use

empiricalempiricalempirical

empirical

riskriskrisk

risk

minimization.minimization.minimization.

minimization.

Instead,Instead,Instead,

Instead,

www

w

eee

e

mustmustmust

must

useuseuse

use

aaa

a

slightlyslightlyslightly

slightly

differendifferendifferen

differen

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

approacapproacapproac

approac

h,h,h,

h,

ininin

in

whichwhichwhich

which

thethethe

the

quantitquantitquantit

quantit

yyy

y

thatthatthat

that

www

w

eee

e

actuallyactuallyactually

actually

optimizeoptimizeoptimize

optimize

isisis

is

eveneveneven

even

moremoremore

more

differendifferendifferen

differen

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

fromfromfrom

from

thethethe

the

quanquanquan

quan

tittittit

tit

yyy

y

thatthatthat

that

wewewe

we

trulytrulytruly

truly

wanwanwan

wan

ttt

t

tototo

to

optimize.optimize.optimize.

optimize.

    

 

    

 

    

 

    

 

    

 

    

 

8.1.28.1.28.1.2

8.1.2

SurrogateSurrogateSurrogate

Surrogate

LossLossLoss

Loss

FFF

F

unctionsunctionsunctions

unctions

andandand

and

EarlyEarlyEarly

Early

StoppingStoppingStopping

Stopping

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

Sometimes,Sometimes,Sometimes,

Sometimes,

thethethe

the

losslossloss

loss

functionfunctionfunction

function

wewewe

we

actuallyactuallyactually

actually

carecarecare

care

ababab

ab

outoutout

out

(say(say(say

(say

classicationclassicationclassication

classication

error)error)error)

error)

isisis

is

notnotnot

not

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

oneoneone

one

thatthatthat

that

cancancan

can

bebebe

be

optimizedoptimizedoptimized

optimized

efficientlyefficientlyefficiently

efficiently

...

.

FFF

F

ororor

or

example,example,example,

example,

exactlyexactlyexactly

exactly

minimizingminimizingminimizing

minimizing

expexpexp

exp

ectedectedected

ected

0-10-10-1

0-1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

losslossloss

loss

isisis

is

typicallytypicallytypically

typically

ininin

in

tractabletractabletractable

tractable

(exp(exp(exp

(exp

onentialonentialonential

onential

ininin

in

thethethe

the

inputinputinput

input

dimension),dimension),dimension),

dimension),

evevev

ev

enenen

en

forforfor

for

aaa

a

linearlinearlinear

linear

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

classierclassierclassier

classier

(((

(

MarcotteMarcotteMarcotte

Marcotte

andandand

and

SavSavSav

Sav

ardardard

ard

199219921992

1992

,,,

,

).).).

).

InInIn

In

suchsuchsuch

such

situations,situations,situations,

situations,

oneoneone

one

ttt

t

ypicallyypicallyypically

ypically

optimizesoptimizesoptimizes

optimizes

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

surrsurrsurr

surr

ooo

o

gategategate

gate

losslossloss

loss

functionfunctionfunction

function

instead,instead,instead,

instead,

whichwhichwhich

which

actsactsacts

acts

asasas

as

aaa

a

propropro

pro

xyxyxy

xy

butbutbut

but

hashashas

has

advadvadv

adv

antagesantagesantages

antages

...

.

FFF

F

ororor

or

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

example,example,example,

example,

thethethe

the

negativenegativenegative

negative

log-likelihoolog-likelihoolog-likelihoo

log-likelihoo

ddd

d

ofofof

of

thethethe

the

correctcorrectcorrect

correct

classclassclass

class

isisis

is

ttt

t

ypicallyypicallyypically

ypically

usedusedused

used

asasas

as

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

surrogatesurrogatesurrogate

surrogate

forforfor

for

thethethe

the

0-10-10-1

0-1

loss.loss.loss.

loss.

TheTheThe

The

negativnegativnegativ

negativ

eee

e

log-likelihoolog-likelihoolog-likelihoo

log-likelihoo

ddd

d

allowsallowsallows

allows

thethethe

the

momomo

mo

deldeldel

del

tototo

to

estimateestimateestimate

estimate

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

conditionalconditionalconditional

conditional

probabilityprobabilityprobability

probability

ofofof

of

thethethe

the

classes,classes,classes,

classes,

givengivengiven

given

thethethe

the

input,input,input,

input,

andandand

and

ififif

if

thethethe

the

momomo

mo

deldeldel

del

cancancan

can

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

dododo

do

thatthatthat

that

well,well,well,

well,

thenthenthen

then

ititit

it

cancancan

can

pickpickpick

pick

thethethe

the

classesclassesclasses

classes

thatthatthat

that

yieldyieldyield

yield

thethethe

the

leastleastleast

least

classicationclassicationclassication

classication

errorerrorerror

error

ininin

in

expexpexp

exp

ectation.ectation.ectation.

ectation.

276276276

276



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

somesomesome

some

cases,cases,cases,

cases,

aaa

a

surrogatesurrogatesurrogate

surrogate

losslossloss

loss

functionfunctionfunction

function

actuallyactuallyactually

actually

resultsresultsresults

results

ininin

in

bbb

b

eingeingeing

eing

ableableable

able

tototo

to

learnlearnlearn

learn

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

more.more.more.

more.

FFF

F

ororor

or

example,example,example,

example,

thethethe

the

testtesttest

test

setsetset

set

0-10-10-1

0-1

losslossloss

loss

oftenoftenoften

often

contincontincontin

contin

uesuesues

ues

tototo

to

decreasedecreasedecrease

decrease

forforfor

for

aaa

a

longlonglong

long

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

timetimetime

time

afterafterafter

after

thethethe

the

trainingtrainingtraining

training

setsetset

set

0-10-10-1

0-1

losslossloss

loss

hashashas

has

reachedreachedreached

reached

zero,zero,zero,

zero,

whenwhenwhen

when

trainingtrainingtraining

training

usingusingusing

using

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

log-liklog-liklog-lik

log-lik

elihoelihoeliho

eliho

ooo

o

ddd

d

surrogate.surrogate.surrogate.

surrogate.

ThisThisThis

This

isisis

is

bbb

b

ecauseecauseecause

ecause

evevev

ev

enenen

en

whenwhenwhen

when

thethethe

the

expexpexp

exp

ectedectedected

ected

0-10-10-1

0-1

losslossloss

loss

isisis

is

zero,zero,zero,

zero,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

oneoneone

one

cancancan

can

improvimprovimprov

improv

eee

e

thethethe

the

robustnessrobustnessrobustness

robustness

ofofof

of

thethethe

the

classierclassierclassier

classier

bybyby

by

furtherfurtherfurther

further

pushingpushingpushing

pushing

thethethe

the

classesclassesclasses

classes

apartapartapart

apart

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

fromfromfrom

from

eacheacheach

each

other,other,other,

other,

obtainingobtainingobtaining

obtaining

aaa

a

moremoremore

more

condencondenconden

conden

ttt

t

andandand

and

reliablereliablereliable

reliable

classier,classier,classier,

classier,

ththth

th

ususus

us

extractingextractingextracting

extracting

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

moremoremore

more

informationinformationinformation

information

fromfromfrom

from

thethethe

the

trainingtrainingtraining

training

datadatadata

data

thanthanthan

than

wouldwouldwould

would

hahaha

ha

vvv

v

eee

e

bbb

b

eeneeneen

een

ppp

p

ossibleossibleossible

ossible

bybyby

by

simplysimplysimply

simply

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

minimizingminimizingminimizing

minimizing

thethethe

the

aaa

a

vvv

v

erageerageerage

erage

0-10-10-1

0-1

losslossloss

loss

ononon

on

thethethe

the

trainingtrainingtraining

training

set.set.set.

set.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AAA

A

veryveryvery

very

impimpimp

imp

ortanortanortan

ortan

ttt

t

differencedifferencedifference

difference

bbb

b

etwetwetw

etw

eeneeneen

een

optimizationoptimizationoptimization

optimization

ininin

in

generalgeneralgeneral

general

andandand

and

optimizationoptimizationoptimization

optimization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

asasas

as

wewewe

we

useuseuse

use

ititit

it

forforfor

for

trainingtrainingtraining

training

algorithmsalgorithmsalgorithms

algorithms

isisis

is

thatthatthat

that

trainingtrainingtraining

training

algorithmsalgorithmsalgorithms

algorithms

dododo

do

notnotnot

not

usuallyusuallyusually

usually

halthalthalt

halt

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

atatat

at

aaa

a

lololo

lo

calcalcal

cal

minimminimminim

minim

um.um.um.

um.

Instead,Instead,Instead,

Instead,

aaa

a

macmacmac

mac

hinehinehine

hine

learninglearninglearning

learning

algorithmalgorithmalgorithm

algorithm

usuallyusuallyusually

usually

minimizesminimizesminimizes

minimizes

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

surrogatesurrogatesurrogate

surrogate

losslossloss

loss

functionfunctionfunction

function

butbutbut

but

haltshaltshalts

halts

whenwhenwhen

when

aaa

a

convconvconv

conv

ergenceergenceergence

ergence

criterioncriterioncriterion

criterion

basedbasedbased

based

ononon

on

earlyearlyearly

early

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

stoppingstoppingstopping

stopping

(Sec.(Sec.(Sec.

(Sec.

)))

)

isisis

is

satised.satised.satised.

satised.

TTT

T

ypicallyypicallyypically

ypically

thethethe

the

earlyearlyearly

early

stoppingstoppingstopping

stopping

criterioncriterioncriterion

criterion

isisis

is

basedbasedbased

based

ononon

on

7.87.87.8

7.8

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

truetruetrue

true

underlyingunderlyingunderlying

underlying

losslossloss

loss

function,function,function,

function,

suchsuchsuch

such

asasas

as

0-10-10-1

0-1

losslossloss

loss

measuredmeasuredmeasured

measured

ononon

on

aaa

a

vvv

v

alidationalidationalidation

alidation

set,set,set,

set,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

isisis

is

designeddesigneddesigned

designed

tototo

to

causecausecause

cause

thethethe

the

algorithmalgorithmalgorithm

algorithm

tototo

to

halthalthalt

halt

whenevwhenevwhenev

whenev

ererer

er

ooo

o

verttingverttingvertting

vertting

bbb

b

eginseginsegins

egins

tototo

to

ooo

o

ccur.ccur.ccur.

ccur.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TTT

T

rainingrainingraining

raining

oftenoftenoften

often

haltshaltshalts

halts

whilewhilewhile

while

thethethe

the

surrogatesurrogatesurrogate

surrogate

losslossloss

loss

functionfunctionfunction

function

stillstillstill

still

hashashas

has

largelargelarge

large

derivderivderiv

deriv

atives,atives,atives,

atives,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

whicwhicwhic

whic

hhh

h

isisis

is

vvv

v

eryeryery

ery

differentdifferentdifferent

different

fromfromfrom

from

thethethe

the

purepurepure

pure

optimizationoptimizationoptimization

optimization

setting,setting,setting,

setting,

wherewherewhere

where

ananan

an

optimizationoptimizationoptimization

optimization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

algorithmalgorithmalgorithm

algorithm

isisis

is

consideredconsideredconsidered

considered

tototo

to

hahaha

ha

vvv

v

eee

e

convconvconv

conv

ergedergederged

erged

whenwhenwhen

when

thethethe

the

gradientgradientgradient

gradient

bbb

b

ecomesecomesecomes

ecomes

veryveryvery

very

small.small.small.

small.

    

 

    

 

    

 

    

 

8.1.38.1.38.1.3

8.1.3

BatcBatcBatc

Batc

hhh

h

andandand

and

MinibatchMinibatchMinibatch

Minibatch

AlgorithmsAlgorithmsAlgorithms

Algorithms

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

OneOneOne

One

aspectaspectaspect

aspect

ofofof

of

machinemachinemachine

machine

learninglearninglearning

learning

algorithmsalgorithmsalgorithms

algorithms

thatthatthat

that

separatesseparatesseparates

separates

themthemthem

them

fromfromfrom

from

generalgeneralgeneral

general

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

isisis

is

thatthatthat

that

thethethe

the

obobob

ob

jectivjectivjectiv

jectiv

eee

e

functionfunctionfunction

function

usuallyusuallyusually

usually

decompdecompdecomp

decomp

osesosesoses

oses

asasas

as

aaa

a

sumsumsum

sum

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ooo

o

vvv

v

ererer

er

thethethe

the

trainingtrainingtraining

training

examples.examples.examples.

examples.

OptimizationOptimizationOptimization

Optimization

algorithmsalgorithmsalgorithms

algorithms

forforfor

for

macmacmac

mac

hinehinehine

hine

learninglearninglearning

learning

ttt

t

ypicallyypicallyypically

ypically

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

computecomputecompute

compute

eacheacheach

each

upupup

up

datedatedate

date

tototo

to

thethethe

the

parametersparametersparameters

parameters

basedbasedbased

based

ononon

on

ananan

an

expexpexp

exp

ectedectedected

ected

vvv

v

aluealuealue

alue

ofofof

of

thethethe

the

costcostcost

cost

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

functionfunctionfunction

function

estimatedestimatedestimated

estimated

usingusingusing

using

onlyonlyonly

only

aaa

a

subsetsubsetsubset

subset

ofofof

of

thethethe

the

termstermsterms

terms

ofofof

of

thethethe

the

fullfullfull

full

costcostcost

cost

function.function.function.

function.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FFF

F

ororor

or

example,example,example,

example,

maximmaximmaxim

maxim

umumum

um

likelihoolikelihoolikelihoo

likelihoo

ddd

d

estimationestimationestimation

estimation

problems,problems,problems,

problems,

whenwhenwhen

when

viewviewview

view

ededed

ed

ininin

in

logloglog

log

    

 

    

 

    

 

    

 

    

 

    

 

    

 

space,space,space,

space,

decompdecompdecomp

decomp

oseoseose

ose

ininin

in

tototo

to

aaa

a

sumsumsum

sum

ovovov

ov

ererer

er

eaceaceac

eac

hhh

h

example:example:example:

example:

θθθ

θ

MLMLML

ML

    

 

= arg= arg= arg

= arg

maxmaxmax

max

θθθ

θ mmm

m

XXX

X

iii

i

=1=1=1

=1
    

 

logloglog

log

ppp

p

modelmodelmodel

model

(((

(

xxx

x
(((

(

)))

)

iii

i

    

 

,,,

,

yyy

y
(((

(

)))

)

iii

i

    

 

    

 

;;;

;

)))

)

θθθ

θ

...

.

(8.4)(8.4)(8.4)

(8.4)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

MaximizingMaximizingMaximizing

Maximizing

thisthisthis

this

sumsumsum

sum

isisis

is

equivequivequiv

equiv

alentalentalent

alent

tototo

to

maximizingmaximizingmaximizing

maximizing

thethethe

the

expexpexp

exp

ectationectationectation

ectation

ovovov

ov

ererer

er

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

empiricalempiricalempirical

empirical

distributiondistributiondistribution

distribution

deneddeneddened

dened

bybyby

by

thethethe

the

trainingtrainingtraining

training

set:set:set:

set:

JJJ

J

(((

(

) = ) = ) = 

) = 

θθθ

θ

EEE

E

xxx

x

,,,

,

yyy

y

∼∼∼

∼

ˆ̂̂

ˆ

ppp

p
datadatadata

data

    

 

logloglog

log

ppp

p

modelmodelmodel

model

    

 

    

 

    

 

(((

(

;;;

;

)))

)

xxx

x

,,,

,

yyy

y

θθθ

θ

...

.

(8.5)(8.5)(8.5)

(8.5)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

MostMostMost

Most

ofofof

of

thethethe

the

proppropprop

prop

ertiesertieserties

erties

ofofof

of

thethethe

the

obobob

ob

jectivejectivejective

jective

functionfunctionfunction

function

JJJ

J

    

 

    

 

    

 

    

 

    

 

usedusedused

used

bbb

b

yyy

y

mostmostmost

most

ofofof

of

ourourour

our

opti-opti-opti-

opti-

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

mizationmizationmization

mization

algorithmsalgorithmsalgorithms

algorithms

areareare

are

alsoalsoalso

also

expexpexp

exp

ectationsectationsectations

ectations

ovovov

ov

ererer

er

thethethe

the

trainingtrainingtraining

training

set.set.set.

set.

FFF

F

ororor

or

example,example,example,

example,

thethethe

the

277277277

277



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

mostmostmost

most

commonlycommonlycommonly

commonly

usedusedused

used

proppropprop

prop

ertyertyerty

erty

isisis

is

thethethe

the

gradiengradiengradien

gradien

t:t:t:

t:

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

) = ) = ) = 

) = 

θθθ

θ

EEE

E

xxx

x

,,,

,

yyy

y

∼∼∼

∼

ˆ̂̂

ˆ

ppp

p
datadatadata

data

∇∇∇

∇
θθθ

θ

    

 

logloglog

log

ppp

p

modelmodelmodel

model

    

 

    

 

    

 

(((

(

;;;

;

)))

)

xxx

x

,,,

,

yyy

y

θθθ

θ

...

.

(8.6)(8.6)(8.6)

(8.6)

    

 

    

 

Computing thisComputing thisComputing this

Computing this

expexpexp

exp

ectation exactly isectation exactly isectation exactly is

ectation exactly is

vvv

v

ery expensive because it requiresery expensive because it requiresery expensive because it requires

ery expensive because it requires

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

evevev

ev

aluatingaluatingaluating

aluating

thethethe

the

momomo

mo

deldeldel

del

ononon

on

everyeveryevery

every

exampleexampleexample

example

ininin

in

thethethe

the

entireentireentire

entire

dataset.dataset.dataset.

dataset.

InInIn

In

practice,practice,practice,

practice,

wewewe

we

cancancan

can

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

computecomputecompute

compute

thesethesethese

these

expexpexp

exp

ectationsectationsectations

ectations

bybyby

by

randomlyrandomlyrandomly

randomly

samplingsamplingsampling

sampling

aaa

a

smallsmallsmall

small

numnumnum

num

bbb

b

ererer

er

ofofof

of

examplesexamplesexamples

examples

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

fromfromfrom

from

thethethe

the

dataset,dataset,dataset,

dataset,

thenthenthen

then

takingtakingtaking

taking

thethethe

the

avavav

av

erageerageerage

erage

ovovov

ov

ererer

er

onlyonlyonly

only

thosethosethose

those

examples.examples.examples.

examples.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

RecallRecallRecall

Recall

thatthatthat

that

thethethe

the

standardstandardstandard

standard

errorerrorerror

error

ofofof

of

thethethe

the

meanmeanmean

mean

(Eq.(Eq.(Eq.

(Eq.

)))

)

estimatedestimatedestimated

estimated

fromfromfrom

from

5.465.465.46

5.46

nnn

n

samplessamplessamples

samples

    

 

    

 

isisis

is

givengivengiven

given

bbb

b

yyy

y

σσσ

σ

///

/

√√√

√

n,n,n,

n,

wherewherewhere

where

σσσ

σ

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

thethethe

the

truetruetrue

true

standardstandardstandard

standard

deviationdeviationdeviation

deviation

ofofof

of

thethethe

the

vvv

v

aluealuealue

alue

ofofof

of

thethethe

the

samples.samples.samples.

samples.

    

 

    

 

TheTheThe

The

denominatordenominatordenominator

denominator

ofofof

of

√√√

√

nnn

n

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

shoshosho

sho

wswsws

ws

thatthatthat

that

theretherethere

there

areareare

are

lesslessless

less

thanthanthan

than

linearlinearlinear

linear

returnsreturnsreturns

returns

tototo

to

usingusingusing

using

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

moremoremore

more

examplesexamplesexamples

examples

tototo

to

estimateestimateestimate

estimate

thethethe

the

gradiengradiengradien

gradien

t.t.t.

t.

CompareCompareCompare

Compare

ttt

t

wowowo

wo

hypotheticalhypotheticalhypothetical

hypothetical

estimatesestimatesestimates

estimates

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

gradient,gradient,gradient,

gradient,

oneoneone

one

basedbasedbased

based

ononon

on

100100100

100

examplesexamplesexamples

examples

andandand

and

anotheranotheranother

another

basedbasedbased

based

ononon

on

10,00010,00010,000

10,000

examples.examples.examples.

examples.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

latterlatterlatter

latter

requiresrequiresrequires

requires

100100100

100

timestimestimes

times

moremoremore

more

computationcomputationcomputation

computation

thanthanthan

than

thethethe

the

former,former,former,

former,

butbutbut

but

reducesreducesreduces

reduces

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

standardstandardstandard

standard

errorerrorerror

error

ofofof

of

thethethe

the

meanmeanmean

mean

onlyonlyonly

only

bybyby

by

aaa

a

factorfactorfactor

factor

ofofof

of

10.10.10.

10.

MostMostMost

Most

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

conconcon

con

vvv

v

ergeergeerge

erge

mucmucmuc

muc

hhh

h

fasterfasterfaster

faster

(in(in(in

(in

termstermsterms

terms

ofofof

of

totaltotaltotal

total

computation,computation,computation,

computation,

notnotnot

not

ininin

in

termstermsterms

terms

ofofof

of

numnumnum

num

bbb

b

ererer

er

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

upupup

up

dates)dates)dates)

dates)

ififif

if

theytheythey

they

areareare

are

alloalloallo

allo

www

w

ededed

ed

tototo

to

rapidlyrapidlyrapidly

rapidly

computecomputecompute

compute

approapproappro

appro

ximateximateximate

ximate

estimatesestimatesestimates

estimates

ofofof

of

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

ttt

t

ratherratherrather

rather

thanthanthan

than

slowlyslowlyslowly

slowly

computingcomputingcomputing

computing

thethethe

the

exactexactexact

exact

gradient.gradient.gradient.

gradient.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AnotherAnotherAnother

Another

considerationconsiderationconsideration

consideration

motivmotivmotiv

motiv

atingatingating

ating

statisticalstatisticalstatistical

statistical

estimationestimationestimation

estimation

ofofof

of

thethethe

the

gradientgradientgradient

gradient

fromfromfrom

from

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

smallsmallsmall

small

numnumnum

num

bbb

b

ererer

er

ofofof

of

samplessamplessamples

samples

isisis

is

redundancyredundancyredundancy

redundancy

ininin

in

thethethe

the

trainingtrainingtraining

training

set.set.set.

set.

InInIn

In

thethethe

the

worstworstworst

worst

case,case,case,

case,

allallall

all

mmm

m

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

samplessamplessamples

samples

ininin

in

thethethe

the

trainingtrainingtraining

training

setsetset

set

couldcouldcould

could

bbb

b

eee

e

identicalidenticalidentical

identical

copiescopiescopies

copies

ofofof

of

eacheacheach

each

other.other.other.

other.

AAA

A

sampling-sampling-sampling-

sampling-

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

basedbasedbased

based

estimateestimateestimate

estimate

ofofof

of

thethethe

the

gradiengradiengradien

gradien

ttt

t

couldcouldcould

could

computecomputecompute

compute

thethethe

the

correctcorrectcorrect

correct

gradientgradientgradient

gradient

withwithwith

with

aaa

a

singlesinglesingle

single

    

 

sample,sample,sample,

sample,

usingusingusing

using

mmm

m

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

timestimestimes

times

lesslessless

less

computationcomputationcomputation

computation

thanthanthan

than

thethethe

the

naivenaivenaive

naive

approacapproacapproac

approac

h.h.h.

h.

InInIn

In

practice,practice,practice,

practice,

wewewe

we

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

areareare

are

unlikelyunlikelyunlikely

unlikely

tototo

to

trulytrulytruly

truly

encounencounencoun

encoun

terterter

ter

thisthisthis

this

worst-caseworst-caseworst-case

worst-case

situation,situation,situation,

situation,

butbutbut

but

www

w

eee

e

mamama

ma

yyy

y

ndndnd

nd

largelargelarge

large

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

nnn

n

umumum

um

bbb

b

ersersers

ers

ofofof

of

examplesexamplesexamples

examples

thatthatthat

that

allallall

all

makemakemake

make

vvv

v

eryeryery

ery

similarsimilarsimilar

similar

contributionscontributionscontributions

contributions

tototo

to

thethethe

the

gradiengradiengradien

gradien

t.t.t.

t.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

OptimizationOptimizationOptimization

Optimization

algorithmsalgorithmsalgorithms

algorithms

thatthatthat

that

useuseuse

use

thethethe

the

enenen

en

tiretiretire

tire

trainingtrainingtraining

training

setsetset

set

areareare

are

calledcalledcalled

called

bbb

b

atchatchatch

atch

ororor

or

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

deterministicdeterministicdeterministic

deterministic

gradientgradientgradient

gradient

methomethometho

metho

ds,ds,ds,

ds,

bbb

b

ecauseecauseecause

ecause

theytheythey

they

propropro

pro

cesscesscess

cess

allallall

all

ofofof

of

thethethe

the

trainingtrainingtraining

training

examplesexamplesexamples

examples

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

simsimsim

sim

ultaneouslyultaneouslyultaneously

ultaneously

ininin

in

aaa

a

largelargelarge

large

batcbatcbatc

batc

h.h.h.

h.

ThisThisThis

This

terminologyterminologyterminology

terminology

cancancan

can

bbb

b

eee

e

somewhatsomewhatsomewhat

somewhat

confusingconfusingconfusing

confusing

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

ecauseecauseecause

ecause

thethethe

the

www

w

ordordord

ord

“batch”“batch”“batch”

“batch”

isisis

is

alsoalsoalso

also

oftenoftenoften

often

usedusedused

used

tototo

to

describdescribdescrib

describ

eee

e

thethethe

the

minibatchminibatchminibatch

minibatch

usedusedused

used

bybyby

by

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

minibatcminibatcminibatc

minibatc

hhh

h

stostosto

sto

chasticchasticchastic

chastic

gradientgradientgradient

gradient

descendescendescen

descen

t.t.t.

t.

TTT

T

ypicallyypicallyypically

ypically

thethethe

the

termtermterm

term

“batch“batch“batch

“batch

gradiengradiengradien

gradien

ttt

t

descent”descent”descent”

descent”

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

impliesimpliesimplies

implies

thethethe

the

useuseuse

use

ofofof

of

thethethe

the

fullfullfull

full

trainingtrainingtraining

training

set,set,set,

set,

whilewhilewhile

while

thethethe

the

useuseuse

use

ofofof

of

thethethe

the

termtermterm

term

“batch”“batch”“batch”

“batch”

tototo

to

describdescribdescrib

describ

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

groupgroupgroup

group

ofofof

of

examplesexamplesexamples

examples

dododo

do

eseses

es

not. Fnot. Fnot. F

not. F

ororor

or

example,example,example,

example,

ititit

it

isisis

is

vvv

v

eryeryery

ery

commoncommoncommon

common

tototo

to

useuseuse

use

thethethe

the

termtermterm

term

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

“batc“batc“batc

“batc

hhh

h

size”size”size”

size”

tototo

to

describdescribdescrib

describ

eee

e

thethethe

the

sizesizesize

size

ofofof

of

aaa

a

minibatch.minibatch.minibatch.

minibatch.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

OptimizationOptimizationOptimization

Optimization

algorithmsalgorithmsalgorithms

algorithms

thatthatthat

that

useuseuse

use

onlyonlyonly

only

aaa

a

singlesinglesingle

single

exampleexampleexample

example

atatat

at

aaa

a

timetimetime

time

areareare

are

sometimessometimessometimes

sometimes

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

calledcalledcalled

called

stostosto

sto

chasticchasticchastic

chastic

onlineonlineonline

online

ororor

or

sometimessometimessometimes

sometimes

methomethometho

metho

ds.ds.ds.

ds.

TheTheThe

The

termtermterm

term

onlineonlineonline

online

isisis

is

usuallyusuallyusually

usually

reservedreservedreserved

reserved

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

forforfor

for

thethethe

the

casecasecase

case

wherewherewhere

where

thethethe

the

examplesexamplesexamples

examples

areareare

are

drawndrawndrawn

drawn

fromfromfrom

from

aaa

a

streamstreamstream

stream

ofofof

of

conconcon

con

tinuallytinuallytinually

tinually

createdcreatedcreated

created

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

examplesexamplesexamples

examples

ratherratherrather

rather

thanthanthan

than

fromfromfrom

from

aaa

a

xed-sizexed-sizexed-size

xed-size

trainingtrainingtraining

training

setsetset

set

ovovov

ov

ererer

er

whichwhichwhich

which

sevsevsev

sev

eraleraleral

eral

passespassespasses

passes

areareare

are

made.made.made.

made.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

MostMostMost

Most

algorithmsalgorithmsalgorithms

algorithms

usedusedused

used

forforfor

for

deepdeepdeep

deep

learninglearninglearning

learning

fallfallfall

fall

somewheresomewheresomewhere

somewhere

ininin

in

bbb

b

etwetwetw

etw

een,een,een,

een,

usingusingusing

using

moremoremore

more

278278278

278



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thanthanthan

than

oneoneone

one

butbutbut

but

lesslessless

less

thanthanthan

than

allallall

all

ofofof

of

thethethe

the

trainingtrainingtraining

training

examples.examples.examples.

examples.

TheseTheseThese

These

werewerewere

were

traditionallytraditionallytraditionally

traditionally

calledcalledcalled

called

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

minibminibminib

minib

atchatchatch

atch

minibminibminib

minib

atchatchatch

atch

stostosto

sto

chasticchasticchastic

chastic

ororor

or

methomethometho

metho

dsdsds

ds

andandand

and

ititit

it

isisis

is

nonono

no

www

w

commoncommoncommon

common

tototo

to

simplysimplysimply

simply

callcallcall

call

    

 

    

 

themthemthem

them

stostosto

sto

chasticchasticchastic

chastic

methomethometho

metho

ds.ds.ds.

ds.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

canonicalcanonicalcanonical

canonical

exampleexampleexample

example

ofofof

of

aaa

a

stostosto

sto

chasticchasticchastic

chastic

methomethometho

metho

ddd

d

isisis

is

stostosto

sto

chasticchasticchastic

chastic

gradiengradiengradien

gradien

ttt

t

descent,descent,descent,

descent,

    

 

    

 

    

 

    

 

    

 

presenpresenpresen

presen

tedtedted

ted

ininin

in

detaildetaildetail

detail

ininin

in

Sec.Sec.Sec.

Sec.

...

.

8.3.18.3.18.3.1

8.3.1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

MinibatcMinibatcMinibatc

Minibatc

hhh

h

sizessizessizes

sizes

areareare

are

generallygenerallygenerally

generally

drivdrivdriv

driv

enenen

en

bybyby

by

thethethe

the

followingfollowingfollowing

following

factors:factors:factors:

factors:

•••

•

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

LargerLargerLarger

Larger

batchesbatchesbatches

batches

provideprovideprovide

provide

aaa

a

moremoremore

more

accurateaccurateaccurate

accurate

estimateestimateestimate

estimate

ofofof

of

thethethe

the

gradient,gradient,gradient,

gradient,

butbutbut

but

withwithwith

with

    

 

    

 

    

 

lesslessless

less

thanthanthan

than

linearlinearlinear

linear

returns.returns.returns.

returns.

•••

•

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

MulticoreMulticoreMulticore

Multicore

architecturesarchitecturesarchitectures

architectures

areareare

are

usuallyusuallyusually

usually

underutilizedunderutilizedunderutilized

underutilized

bybyby

by

extremelyextremelyextremely

extremely

smallsmallsmall

small

batcbatcbatc

batc

hes.hes.hes.

hes.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThisThisThis

This

motivmotivmotiv

motiv

atesatesates

ates

usingusingusing

using

somesomesome

some

absoluteabsoluteabsolute

absolute

minimminimminim

minim

umumum

um

batchbatchbatch

batch

size,size,size,

size,

bbb

b

eloeloelo

elo

www

w

whichwhichwhich

which

theretherethere

there

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

nonono

no

reductionreductionreduction

reduction

ininin

in

thethethe

the

timetimetime

time

tototo

to

propropro

pro

cesscesscess

cess

aaa

a

minibatch.minibatch.minibatch.

minibatch.

•••

•

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

IfIfIf

If

allallall

all

examplesexamplesexamples

examples

ininin

in

thethethe

the

batcbatcbatc

batc

hhh

h

areareare

are

tototo

to

bbb

b

eee

e

propropro

pro

cessedcessedcessed

cessed

ininin

in

parallelparallelparallel

parallel

(as(as(as

(as

isisis

is

ttt

t

ypicallyypicallyypically

ypically

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

case),case),case),

case),

thenthenthen

then

thethethe

the

amountamountamount

amount

ofofof

of

memorymemorymemory

memory

scalesscalesscales

scales

withwithwith

with

thethethe

the

batchbatchbatch

batch

size.size.size.

size.

FFF

F

ororor

or

manymanymany

many

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

hardwhardwhardw

hardw

areareare

are

setupssetupssetups

setups

thisthisthis

this

isisis

is

thethethe

the

limitinglimitinglimiting

limiting

factorfactorfactor

factor

ininin

in

batchbatchbatch

batch

size.size.size.

size.

•••

•

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

SomeSomeSome

Some

kindskindskinds

kinds

ofofof

of

hardwarehardwarehardware

hardware

acacac

ac

hievhievhiev

hiev

eee

e

bbb

b

etteretteretter

etter

runtimeruntimeruntime

runtime

withwithwith

with

spspsp

sp

ecicecicecic

ecic

sizessizessizes

sizes

ofofof

of

arrays.arrays.arrays.

arrays.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

EspEspEsp

Esp

eciallyeciallyecially

ecially

whenwhenwhen

when

usingusingusing

using

GPUs,GPUs,GPUs,

GPUs,

ititit

it

isisis

is

commoncommoncommon

common

forforfor

for

ppp

p

ooo

o

werwerwer

wer

ofofof

of

222

2

batchbatchbatch

batch

sizessizessizes

sizes

tototo

to

offerofferoffer

offer

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

etteretteretter

etter

runtime.runtime.runtime.

runtime.

TTT

T

ypicalypicalypical

ypical

ppp

p

owowow

ow

ererer

er

ofofof

of

222

2

batchbatchbatch

batch

sizessizessizes

sizes

rangerangerange

range

fromfromfrom

from

323232

32

tototo

to

256,256,256,

256,

withwithwith

with

161616

16

    

 

    

 

    

 

    

 

    

 

sometimessometimessometimes

sometimes

bbb

b

eingeingeing

eing

attemptedattemptedattempted

attempted

forforfor

for

largelargelarge

large

momomo

mo

dels.dels.dels.

dels.

•••

•

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

SmallSmallSmall

Small

batcbatcbatc

batc

hesheshes

hes

cancancan

can

offerofferoffer

offer

aaa

a

regularizingregularizingregularizing

regularizing

effecteffecteffect

effect

(((

(

,,,

,

),),),

),

WilsonWilsonWilson

Wilson

andandand

and

MartinezMartinezMartinez

Martinez

200320032003

2003

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

erhapserhapserhaps

erhaps

dueduedue

due

tototo

to

thethethe

the

noisenoisenoise

noise

theytheythey

they

addaddadd

add

tototo

to

thethethe

the

learninglearninglearning

learning

propropro

pro

cess.cess.cess.

cess.

GeneralizationGeneralizationGeneralization

Generalization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

errorerrorerror

error

isisis

is

oftenoftenoften

often

bbb

b

estestest

est

forforfor

for

aaa

a

batcbatcbatc

batc

hhh

h

sizesizesize

size

ofofof

of

1.1.1.

1.

TTT

T

rainingrainingraining

raining

withwithwith

with

suchsuchsuch

such

aaa

a

smallsmallsmall

small

batchbatchbatch

batch

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

sizesizesize

size

mightmightmight

might

requirerequirerequire

require

aaa

a

smallsmallsmall

small

learninglearninglearning

learning

rateraterate

rate

tototo

to

mainmainmain

main

taintaintain

tain

stabilitystabilitystability

stability

dueduedue

due

tototo

to

thethethe

the

highhighhigh

high

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

vvv

v

ariancearianceariance

ariance

ininin

in

thethethe

the

estimateestimateestimate

estimate

ofofof

of

thethethe

the

gradient.gradient.gradient.

gradient.

TheTheThe

The

totaltotaltotal

total

runtimeruntimeruntime

runtime

cancancan

can

bbb

b

eee

e

vvv

v

eryeryery

ery

highhighhigh

high

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

dueduedue

due

tototo

to

thethethe

the

needneedneed

need

tototo

to

makemakemake

make

moremoremore

more

steps,steps,steps,

steps,

bbb

b

othothoth

oth

bbb

b

ecauseecauseecause

ecause

ofofof

of

thethethe

the

reducedreducedreduced

reduced

learninglearninglearning

learning

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

rateraterate

rate

andandand

and

bbb

b

ecauseecauseecause

ecause

ititit

it

taktaktak

tak

eseses

es

moremoremore

more

stepsstepssteps

steps

tototo

to

observeobserveobserve

observe

thethethe

the

entireentireentire

entire

trainingtrainingtraining

training

set.set.set.

set.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

DifferenDifferenDifferen

Differen

ttt

t

kindskindskinds

kinds

ofofof

of

algorithmsalgorithmsalgorithms

algorithms

useuseuse

use

differentdifferentdifferent

different

kindskindskinds

kinds

ofofof

of

informationinformationinformation

information

fromfromfrom

from

thethethe

the

mini-mini-mini-

mini-

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

batcbatcbatc

batc

hhh

h

ininin

in

differentdifferentdifferent

different

wawawa

wa

ys.ys.ys.

ys.

SomeSomeSome

Some

algorithmsalgorithmsalgorithms

algorithms

areareare

are

moremoremore

more

sensitivsensitivsensitiv

sensitiv

eee

e

tototo

to

samplingsamplingsampling

sampling

errorerrorerror

error

thanthanthan

than

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

others,others,others,

others,

eithereithereither

either

bbb

b

ecauseecauseecause

ecause

theytheythey

they

useuseuse

use

informationinformationinformation

information

thatthatthat

that

isisis

is

difficultdifficultdifficult

difficult

tototo

to

estimateestimateestimate

estimate

accuratelyaccuratelyaccurately

accurately

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withwithwith

with

fewfewfew

few

samples,samples,samples,

samples,

ororor

or

bbb

b

ecauseecauseecause

ecause

theytheythey

they

useuseuse

use

informationinformationinformation

information

ininin

in

wawawa

wa

ysysys

ys

thatthatthat

that

amplifyamplifyamplify

amplify

samplingsamplingsampling

sampling

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

errorserrorserrors

errors

more.more.more.

more.

MethoMethoMetho

Metho

dsdsds

ds

thatthatthat

that

computecomputecompute

compute

upupup

up

datesdatesdates

dates

basedbasedbased

based

onlyonlyonly

only

ononon

on

thethethe

the

gradiengradiengradien

gradien

ttt

t

ggg

g

areareare

are

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

usuallyusuallyusually

usually

relativelyrelativelyrelatively

relatively

robustrobustrobust

robust

andandand

and

cancancan

can

handlehandlehandle

handle

smallersmallersmaller

smaller

batchbatchbatch

batch

sizessizessizes

sizes

likelikelike

like

100.100.100.

100.

Second-orderSecond-orderSecond-order

Second-order

    

 

    

 

    

 

    

 

    

 

    

 

methomethometho

metho

ds,ds,ds,

ds,

whicwhicwhic

whic

hhh

h

useuseuse

use

alsoalsoalso

also

thethethe

the

HessianHessianHessian

Hessian

matrixmatrixmatrix

matrix

HHH

H

    

 

    

 

    

 

    

 

andandand

and

computecomputecompute

compute

upupup

up

datesdatesdates

dates

sucsucsuc

suc

hhh

h

asasas

as

HHH

H
−−−

−

111

1

ggg

g

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

ttt

t

ypicallyypicallyypically

ypically

requirerequirerequire

require

mmm

m

uchuchuch

uch

largerlargerlarger

larger

batcbatcbatc

batc

hhh

h

sizessizessizes

sizes

likelikelike

like

10,000.10,000.10,000.

10,000.

TheseTheseThese

These

largelargelarge

large

batchbatchbatch

batch

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

sizessizessizes

sizes

areareare

are

requiredrequiredrequired

required

tototo

to

minimizeminimizeminimize

minimize

uctuationsuctuationsuctuations

uctuations

ininin

in

thethethe

the

estimatesestimatesestimates

estimates

ofofof

of

HHH

H
−−−

−

111

1

ggg

g

    

 

...

.

SupposeSupposeSuppose

Suppose

thatthatthat

that

HHH

H

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

estimatedestimatedestimated

estimated

ppp

p

erfectlyerfectlyerfectly

erfectly

butbutbut

but

hashashas

has

aaa

a

ppp

p

ooo

o

ororor

or

conditionconditioncondition

condition

numnumnum

num

bbb

b

er.er.er.

er.

MultiplicationMultiplicationMultiplication

Multiplication

bybyby

by

279279279

279



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

HHH

H

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ororor

or

itsitsits

its

invinvinv

inv

erseerseerse

erse

ampliesampliesamplies

amplies

pre-existingpre-existingpre-existing

pre-existing

errors,errors,errors,

errors,

ininin

in

thisthisthis

this

case,case,case,

case,

estimationestimationestimation

estimation

errorserrorserrors

errors

ininin

in

ggg

g

...

.

    

 

    

 

    

 

    

 

    

 

    

 

VVV

V

eryeryery

ery

smallsmallsmall

small

ccc

c

hangeshangeshanges

hanges

ininin

in

thethethe

the

estimateestimateestimate

estimate

ofofof

of

ggg

g

    

 

    

 

    

 

    

 

    

 

    

 

    

 

cancancan

can

ththth

th

ususus

us

causecausecause

cause

largelargelarge

large

ccc

c

hangeshangeshanges

hanges

ininin

in

thethethe

the

upupup

up

datedatedate

date

HHH

H
−−−

−

111

1

ggg

g

    

 

    

 

,,,

,

eveneveneven

even

ififif

if

HHH

H

    

 

    

 

    

 

    

 

www

w

ereereere

ere

estimatedestimatedestimated

estimated

ppp

p

erfectlyerfectlyerfectly

erfectly

...

.

OfOfOf

Of

course,course,course,

course,

HHH

H

    

 

    

 

    

 

willwillwill

will

bbb

b

eee

e

estimatedestimatedestimated

estimated

onlyonlyonly

only

    

 

    

 

    

 

approapproappro

appro

ximatelyximatelyximately

ximately

,,,

,

sososo

so

thethethe

the

upupup

up

datedatedate

date

HHH

H
−−−

−

111

1

ggg

g

    

 

    

 

    

 

    

 

    

 

    

 

    

 

willwillwill

will

containcontaincontain

contain

eveneveneven

even

moremoremore

more

errorerrorerror

error

thanthanthan

than

wewewe

we

wouldwouldwould

would

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

predictpredictpredict

predict

fromfromfrom

from

applyingapplyingapplying

applying

aaa

a

ppp

p

ooo

o

orlyorlyorly

orly

conditionedconditionedconditioned

conditioned

opopop

op

erationerationeration

eration

tototo

to

thethethe

the

estimateestimateestimate

estimate

ofofof

of

...

.

ggg

g

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ItItIt

It

isisis

is

alsoalsoalso

also

crucialcrucialcrucial

crucial

thatthatthat

that

thethethe

the

minibatchesminibatchesminibatches

minibatches

bbb

b

eee

e

selectedselectedselected

selected

randomlyrandomlyrandomly

randomly

...

.

ComputingComputingComputing

Computing

ananan

an

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ununun

un

biasedbiasedbiased

biased

estimateestimateestimate

estimate

ofofof

of

thethethe

the

expexpexp

exp

ectedectedected

ected

gradiengradiengradien

gradien

ttt

t

fromfromfrom

from

aaa

a

setsetset

set

ofofof

of

samplessamplessamples

samples

requiresrequiresrequires

requires

thatthatthat

that

thosethosethose

those

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

samplessamplessamples

samples

bbb

b

eee

e

indepindepindep

indep

endent.endent.endent.

endent.

WWW

W

eee

e

alsoalsoalso

also

wishwishwish

wish

forforfor

for

twtwtw

tw

ooo

o

subsequentsubsequentsubsequent

subsequent

gradientgradientgradient

gradient

estimatesestimatesestimates

estimates

tototo

to

bbb

b

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

indepindepindep

indep

endenendenenden

enden

ttt

t

fromfromfrom

from

eacheacheach

each

other,other,other,

other,

sososo

so

twtwtw

tw

ooo

o

subsequensubsequensubsequen

subsequen

ttt

t

minibatchesminibatchesminibatches

minibatches

ofofof

of

examplesexamplesexamples

examples

shouldshouldshould

should

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

alsoalsoalso

also

bbb

b

eee

e

indepindepindep

indep

endenendenenden

enden

ttt

t

fromfromfrom

from

eacheacheach

each

other.other.other.

other.

ManyManyMany

Many

datasetsdatasetsdatasets

datasets

areareare

are

mostmostmost

most

naturallynaturallynaturally

naturally

arrangedarrangedarranged

arranged

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

aaa

a

www

w

ayayay

ay

wherewherewhere

where

successivesuccessivesuccessive

successive

examplesexamplesexamples

examples

areareare

are

highlyhighlyhighly

highly

correlated.correlated.correlated.

correlated.

FFF

F

ororor

or

example,example,example,

example,

www

w

eee

e

mightmightmight

might

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

hahaha

ha

vvv

v

eee

e

aaa

a

datasetdatasetdataset

dataset

ofofof

of

medicalmedicalmedical

medical

datadatadata

data

withwithwith

with

aaa

a

longlonglong

long

listlistlist

list

ofofof

of

blobloblo

blo

ooo

o

ddd

d

samplesamplesample

sample

testtesttest

test

results.results.results.

results.

ThisThisThis

This

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

listlistlist

list

mightmightmight

might

bbb

b

eee

e

arrangedarrangedarranged

arranged

sososo

so

thatthatthat

that

rstrstrst

rst

wewewe

we

hahaha

ha

vvv

v

eee

e

veveve

ve

blobloblo

blo

ooo

o

ddd

d

samplessamplessamples

samples

takentakentaken

taken

atatat

at

differentdifferentdifferent

different

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

timestimestimes

times

fromfromfrom

from

thethethe

the

rstrstrst

rst

patient,patient,patient,

patient,

thenthenthen

then

wewewe

we

hahaha

ha

veveve

ve

threethreethree

three

blobloblo

blo

ooo

o

ddd

d

samplessamplessamples

samples

takentakentaken

taken

fromfromfrom

from

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

secondsecondsecond

second

patient,patient,patient,

patient,

thenthenthen

then

thethethe

the

blobloblo

blo

ooo

o

ddd

d

samplessamplessamples

samples

fromfromfrom

from

thethethe

the

thirdthirdthird

third

patient,patient,patient,

patient,

andandand

and

sososo

so

on.on.on.

on.

IfIfIf

If

www

w

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

ereereere

ere

tototo

to

drawdrawdraw

draw

examplesexamplesexamples

examples

ininin

in

orderorderorder

order

fromfromfrom

from

thisthisthis

this

list,list,list,

list,

thenthenthen

then

eacheacheach

each

ofofof

of

ourourour

our

minibatchesminibatchesminibatches

minibatches

www

w

ouldouldould

ould

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

eee

e

extremelyextremelyextremely

extremely

biased,biased,biased,

biased,

bbb

b

ecauseecauseecause

ecause

ititit

it

www

w

ouldouldould

ould

representrepresentrepresent

represent

primarilyprimarilyprimarily

primarily

oneoneone

one

patientpatientpatient

patient

outoutout

out

ofofof

of

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

manmanman

man

yyy

y

patienpatienpatien

patien

tststs

ts

ininin

in

thethethe

the

dataset.dataset.dataset.

dataset.

InInIn

In

casescasescases

cases

suchsuchsuch

such

asasas

as

thesethesethese

these

wherewherewhere

where

thethethe

the

orderorderorder

order

ofofof

of

thethethe

the

datasetdatasetdataset

dataset

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

holdsholdsholds

holds

somesomesome

some

signicance,signicance,signicance,

signicance,

ititit

it

isisis

is

necessarynecessarynecessary

necessary

tototo

to

shuffleshuffleshuffle

shuffle

thethethe

the

examplesexamplesexamples

examples

bbb

b

eforeeforeefore

efore

selectingselectingselecting

selecting

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

minibatcminibatcminibatc

minibatc

hes.hes.hes.

hes.

FFF

F

ororor

or

vvv

v

eryeryery

ery

largelargelarge

large

datasets,datasets,datasets,

datasets,

forforfor

for

exampleexampleexample

example

datasetsdatasetsdatasets

datasets

conconcon

con

tainingtainingtaining

taining

billionsbillionsbillions

billions

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

examplesexamplesexamples

examples

ininin

in

aaa

a

datadatadata

data

center,center,center,

center,

ititit

it

cancancan

can

bbb

b

eee

e

impracticalimpracticalimpractical

impractical

tototo

to

samplesamplesample

sample

examplesexamplesexamples

examples

trulytrulytruly

truly

uniformlyuniformlyuniformly

uniformly

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

atatat

at

randomrandomrandom

random

evevev

ev

eryeryery

ery

timetimetime

time

wewewe

we

www

w

antantant

ant

tototo

to

constructconstructconstruct

construct

aaa

a

minibatcminibatcminibatc

minibatc

h.h.h.

h.

FFF

F

ortunatelyortunatelyortunately

ortunately

,,,

,

ininin

in

practicepracticepractice

practice

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ititit

it

isisis

is

usuallyusuallyusually

usually

sufficientsufficientsufficient

sufficient

tototo

to

shuffleshuffleshuffle

shuffle

thethethe

the

orderorderorder

order

ofofof

of

thethethe

the

datasetdatasetdataset

dataset

onceonceonce

once

andandand

and

thenthenthen

then

storestorestore

store

ititit

it

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

shshsh

sh

uffleduffleduffled

uffled

fashion.fashion.fashion.

fashion.

ThisThisThis

This

willwillwill

will

impimpimp

imp

oseoseose

ose

aaa

a

xedxedxed

xed

setsetset

set

ofofof

of

ppp

p

ossibleossibleossible

ossible

minibatcminibatcminibatc

minibatc

hesheshes

hes

ofofof

of

consecutiveconsecutiveconsecutive

consecutive

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

examplesexamplesexamples

examples

thatthatthat

that

allallall

all

momomo

mo

delsdelsdels

dels

trainedtrainedtrained

trained

thereafterthereafterthereafter

thereafter

willwillwill

will

use,use,use,

use,

andandand

and

eaceaceac

eac

hhh

h

individualindividualindividual

individual

momomo

mo

deldeldel

del

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

willwillwill

will

bbb

b

eee

e

forcedforcedforced

forced

tototo

to

reusereusereuse

reuse

thisthisthis

this

orderingorderingordering

ordering

everyeveryevery

every

timetimetime

time

ititit

it

passespassespasses

passes

throughthroughthrough

through

thethethe

the

trainingtrainingtraining

training

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

data.data.data.

data.

HoHoHo

Ho

wevwevwev

wev

er,er,er,

er,

thisthisthis

this

deviationdeviationdeviation

deviation

fromfromfrom

from

truetruetrue

true

randomrandomrandom

random

selectionselectionselection

selection

dododo

do

eseses

es

notnotnot

not

seemseemseem

seem

tototo

to

havhavhav

hav

eee

e

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

signicansignicansignican

signican

ttt

t

detrimentaldetrimentaldetrimental

detrimental

effect.effect.effect.

effect.

FFF

F

ailingailingailing

ailing

tototo

to

evereverever

ever

shshsh

sh

uffleuffleuffle

uffle

thethethe

the

examplesexamplesexamples

examples

ininin

in

anyanyany

any

wawawa

wa

yyy

y

cancancan

can

    

 

    

 

    

 

    

 

    

 

    

 

seriouslyseriouslyseriously

seriously

reducereducereduce

reduce

thethethe

the

effectivenesseffectivenesseffectiveness

effectiveness

ofofof

of

thethethe

the

algorithm.algorithm.algorithm.

algorithm.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ManManMan

Man

yyy

y

optimizationoptimizationoptimization

optimization

problemsproblemsproblems

problems

ininin

in

machinemachinemachine

machine

learninglearninglearning

learning

decompdecompdecomp

decomp

oseoseose

ose

ooo

o

ververver

ver

examplesexamplesexamples

examples

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

ellellell

ell

enoughenoughenough

enough

thatthatthat

that

wewewe

we

cancancan

can

computecomputecompute

compute

entireentireentire

entire

separateseparateseparate

separate

upupup

up

datesdatesdates

dates

ooo

o

vvv

v

ererer

er

differentdifferentdifferent

different

examplesexamplesexamples

examples

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

parallel.parallel.parallel.

parallel.

InInIn

In

otherotherother

other

words,words,words,

words,

www

w

eee

e

cancancan

can

computecomputecompute

compute

thethethe

the

upupup

up

datedatedate

date

thatthatthat

that

minimizesminimizesminimizes

minimizes

JJJ

J

(((

(

XXX

X

    

 

)))

)

forforfor

for

    

 

    

 

    

 

oneoneone

one

minibatchminibatchminibatch

minibatch

ofofof

of

examplesexamplesexamples

examples

XXX

X

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

atatat

at

thethethe

the

samesamesame

same

timetimetime

time

thatthatthat

that

wewewe

we

computecomputecompute

compute

thethethe

the

upupup

up

datedatedate

date

forforfor

for

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

sevsevsev

sev

eraleraleral

eral

otherotherother

other

minibatches.minibatches.minibatches.

minibatches.

SucSucSuc

Suc

hhh

h

asynchronousasynchronousasynchronous

asynchronous

parallelparallelparallel

parallel

distributeddistributeddistributed

distributed

approachesapproachesapproaches

approaches

areareare

are

    

 

    

 

    

 

    

 

discusseddiscusseddiscussed

discussed

furtherfurtherfurther

further

ininin

in

Sec.Sec.Sec.

Sec.

...

.

12.1.312.1.312.1.3

12.1.3

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AnAnAn

An

interestinginterestinginteresting

interesting

motivmotivmotiv

motiv

ationationation

ation

forforfor

for

minibatchminibatchminibatch

minibatch

stostosto

sto

ccc

c

hastichastichastic

hastic

gradientgradientgradient

gradient

descendescendescen

descen

ttt

t

isisis

is

thatthatthat

that

ititit

it

    

 

    

 

    

 

    

 

    

 

follofollofollo

follo

wswsws

ws

thethethe

the

gradiengradiengradien

gradien

ttt

t

ofofof

of

thethethe

the

truetruetrue

true

    

 

generalizationgeneralizationgeneralization

generalization

errorerrorerror

error

    

 

    

 

    

 

    

 

    

 

(Eq.(Eq.(Eq.

(Eq.

)))

)

sososo

so

longlonglong

long

asasas

as

nonono

no

8.28.28.2

8.2

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

examplesexamplesexamples

examples

areareare

are

repreprep

rep

eated.eated.eated.

eated.

MostMostMost

Most

implementationsimplementationsimplementations

implementations

ofofof

of

minibatcminibatcminibatc

minibatc

hhh

h

stostosto

sto

ccc

c

hastichastichastic

hastic

gradiengradiengradien

gradien

ttt

t

280280280

280



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

descendescendescen

descen

ttt

t

shuffleshuffleshuffle

shuffle

thethethe

the

datasetdatasetdataset

dataset

onceonceonce

once

andandand

and

thenthenthen

then

passpasspass

pass

throughthroughthrough

through

ititit

it

mmm

m

ultipleultipleultiple

ultiple

times.times.times.

times.

OnOnOn

On

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

rstrstrst

rst

pass,pass,pass,

pass,

eacheacheach

each

minibatchminibatchminibatch

minibatch

isisis

is

usedusedused

used

tototo

to

computecomputecompute

compute

ananan

an

ununun

un

biasedbiasedbiased

biased

estimateestimateestimate

estimate

ofofof

of

thethethe

the

truetruetrue

true

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

generalizationgeneralizationgeneralization

generalization

error.error.error.

error.

OnOnOn

On

thethethe

the

secondsecondsecond

second

pass,pass,pass,

pass,

thethethe

the

estimateestimateestimate

estimate

bbb

b

ecomesecomesecomes

ecomes

biasedbiasedbiased

biased

bbb

b

ecauseecauseecause

ecause

ititit

it

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

formedformedformed

formed

bybyby

by

re-samplingre-samplingre-sampling

re-sampling

vvv

v

aluesaluesalues

alues

thatthatthat

that

havhavhav

hav

eee

e

alreadyalreadyalready

already

bbb

b

eeneeneen

een

used,used,used,

used,

ratherratherrather

rather

thanthanthan

than

obtainingobtainingobtaining

obtaining

    

 

    

 

    

 

    

 

    

 

    

 

    

 

newnewnew

new

fairfairfair

fair

samplessamplessamples

samples

fromfromfrom

from

thethethe

the

datadatadata

data

generatinggeneratinggenerating

generating

distribution.distribution.distribution.

distribution.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

factfactfact

fact

thatthatthat

that

stostosto

sto

ccc

c

hastichastichastic

hastic

gradiengradiengradien

gradien

ttt

t

descentdescentdescent

descent

minimizesminimizesminimizes

minimizes

generalizationgeneralizationgeneralization

generalization

errorerrorerror

error

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

easiesteasiesteasiest

easiest

tototo

to

seeseesee

see

ininin

in

thethethe

the

onlineonlineonline

online

learninglearninglearning

learning

case,case,case,

case,

wherewherewhere

where

examplesexamplesexamples

examples

ororor

or

minibatcminibatcminibatc

minibatc

hesheshes

hes

areareare

are

drawndrawndrawn

drawn

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

fromfromfrom

from

aaa

a

strstrstr

str

eee

e

amamam

am

ofofof

of

data. Indata. Indata. In

data. In

otherotherother

other

words,words,words,

words,

insteadinsteadinstead

instead

ofofof

of

receivingreceivingreceiving

receiving

aaa

a

xed-sizexed-sizexed-size

xed-size

trainingtrainingtraining

training

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

set,set,set,

set,

thethethe

the

learnerlearnerlearner

learner

isisis

is

similarsimilarsimilar

similar

tototo

to

aaa

a

livinglivingliving

living

bbb

b

eingeingeing

eing

whowhowho

who

seesseessees

sees

aaa

a

newnewnew

new

exampleexampleexample

example

atatat

at

eacheacheach

each

instant,instant,instant,

instant,

    

 

    

 

    

 

withwithwith

with

everyeveryevery

every

exampleexampleexample

example

(((

(

    

 

xxx

x

,,,

,

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

)))

)

comingcomingcoming

coming

fromfromfrom

from

thethethe

the

datadatadata

data

generatinggeneratinggenerating

generating

distributiondistributiondistribution

distribution

ppp

p

datadatadata

data

(((

(

    

 

xxx

x

,,,

,

yyy

y

)))

)

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

thisthisthis

this

scenario,scenario,scenario,

scenario,

examplesexamplesexamples

examples

areareare

are

nevernevernever

never

repreprep

rep

eated;eated;eated;

eated;

everyeveryevery

every

expexpexp

exp

erienceerienceerience

erience

isisis

is

aaa

a

fairfairfair

fair

samplesamplesample

sample

    

 

fromfromfrom

from

ppp

p

datadatadata

data

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

equivequivequiv

equiv

alencealencealence

alence

isisis

is

easiesteasiesteasiest

easiest

tototo

to

derivederivederive

derive

whenwhenwhen

when

bbb

b

othothoth

oth

xxx

x

andandand

and

yyy

y

    

 

    

 

areareare

are

discrete. Indiscrete. Indiscrete. In

discrete. In

thisthisthis

this

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

case,case,case,

case,

thethethe

the

generalizationgeneralizationgeneralization

generalization

errorerrorerror

error

(Eq.(Eq.(Eq.

(Eq.

)))

)

cancancan

can

bbb

b

eee

e

writtenwrittenwritten

written

asasas

as

aaa

a

sumsumsum

sum

8.28.28.2

8.2

JJJ

J
∗∗∗

∗

(((

(

) =) =) =

) =

θθθ

θ

XXX

X

xxx

x

XXX

X

yyy

y
ppp

p

datadatadata

data

    

 

    

 

    

 

    

 

(((

(

)))

)

(((

(

(((

(

;;;

;

)))

)

)))

)

xxx

x

,,,

,

yyy

y

LLL

L

fff

f

xxx

x

θθθ

θ

,,,

,

yyy

y

,,,

,

(8.7)(8.7)(8.7)

(8.7)

    

 

    

 

    

 

withwithwith

with

thethethe

the

exactexactexact

exact

gradientgradientgradient

gradient

    

 

ggg

g

= = = 

= 

∇∇∇

∇
θθθ

θ

JJJ

J
∗∗∗

∗

(((

(

) =) =) =

) =

θθθ

θ

XXX

X

xxx

x

XXX

X

yyy

y
ppp

p

datadatadata

data

    

 

(((

(

)))

)

xxx

x

,,,

,

yyy

y

∇∇∇

∇
xxx

x

    

 

    

 

    

 

LLL

L

fff

f

,,,

,

yyy

y

...

.

(((

(

(((

(

;;;

;

)))

)

xxx

x

θθθ

θ

)))

)

(8.8)(8.8)(8.8)

(8.8)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WWW

W

eee

e

havhavhav

hav

eee

e

alreadyalreadyalready

already

seenseenseen

seen

thethethe

the

samesamesame

same

factfactfact

fact

demonstrateddemonstrateddemonstrated

demonstrated

forforfor

for

thethethe

the

log-likelihoolog-likelihoolog-likelihoo

log-likelihoo

ddd

d

ininin

in

Eq.Eq.Eq.

Eq.

8.58.58.5

8.5

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

Eq.Eq.Eq.

Eq.

;;;

;

wewewe

we

observobservobserv

observ

eee

e

nonono

no

www

w

thatthatthat

that

thisthisthis

this

holdsholdsholds

holds

forforfor

for

otherotherother

other

functionsfunctionsfunctions

functions

8.68.68.6

8.6

LLL

L

    

 

bbb

b

esidesesidesesides

esides

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

likliklik

lik

elihoelihoeliho

eliho

ooo

o

d.d.d.

d.

AAA

A

similarsimilarsimilar

similar

resultresultresult

result

cancancan

can

bbb

b

eee

e

derivedderivedderived

derived

whenwhenwhen

when

xxx

x

andandand

and

yyy

y

    

 

    

 

areareare

are

contincontincontin

contin

uous,uous,uous,

uous,

underunderunder

under

    

 

    

 

    

 

mildmildmild

mild

assumptionsassumptionsassumptions

assumptions

regardingregardingregarding

regarding

ppp

p

datadatadata

data

    

 

andandand

and

...

.

LLL

L

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

Hence, wHence, wHence, w

Hence, w

eee

e

cancancan

can

obtainobtainobtain

obtain

ananan

an

ununun

un

biasedbiasedbiased

biased

estimatorestimatorestimator

estimator

ofofof

of

thethethe

the

exactexactexact

exact

gradientgradientgradient

gradient

of theof theof the

of the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

generalizationgeneralizationgeneralization

generalization

errorerrorerror

error

bybyby

by

samplingsamplingsampling

sampling

aaa

a

minibatcminibatcminibatc

minibatc

hhh

h

ofofof

of

examplesexamplesexamples

examples

{{{

{

xxx

x
(1)(1)(1)

(1)

    

 

    

 

    

 

    

 

,,,

,

...

.

...

.

...

.

xxx

x
(((

(

)))

)

mmm

m

}}}

}

    

 

withwithwith

with

cor-cor-cor-

cor-

    

 

resprespresp

resp

ondingondingonding

onding

targetstargetstargets

targets

yyy

y
(((

(

)))

)

iii

i

    

 

    

 

    

 

    

 

fromfromfrom

from

thethethe

the

datadatadata

data

generatinggeneratinggenerating

generating

distributiondistributiondistribution

distribution

ppp

p

datadatadata

data

    

 

    

 

,,,

,

andandand

and

computingcomputingcomputing

computing

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

gradientgradientgradient

gradient

ofofof

of

thethethe

the

losslossloss

loss

withwithwith

with

resprespresp

resp

ectectect

ect

tototo

to

thethethe

the

parametersparametersparameters

parameters

forforfor

for

thatthatthat

that

minibatch:minibatch:minibatch:

minibatch:

ˆ̂̂

ˆ

    

 

ggg

g

===

=
111

1

mmm

m

∇∇∇

∇
θθθ

θ

XXX

X

iii

i
LLL

L

fff

f

(((

(

(((

(

xxx

x
(((

(

)))

)

iii

i

    

 

    

 

;;;

;

)))

)

θθθ

θ

,,,

,

yyy

y
(((

(

)))

)

iii

i

    

 

)))

)

...

.

(8.9)(8.9)(8.9)

(8.9)

    

 

    

 

    

 

    

 

    

 

UpUpUp

Up

datingdatingdating

dating

ininin

in

thethethe

the

directiondirectiondirection

direction

ofofof

of

θθθ

θ

ˆ̂̂

ˆ

    

 

    

 

    

 

    

 

    

 

    

 

ggg

g

performsperformsperforms

performs

SGDSGDSGD

SGD

ononon

on

thethethe

the

generalizationgeneralizationgeneralization

generalization

error.error.error.

error.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

OfOfOf

Of

course, thiscourse, thiscourse, this

course, this

interpretationinterpretationinterpretation

interpretation

only appliesonly appliesonly applies

only applies

whenwhenwhen

when

examplesexamplesexamples

examples

areareare

are

notnotnot

not

reused.reused.reused.

reused.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

Nonetheless,Nonetheless,Nonetheless,

Nonetheless,

ititit

it

isisis

is

usuallyusuallyusually

usually

bbb

b

estestest

est

tototo

to

makemakemake

make

sevsevsev

sev

eraleraleral

eral

passespassespasses

passes

throughthroughthrough

through

thethethe

the

trainingtrainingtraining

training

set,set,set,

set,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

unlessunlessunless

unless

thethethe

the

trainingtrainingtraining

training

setsetset

set

isisis

is

extremelyextremelyextremely

extremely

large. Whenlarge. Whenlarge. When

large. When

multiplemultiplemultiple

multiple

suchsuchsuch

such

epepep

ep

ooo

o

chschschs

chs

areareare

are

used,used,used,

used,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

onlyonlyonly

only

thethethe

the

rstrstrst

rst

epepep

ep

ooo

o

chchch

ch

follofollofollo

follo

wswsws

ws

thethethe

the

unbiasedunbiasedunbiased

unbiased

gradiengradiengradien

gradien

ttt

t

ofofof

of

thethethe

the

generalizationgeneralizationgeneralization

generalization

error,error,error,

error,

butbutbut

but

281281281

281



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

course,course,course,

course,

thethethe

the

additionaladditionaladditional

additional

epepep

ep

ooo

o

chschschs

chs

usuallyusuallyusually

usually

provideprovideprovide

provide

enoughenoughenough

enough

bbb

b

enetenetenet

enet

dueduedue

due

tototo

to

decreaseddecreaseddecreased

decreased

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

trainingtrainingtraining

training

errorerrorerror

error

tototo

to

offsetoffsetoffset

offset

thethethe

the

harmharmharm

harm

theytheythey

they

causecausecause

cause

bbb

b

yyy

y

increasingincreasingincreasing

increasing

thethethe

the

gapgapgap

gap

bbb

b

etetet

et

www

w

eeneeneen

een

trainingtrainingtraining

training

    

 

    

 

    

 

errorerrorerror

error

andandand

and

testtesttest

test

error.error.error.

error.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WithWithWith

With

somesomesome

some

datasetsdatasetsdatasets

datasets

grogrogro

gro

wingwingwing

wing

rapidlyrapidlyrapidly

rapidly

ininin

in

size,size,size,

size,

fasterfasterfaster

faster

thanthanthan

than

computingcomputingcomputing

computing

ppp

p

owowow

ow

er,er,er,

er,

ititit

it

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

bbb

b

ecomingecomingecoming

ecoming

moremoremore

more

commoncommoncommon

common

forforfor

for

macmacmac

mac

hinehinehine

hine

learninglearninglearning

learning

applicationsapplicationsapplications

applications

tototo

to

useuseuse

use

eaceaceac

eac

hhh

h

trainingtrainingtraining

training

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

exampleexampleexample

example

onlyonlyonly

only

onceonceonce

once

ororor

or

evevev

ev

enenen

en

tototo

to

makemakemake

make

ananan

an

incompleteincompleteincomplete

incomplete

passpasspass

pass

throughthroughthrough

through

thethethe

the

trainingtrainingtraining

training

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

set.set.set.

set.

WhenWhenWhen

When

usingusingusing

using

ananan

an

extremelyextremelyextremely

extremely

largelargelarge

large

trainingtrainingtraining

training

set,set,set,

set,

ovovov

ov

erttingerttingertting

ertting

isisis

is

notnotnot

not

ananan

an

issue,issue,issue,

issue,

sososo

so

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

underttingunderttingundertting

undertting

andandand

and

computationalcomputationalcomputational

computational

efficiencyefficiencyefficiency

efficiency

bbb

b

ecomeecomeecome

ecome

thethethe

the

predominantpredominantpredominant

predominant

concerns.concerns.concerns.

concerns.

SeeSeeSee

See

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

alsoalsoalso

also

(((

(

)))

)

forforfor

for

aaa

a

discussiondiscussiondiscussion

discussion

ofofof

of

thethethe

the

effecteffecteffect

effect

ofofof

of

computationalcomputationalcomputational

computational

BottouBottouBottou

Bottou

andandand

and

BousquetBousquetBousquet

Bousquet

200820082008

2008

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

ottlenecottlenecottlenec

ottlenec

ksksks

ks

ononon

on

generalizationgeneralizationgeneralization

generalization

error,error,error,

error,

asasas

as

thethethe

the

numnumnum

num

bbb

b

ererer

er

ofofof

of

trainingtrainingtraining

training

examplesexamplesexamples

examples

grows.grows.grows.

grows.

    

 

    

 

    

 

    

 

    

 

8.28.28.2

8.2

ChallengesChallengesChallenges

Challenges

ininin

in

NeuralNeuralNeural

Neural

NetNetNet

Net

www

w

orkorkork

ork

OptimizationOptimizationOptimization

Optimization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

OptimizationOptimizationOptimization

Optimization

ininin

in

generalgeneralgeneral

general

isisis

is

ananan

an

extremelyextremelyextremely

extremely

difficultdifficultdifficult

difficult

task.task.task.

task.

TTT

T

raditionallyraditionallyraditionally

raditionally

,,,

,

macmacmac

mac

hinehinehine

hine

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

learninglearninglearning

learning

hashashas

has

avavav

av

oidedoidedoided

oided

thethethe

the

difficultdifficultdifficult

difficult

yyy

y

ofofof

of

generalgeneralgeneral

general

optimizationoptimizationoptimization

optimization

bybyby

by

carefullycarefullycarefully

carefully

designingdesigningdesigning

designing

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

obobob

ob

jectivjectivjectiv

jectiv

eee

e

functionfunctionfunction

function

andandand

and

constraintsconstraintsconstraints

constraints

tototo

to

ensureensureensure

ensure

thatthatthat

that

thethethe

the

optimizationoptimizationoptimization

optimization

problemproblemproblem

problem

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

conconcon

con

vvv

v

ex.ex.ex.

ex.

WhenWhenWhen

When

trainingtrainingtraining

training

neuralneuralneural

neural

netwnetwnetw

netw

orks,orks,orks,

orks,

wewewe

we

mmm

m

ustustust

ust

confrontconfrontconfront

confront

thethethe

the

generalgeneralgeneral

general

non-convnon-convnon-conv

non-conv

exexex

ex

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

case.case.case.

case.

EvenEvenEven

Even

convconvconv

conv

exexex

ex

optimizationoptimizationoptimization

optimization

isisis

is

notnotnot

not

withoutwithoutwithout

without

itsitsits

its

complications.complications.complications.

complications.

InInIn

In

thisthisthis

this

section,section,section,

section,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

eee

e

summarizesummarizesummarize

summarize

severalseveralseveral

several

ofofof

of

thethethe

the

mostmostmost

most

prominenprominenprominen

prominen

ttt

t

challengeschallengeschallenges

challenges

ininin

in

volvvolvvolv

volv

ededed

ed

ininin

in

optimizationoptimizationoptimization

optimization

    

 

    

 

    

 

forforfor

for

trainingtrainingtraining

training

deepdeepdeep

deep

momomo

mo

dels.dels.dels.

dels.

    

 

8.2.18.2.18.2.1

8.2.1

Ill-ConditioningIll-ConditioningIll-Conditioning

Ill-Conditioning

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

SomeSomeSome

Some

challengeschallengeschallenges

challenges

arisearisearise

arise

eveneveneven

even

whenwhenwhen

when

optimizingoptimizingoptimizing

optimizing

convconvconv

conv

exexex

ex

functions.functions.functions.

functions.

OfOfOf

Of

these,these,these,

these,

thethethe

the

mostmostmost

most

    

 

    

 

    

 

    

 

    

 

    

 

prominenprominenprominen

prominen

ttt

t

isisis

is

ill-conditioningill-conditioningill-conditioning

ill-conditioning

ofofof

of

thethethe

the

HessianHessianHessian

Hessian

matrixmatrixmatrix

matrix

HHH

H

    

 

    

 

    

 

    

 

    

 

...

.

ThisThisThis

This

isisis

is

aaa

a

veryveryvery

very

generalgeneralgeneral

general

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

problemproblemproblem

problem

ininin

in

mostmostmost

most

numericalnumericalnumerical

numerical

optimization,optimization,optimization,

optimization,

convconvconv

conv

exexex

ex

ororor

or

otherwise,otherwise,otherwise,

otherwise,

andandand

and

isisis

is

describdescribdescrib

describ

ededed

ed

ininin

in

    

 

    

 

    

 

    

 

moremoremore

more

detaildetaildetail

detail

ininin

in

Sec.Sec.Sec.

Sec.

...

.

4.3.14.3.14.3.1

4.3.1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

ill-conditioningill-conditioningill-conditioning

ill-conditioning

problemproblemproblem

problem

isisis

is

generallygenerallygenerally

generally

bbb

b

elievelieveliev

eliev

ededed

ed

tototo

to

bbb

b

eee

e

presenpresenpresen

presen

ttt

t

ininin

in

neuralneuralneural

neural

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

www

w

orkorkork

ork

trainingtrainingtraining

training

problems.problems.problems.

problems.

Ill-conditioningIll-conditioningIll-conditioning

Ill-conditioning

cancancan

can

manifestmanifestmanifest

manifest

bybyby

by

causingcausingcausing

causing

SGDSGDSGD

SGD

tototo

to

getgetget

get

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

“stuc“stuc“stuc

“stuc

k”k”k”

k”

ininin

in

thethethe

the

sensesensesense

sense

thatthatthat

that

eveneveneven

even

vvv

v

eryeryery

ery

smallsmallsmall

small

stepsstepssteps

steps

increaseincreaseincrease

increase

thethethe

the

costcostcost

cost

function.function.function.

function.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

RecallRecallRecall

Recall

fromfromfrom

from

Eq.Eq.Eq.

Eq.

thatthatthat

that

aaa

a

second-ordersecond-ordersecond-order

second-order

TTT

T

aaa

a

ylorylorylor

ylor

seriesseriesseries

series

expansionexpansionexpansion

expansion

ofofof

of

thethethe

the

costcostcost

cost

4.94.94.9

4.9

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

functionfunctionfunction

function

predictspredictspredicts

predicts

thatthatthat

that

aaa

a

gradiengradiengradien

gradien

ttt

t

descentdescentdescent

descent

stepstepstep

step

ofofof

of

willwillwill

will

addaddadd

add

−−−

−





ggg

g

111

1

222

2



222

2

ggg

g
>>>

>

    

 

HHH

H

ggg

g

ggg

g

−−−

−




>>>

>

    

 

ggg

g

(8.10)(8.10)(8.10)

(8.10)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

thethethe

the

cost.cost.cost.

cost.

Ill-conditioningIll-conditioningIll-conditioning

Ill-conditioning

ofofof

of

thethethe

the

gradientgradientgradient

gradient

bbb

b

ecomesecomesecomes

ecomes

aaa

a

problemproblemproblem

problem

whenwhenwhen

when
111

1

222

2




222

2

ggg

g
>>>

>

HHH

H

ggg

g

exceedsexceedsexceeds

exceeds





ggg

g
>>>

>

ggg

g

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

. T. T. T

. T

ooo

o

determinedeterminedetermine

determine

whetherwhetherwhether

whether

ill-conditioningill-conditioningill-conditioning

ill-conditioning

isisis

is

detrimentaldetrimentaldetrimental

detrimental

tototo

to

aaa

a

neuralneuralneural

neural

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

www

w

orkorkork

ork

trainingtrainingtraining

training

task,task,task,

task,

oneoneone

one

cancancan

can

monitormonitormonitor

monitor

thethethe

the

squaredsquaredsquared

squared

gradiengradiengradien

gradien

ttt

t

normnormnorm

norm

ggg

g
>>>

>

ggg

g

    

 

andandand

and

thethethe

the

282282282

282



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

−−−

−

505050

50

000

0

505050

50

100100100

100

150150150

150

200200200

200

250250250

250

    

 

    

 

TTT

T

rainingrainingraining

raining

timetimetime

time

(epo(epo(epo

(epo

chs)chs)chs)

chs)−−−

−

222

2000

0
222

2
444

4
666

6
888

8
101010

10
121212

12
141414

14
161616

16

G
ra

di
en

t n
or

m
G

ra
di

en
t n

or
m

G
ra

di
en

t n
or

m

G
ra

di
en

t n
or

m

    

 

    

 

    

 

    

 

    

 

000

0

505050

50

100100100

100

150150150

150

200200200

200

250250250

250

    

 

    

 

TTT

T

rainingrainingraining

raining

timetimetime

time

(epo(epo(epo

(epo

chs)chs)chs)

chs)000

0

111

1

...

.
000

0

222

2

...

.
000

0

333

3

...

.
000

0

444

4

...

.
000

0

555

5

...

.
000

0

666

6

...

.
000

0

777

7

...

.
000

0

888

8

...

.
000

0

999

9

...

.
111

1

000

0

...

.

     

     

C
la

ss
i

ca
tio

n
C

la
ss

i
ca

tio
n

C
la

ss
i

ca
tio

n

C
la

ss
i

ca
tio

n

er
ro

r
er

ro
r

er
ro

r

er
ro

r

ra
te

ra
te

ra
te

ra
te

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FigureFigureFigure

Figure

8.1:8.1:8.1:

8.1:

GradienGradienGradien

Gradien

ttt

t

descentdescentdescent

descent

oftenoftenoften

often

dododo

do

eseses

es

notnotnot

not

arrivearrivearrive

arrive

atatat

at

aaa

a

criticalcriticalcritical

critical

ppp

p

ointointoint

oint

ofofof

of

ananan

an

yyy

y

kind.kind.kind.

kind.

InInIn

In

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thisthisthis

this

example,example,example,

example,

thethethe

the

gradiengradiengradien

gradien

ttt

t

normnormnorm

norm

increasesincreasesincreases

increases

throughoutthroughoutthroughout

throughout

trainingtrainingtraining

training

ofofof

of

aaa

a

conconcon

con

volutionalvolutionalvolutional

volutional

netnetnet

net

www

w

orkorkork

ork

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

usedusedused

used

forforfor

for

obobob

ob

jectjectject

ject

detection.detection.detection.

detection.

(L(L(L

(L

eft)eft)eft)

eft)

AAA

A

scatterplotscatterplotscatterplot

scatterplot

showingshowingshowing

showing

hohoho

ho

www

w

thethethe

the

normsnormsnorms

norms

ofofof

of

individualindividualindividual

individual

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

ttt

t

evevev

ev

aluationsaluationsaluations

aluations

areareare

are

distributeddistributeddistributed

distributed

ovovov

ov

ererer

er

time.time.time.

time.

TTT

T

ooo

o

improvimprovimprov

improv

eee

e

legibilitlegibilitlegibilit

legibilit

yyy

y

,,,

,

onlyonlyonly

only

oneoneone

one

gradientgradientgradient

gradient

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

normnormnorm

norm

isisis

is

plottedplottedplotted

plotted

ppp

p

ererer

er

epepep

ep

ooo

o

ch.ch.ch.

ch.

TheTheThe

The

runningrunningrunning

running

aaa

a

verageverageverage

verage

ofofof

of

allallall

all

gradientgradientgradient

gradient

normsnormsnorms

norms

isisis

is

plottedplottedplotted

plotted

asasas

as

aaa

a

solidsolidsolid

solid

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

curvcurvcurv

curv

e.e.e.

e.

TheTheThe

The

gradientgradientgradient

gradient

normnormnorm

norm

clearlyclearlyclearly

clearly

increasesincreasesincreases

increases

ovovov

ov

ererer

er

time,time,time,

time,

ratherratherrather

rather

thanthanthan

than

decreasingdecreasingdecreasing

decreasing

asasas

as

wewewe

we

wouldwouldwould

would

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

expexpexp

exp

ectectect

ect

ififif

if

thethethe

the

trainingtrainingtraining

training

propropro

pro

cesscesscess

cess

convconvconv

conv

ergedergederged

erged

tototo

to

aaa

a

criticalcriticalcritical

critical

point.point.point.

point.

DespiteDespiteDespite

Despite

thethethe

the

increasingincreasingincreasing

increasing

(Right)(Right)(Right)

(Right)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

t,t,t,

t,

thethethe

the

trainingtrainingtraining

training

propropro

pro

cesscesscess

cess

isisis

is

reasonablyreasonablyreasonably

reasonably

successful.successful.successful.

successful.

TheTheThe

The

vvv

v

alidationalidationalidation

alidation

setsetset

set

classicationclassicationclassication

classication

    

 

    

 

    

 

    

 

    

 

errorerrorerror

error

decreasesdecreasesdecreases

decreases

tototo

to

aaa

a

lololo

lo

www

w

level.level.level.

level.

ggg

g
>>>

>

HHH

H

ggg

g

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

term.term.term.

term.

InInIn

In

manymanymany

many

cases, thecases, thecases, the

cases, the

gradientgradientgradient

gradient

normnormnorm

norm

doesdoesdoes

does

notnotnot

not

shrinkshrinkshrink

shrink

signicantlysignicantlysignicantly

signicantly

    

 

    

 

    

 

throughoutthroughoutthroughout

throughout

learning,learning,learning,

learning,

butbutbut

but

thethethe

the

ggg

g
>>>

>

HHH

H

ggg

g

    

 

    

 

    

 

    

 

    

 

    

 

    

 

termtermterm

term

growsgrowsgrows

grows

bybyby

by

moremoremore

more

thanthanthan

than

orderorderorder

order

ofofof

of

magnitude.magnitude.magnitude.

magnitude.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

resultresultresult

result

isisis

is

thatthatthat

that

learninglearninglearning

learning

bbb

b

ecomesecomesecomes

ecomes

veryveryvery

very

slosloslo

slo

www

w

despitedespitedespite

despite

thethethe

the

presencepresencepresence

presence

ofofof

of

aaa

a

strongstrongstrong

strong

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

ttt

t

bbb

b

ecauseecauseecause

ecause

thethethe

the

learninglearninglearning

learning

rateraterate

rate

mustmustmust

must

bbb

b

eee

e

shrunkshrunkshrunk

shrunk

tototo

to

compcompcomp

comp

ensateensateensate

ensate

forforfor

for

eveneveneven

even

strongerstrongerstronger

stronger

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

curvcurvcurv

curv

ature.ature.ature.

ature.

Fig.Fig.Fig.

Fig.

shoshosho

sho

wswsws

ws

ananan

an

exampleexampleexample

example

ofofof

of

thethethe

the

gradiengradiengradien

gradien

ttt

t

increasingincreasingincreasing

increasing

signicansignicansignican

signican

tlytlytly

tly

duringduringduring

during

8.18.18.1

8.1

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

successfulsuccessfulsuccessful

successful

trainingtrainingtraining

training

ofofof

of

aaa

a

neuralneuralneural

neural

netwnetwnetw

netw

ork.ork.ork.

ork.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThoughThoughThough

Though

ill-conditioningill-conditioningill-conditioning

ill-conditioning

isisis

is

presentpresentpresent

present

ininin

in

otherotherother

other

settingssettingssettings

settings

bbb

b

esidesesidesesides

esides

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

training,training,training,

training,

somesomesome

some

ofofof

of

thethethe

the

tectectec

tec

hniqueshniqueshniques

hniques

usedusedused

used

tototo

to

comcomcom

com

batbatbat

bat

ititit

it

ininin

in

otherotherother

other

conconcon

con

textstextstexts

texts

areareare

are

lesslessless

less

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

applicableapplicableapplicable

applicable

tototo

to

neuralneuralneural

neural

netnetnet

net

works.works.works.

works.

FFF

F

ororor

or

example,example,example,

example,

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

isisis

is

ananan

an

excellentexcellentexcellent

excellent

tototo

to

ololol

ol

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

forforfor

for

minimizingminimizingminimizing

minimizing

convconvconv

conv

exexex

ex

functionsfunctionsfunctions

functions

withwithwith

with

ppp

p

ooo

o

orlyorlyorly

orly

conditionedconditionedconditioned

conditioned

HessianHessianHessian

Hessian

matrices,matrices,matrices,

matrices,

butbutbut

but

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

subsequentsubsequentsubsequent

subsequent

sectionssectionssections

sections

wewewe

we

willwillwill

will

argueargueargue

argue

thatthatthat

that

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

requiresrequiresrequires

requires

signicansignicansignican

signican

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

momomo

mo

dicationdicationdication

dication

bbb

b

eforeeforeefore

efore

ititit

it

cancancan

can

bbb

b

eee

e

appliedappliedapplied

applied

tototo

to

neuralneuralneural

neural

netwnetwnetw

netw

orks.orks.orks.

orks.

    

 

    

 

8.2.28.2.28.2.2

8.2.2

LoLoLo

Lo

calcalcal

cal

MinimaMinimaMinima

Minima

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

OneOneOne

One

ofofof

of

thethethe

the

mostmostmost

most

prominentprominentprominent

prominent

featuresfeaturesfeatures

features

ofofof

of

aaa

a

convconvconv

conv

exexex

ex

optimizationoptimizationoptimization

optimization

problemproblemproblem

problem

isisis

is

thatthatthat

that

ititit

it

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

cancancan

can

bbb

b

eee

e

reducedreducedreduced

reduced

tototo

to

thethethe

the

problemproblemproblem

problem

ofofof

of

ndingndingnding

nding

aaa

a

lololo

lo

calcalcal

cal

minimminimminim

minim

um.um.um.

um.

AnAnAn

An

yyy

y

lololo

lo

calcalcal

cal

minimminimminim

minim

umumum

um

isisis

is

283283283

283



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

guaranguaranguaran

guaran

teedteedteed

teed

tototo

to

bbb

b

eee

e

aaa

a

globalglobalglobal

global

minimum.minimum.minimum.

minimum.

SomeSomeSome

Some

conconcon

con

vexvexvex

vex

functionsfunctionsfunctions

functions

havhavhav

hav

eee

e

aaa

a

atatat

at

regionregionregion

region

atatat

at

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

bbb

b

ottomottomottom

ottom

ratherratherrather

rather

thanthanthan

than

aaa

a

singlesinglesingle

single

globalglobalglobal

global

minimumminimumminimum

minimum

ppp

p

oinoinoin

oin

t,t,t,

t,

butbutbut

but

anyanyany

any

ppp

p

ointointoint

oint

withinwithinwithin

within

suchsuchsuch

such

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

atatat

at

regionregionregion

region

isisis

is

ananan

an

acceptableacceptableacceptable

acceptable

solution.solution.solution.

solution.

WhenWhenWhen

When

optimizingoptimizingoptimizing

optimizing

aaa

a

conconcon

con

vvv

v

exexex

ex

function,function,function,

function,

wewewe

we

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

knoknokno

kno

www

w

thatthatthat

that

www

w

eee

e

havhavhav

hav

eee

e

reacreacreac

reac

hedhedhed

hed

aaa

a

gogogo

go

ooo

o

ddd

d

solutionsolutionsolution

solution

ififif

if

wewewe

we

ndndnd

nd

aaa

a

criticalcriticalcritical

critical

ppp

p

ointointoint

oint

ofofof

of

anyanyany

any

kind.kind.kind.

kind.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WithWithWith

With

non-convnon-convnon-conv

non-conv

exexex

ex

functions,functions,functions,

functions,

sucsucsuc

suc

hhh

h

asasas

as

neuralneuralneural

neural

nets,nets,nets,

nets,

ititit

it

isisis

is

ppp

p

ossibleossibleossible

ossible

tototo

to

hahaha

ha

veveve

ve

manmanman

man

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

lololo

lo

calcalcal

cal

minima.minima.minima.

minima.

Indeed,Indeed,Indeed,

Indeed,

nearlynearlynearly

nearly

ananan

an

yyy

y

deepdeepdeep

deep

momomo

mo

deldeldel

del

isisis

is

essentiallyessentiallyessentially

essentially

guaranteedguaranteedguaranteed

guaranteed

tototo

to

hahaha

ha

veveve

ve

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ananan

an

extremelyextremelyextremely

extremely

largelargelarge

large

numnumnum

num

bbb

b

ererer

er

ofofof

of

lololo

lo

calcalcal

cal

minima.minima.minima.

minima.

HowHowHow

How

ever,ever,ever,

ever,

asasas

as

wewewe

we

willwillwill

will

see,see,see,

see,

thisthisthis

this

isisis

is

notnotnot

not

    

 

    

 

    

 

necessarilynecessarilynecessarily

necessarily

aaa

a

mamama

ma

jorjorjor

jor

problem.problem.problem.

problem.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

NeuralNeuralNeural

Neural

netnetnet

net

www

w

orksorksorks

orks

andandand

and

ananan

an

yyy

y

momomo

mo

delsdelsdels

dels

withwithwith

with

mmm

m

ultipleultipleultiple

ultiple

equivequivequiv

equiv

alenalenalen

alen

tlytlytly

tly

parametrizedparametrizedparametrized

parametrized

latentlatentlatent

latent

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

vvv

v

ariablesariablesariables

ariables

allallall

all

havhavhav

hav

eee

e

mmm

m

ultipleultipleultiple

ultiple

lololo

lo

calcalcal

cal

minimaminimaminima

minima

bbb

b

ecauseecauseecause

ecause

ofofof

of

thethethe

the

momomo

mo

deldeldel

del

identiabilityidentiabilityidentiability

identiability

problem.problem.problem.

problem.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AAA

A

momomo

mo

deldeldel

del

isisis

is

saidsaidsaid

said

tototo

to

bbb

b

eee

e

idenideniden

iden

tiabletiabletiable

tiable

ififif

if

aaa

a

sufficientlysufficientlysufficiently

sufficiently

largelargelarge

large

trainingtrainingtraining

training

setsetset

set

cancancan

can

rulerulerule

rule

outoutout

out

allallall

all

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

butbutbut

but

oneoneone

one

settingsettingsetting

setting

ofofof

of

thethethe

the

momomo

mo

del’sdel’sdel’s

del’s

parameters.parameters.parameters.

parameters.

ModelsModelsModels

Models

withwithwith

with

latentlatentlatent

latent

vvv

v

ariablesariablesariables

ariables

areareare

are

oftenoftenoften

often

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

notnotnot

not

identiableidentiableidentiable

identiable

becausebecausebecause

because

wewewe

we

cancancan

can

obtainobtainobtain

obtain

equivequivequiv

equiv

alentalentalent

alent

momomo

mo

delsdelsdels

dels

bybyby

by

excexcexc

exc

hanginghanginghanging

hanging

latenlatenlaten

laten

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

vvv

v

ariablesariablesariables

ariables

withwithwith

with

eacheacheach

each

other.other.other.

other.

FFF

F

ororor

or

example,example,example,

example,

www

w

eee

e

couldcouldcould

could

taketaketake

take

aaa

a

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

andandand

and

momomo

mo

difydifydify

dify

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

lalala

la

yyy

y

ererer

er

111

1

bbb

b

yyy

y

swswsw

sw

appingappingapping

apping

thethethe

the

incomingincomingincoming

incoming

weighweighweigh

weigh

ttt

t

vectorvectorvector

vector

forforfor

for

unitunitunit

unit

iii

i

    

 

    

 

    

 

withwithwith

with

thethethe

the

incomingincomingincoming

incoming

weighweighweigh

weigh

ttt

t

    

 

    

 

vvv

v

ectorectorector

ector

forforfor

for

unitunitunit

unit

jjj

j

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

thenthenthen

then

doingdoingdoing

doing

thethethe

the

samesamesame

same

forforfor

for

thethethe

the

outgoingoutgoingoutgoing

outgoing

weighweighweigh

weigh

ttt

t

vectors.vectors.vectors.

vectors.

IfIfIf

If

wewewe

we

havhavhav

hav

eee

e

mmm

m

    

 

lalala

la

yyy

y

ersersers

ers

withwithwith

with

nnn

n

    

 

    

 

    

 

    

 

unitsunitsunits

units

each,each,each,

each,

thenthenthen

then

theretherethere

there

areareare

are

nnn

n

!!!

!
mmm

m

    

 

    

 

    

 

    

 

    

 

www

w

aaa

a

ysysys

ys

ofofof

of

arrangingarrangingarranging

arranging

thethethe

the

hiddenhiddenhidden

hidden

units.units.units.

units.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThisThisThis

This

kindkindkind

kind

ofofof

of

non-identiabilitnon-identiabilitnon-identiabilit

non-identiabilit

yyy

y

isisis

is

knownknownknown

known

asasas

as

weightweightweight

weight

spspsp

sp

acacac

ac

eee

e

symmetrysymmetrysymmetry

symmetry

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

additionadditionaddition

addition

tototo

to

www

w

eighteighteight

eight

spacespacespace

space

symmetrysymmetrysymmetry

symmetry

,,,

,

manmanman

man

yyy

y

kindskindskinds

kinds

ofofof

of

neuralneuralneural

neural

netnetnet

net

worksworksworks

works

havhavhav

hav

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

additionaladditionaladditional

additional

causescausescauses

causes

ofofof

of

non-identiabilitnon-identiabilitnon-identiabilit

non-identiabilit

yyy

y

...

.

FFF

F

ororor

or

example,example,example,

example,

ininin

in

anyanyany

any

rectiedrectiedrectied

rectied

linearlinearlinear

linear

ororor

or

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

maxoutmaxoutmaxout

maxout

netwnetwnetw

netw

ork,ork,ork,

ork,

www

w

eee

e

cancancan

can

scalescalescale

scale

allallall

all

ofofof

of

thethethe

the

incomingincomingincoming

incoming

www

w

eightseightseights

eights

andandand

and

biasesbiasesbiases

biases

ofofof

of

aaa

a

unitunitunit

unit

bybyby

by

ααα

α

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ififif

if

wewewe

we

alsoalsoalso

also

scalescalescale

scale

allallall

all

ofofof

of

itsitsits

its

outgoingoutgoingoutgoing

outgoing

weighweighweigh

weigh

tststs

ts

bybyby

by
111

1

ααα

α

    

 

    

 

    

 

    

 

    

 

...

.

ThisThisThis

This

meansmeansmeans

means

that—ifthat—ifthat—if

that—if

thethethe

the

costcostcost

cost

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

functionfunctionfunction

function

dododo

do

eseses

es

notnotnot

not

includeincludeinclude

include

termstermsterms

terms

sucsucsuc

suc

hhh

h

asasas

as

weighweighweigh

weigh

ttt

t

decadecadeca

deca

yyy

y

thatthatthat

that

depdepdep

dep

endendend

end

directlydirectlydirectly

directly

ononon

on

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

eigheigheigh

eigh

tststs

ts

ratherratherrather

rather

thanthanthan

than

thethethe

the

momomo

mo

dels’dels’dels’

dels’

outputs—everyoutputs—everyoutputs—every

outputs—every

lololo

lo

calcalcal

cal

minimumminimumminimum

minimum

ofofof

of

aaa

a

rectiedrectiedrectied

rectied

linearlinearlinear

linear

    

 

    

 

    

 

    

 

    

 

    

 

ororor

or

maxoutmaxoutmaxout

maxout

netwnetwnetw

netw

orkorkork

ork

lieslieslies

lies

ononon

on

ananan

an

(((

(

    

 

    

 

mmm

m

nnn

n

×××

×

    

 

    

 

    

 

    

 

)))

)

-dimensional-dimensional-dimensional

-dimensional

hyperbhyperbhyperb

hyperb

olaolaola

ola

ofofof

of

equivequivequiv

equiv

alenalenalen

alen

ttt

t

lololo

lo

calcalcal

cal

minima.minima.minima.

minima.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheseTheseThese

These

momomo

mo

deldeldel

del

identiabilitidentiabilitidentiabilit

identiabilit

yyy

y

issuesissuesissues

issues

meanmeanmean

mean

thatthatthat

that

theretherethere

there

cancancan

can

bbb

b

eee

e

ananan

an

extremelyextremelyextremely

extremely

largelargelarge

large

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ororor

or

evevev

ev

enenen

en

uncoununcoununcoun

uncoun

tablytablytably

tably

inniteinniteinnite

innite

amounamounamoun

amoun

ttt

t

ofofof

of

lololo

lo

calcalcal

cal

minimaminimaminima

minima

ininin

in

aaa

a

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

costcostcost

cost

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

function.function.function.

function.

HoHoHo

Ho

wevwevwev

wev

er,er,er,

er,

allallall

all

ofofof

of

thesethesethese

these

lololo

lo

calcalcal

cal

minimaminimaminima

minima

arisingarisingarising

arising

fromfromfrom

from

non-identiabilitnon-identiabilitnon-identiabilit

non-identiabilit

yyy

y

areareare

are

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

equivequivequiv

equiv

alenalenalen

alen

ttt

t

tototo

to

eacheacheach

each

otherotherother

other

ininin

in

costcostcost

cost

functionfunctionfunction

function

vvv

v

alue.alue.alue.

alue.

AsAsAs

As

aaa

a

result,result,result,

result,

thesethesethese

these

lololo

lo

calcalcal

cal

minimaminimaminima

minima

areareare

are

    

 

    

 

    

 

    

 

    

 

notnotnot

not

aaa

a

problematicproblematicproblematic

problematic

formformform

form

ofofof

of

non-convnon-convnon-conv

non-conv

exityexityexity

exity

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

LoLoLo

Lo

calcalcal

cal

minimaminimaminima

minima

cancancan

can

bbb

b

eee

e

problematicproblematicproblematic

problematic

ififif

if

theytheythey

they

havhavhav

hav

eee

e

highhighhigh

high

costcostcost

cost

ininin

in

comparisoncomparisoncomparison

comparison

tototo

to

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

globalglobalglobal

global

minimum.minimum.minimum.

minimum.

OneOneOne

One

cancancan

can

constructconstructconstruct

construct

smallsmallsmall

small

neuralneuralneural

neural

netwnetwnetw

netw

orks,orks,orks,

orks,

eveneveneven

even

withoutwithoutwithout

without

hiddenhiddenhidden

hidden

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

units,units,units,

units,

thatthatthat

that

havhavhav

hav

eee

e

lololo

lo

calcalcal

cal

minimaminimaminima

minima

withwithwith

with

higherhigherhigher

higher

costcostcost

cost

thanthanthan

than

thethethe

the

globalglobalglobal

global

minimumminimumminimum

minimum

(((

(

SontagSontagSontag

Sontag

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

SussmanSussmanSussman

Sussman

198919891989

1989

BradyBradyBrady

Brady

198919891989

1989

GoriGoriGori

Gori

andandand

and

TTT

T

esiesiesi

esi

199219921992

1992

,,,

,

;;;

;

etetet

et

al.al.al.

al.

,,,

,

;;;

;

,,,

,

).).).

).

IfIfIf

If

lololo

lo

calcalcal

cal

minimaminimaminima

minima

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withwithwith

with

highhighhigh

high

costcostcost

cost

areareare

are

common,common,common,

common,

thisthisthis

this

couldcouldcould

could

ppp

p

oseoseose

ose

aaa

a

seriousseriousserious

serious

problemproblemproblem

problem

forforfor

for

gradient-basedgradient-basedgradient-based

gradient-based

    

 

optimizationoptimizationoptimization

optimization

algorithms.algorithms.algorithms.

algorithms.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ItItIt

It

remainsremainsremains

remains

ananan

an

opopop

op

enenen

en

questionquestionquestion

question

whetherwhetherwhether

whether

theretherethere

there

areareare

are

manymanymany

many

lololo

lo

calcalcal

cal

minimaminimaminima

minima

ofofof

of

highhighhigh

high

costcostcost

cost

284284284

284



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

forforfor

for

netwnetwnetw

netw

orksorksorks

orks

ofofof

of

practicalpracticalpractical

practical

ininin

in

terestterestterest

terest

andandand

and

whetherwhetherwhether

whether

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

encounencounencoun

encoun

terterter

ter

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

them.them.them.

them.

FFF

F

ororor

or

manmanman

man

yyy

y

years,years,years,

years,

mostmostmost

most

practitionerspractitionerspractitioners

practitioners

bbb

b

elievedelievedelieved

elieved

thatthatthat

that

locallocallocal

local

minimaminimaminima

minima

www

w

ereereere

ere

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

commoncommoncommon

common

problemproblemproblem

problem

plaguingplaguingplaguing

plaguing

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

optimization.optimization.optimization.

optimization.

TTT

T

ooo

o

daydayday

day

,,,

,

thatthatthat

that

dododo

do

eseses

es

notnotnot

not

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

appappapp

app

earearear

ear

tototo

to

bbb

b

eee

e

thethethe

the

case.case.case.

case.

TheTheThe

The

problemproblemproblem

problem

remainsremainsremains

remains

ananan

an

activeactiveactive

active

areaareaarea

area

ofofof

of

researcresearcresearc

researc

h,h,h,

h,

butbutbut

but

expertsexpertsexperts

experts

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

nonono

no

www

w

suspsuspsusp

susp

ectectect

ect

that,that,that,

that,

forforfor

for

sufficiensufficiensufficien

sufficien

tlytlytly

tly

largelargelarge

large

neuralneuralneural

neural

netwnetwnetw

netw

orks,orks,orks,

orks,

mostmostmost

most

lololo

lo

calcalcal

cal

minimaminimaminima

minima

havhavhav

hav

eee

e

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

lololo

lo

www

w

costcostcost

cost

functionfunctionfunction

function

vvv

v

alue,alue,alue,

alue,

andandand

and

thatthatthat

that

ititit

it

isisis

is

notnotnot

not

impimpimp

imp

ortantortantortant

ortant

tototo

to

ndndnd

nd

aaa

a

truetruetrue

true

globalglobalglobal

global

minimumminimumminimum

minimum

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ratherratherrather

rather

thanthanthan

than

tototo

to

ndndnd

nd

aaa

a

ppp

p

ointointoint

oint

ininin

in

parameterparameterparameter

parameter

spacespacespace

space

thatthatthat

that

hashashas

has

lololo

lo

www

w

butbutbut

but

notnotnot

not

minimalminimalminimal

minimal

costcostcost

cost

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

(((

(

,,,

,

;;;

;

,,,

,

;;;

;

,,,

,

;;;

;

SaxeSaxeSaxe

Saxe

etetet

et

al.al.al.

al.

201320132013

2013

DauphinDauphinDauphin

Dauphin

etetet

et

al.al.al.

al.

201420142014

2014

GoGoGo

Go

ooo

o

dfellowdfellowdfellow

dfellow

etetet

et

al.al.al.

al.

201520152015

2015

ChoromanskChoromanskChoromansk

Choromansk

aaa

a

    

 

    

 

etetet

et

al.al.al.

al.

,,,

,

).).).

).

201420142014

2014

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ManManMan

Man

yyy

y

practitionerspractitionerspractitioners

practitioners

attributeattributeattribute

attribute

nearlynearlynearly

nearly

allallall

all

difficultydifficultydifficulty

difficulty

withwithwith

with

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

optimiza-optimiza-optimiza-

optimiza-

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tiontiontion

tion

tototo

to

lololo

lo

calcalcal

cal

minima.minima.minima.

minima.

WWW

W

eee

e

encourageencourageencourage

encourage

practitionerspractitionerspractitioners

practitioners

tototo

to

carefullycarefullycarefully

carefully

testtesttest

test

forforfor

for

spspsp

sp

ecicecicecic

ecic

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

problems.problems.problems.

problems.

AAA

A

testtesttest

test

thatthatthat

that

cancancan

can

rulerulerule

rule

outoutout

out

lololo

lo

calcalcal

cal

minimaminimaminima

minima

asasas

as

thethethe

the

problemproblemproblem

problem

isisis

is

tototo

to

plotplotplot

plot

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

normnormnorm

norm

ofofof

of

thethethe

the

gradientgradientgradient

gradient

ovovov

ov

ererer

er

time.time.time.

time.

IfIfIf

If

thethethe

the

normnormnorm

norm

ofofof

of

thethethe

the

gradientgradientgradient

gradient

dododo

do

eseses

es

notnotnot

not

shrinkshrinkshrink

shrink

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

insignicaninsignicaninsignican

insignican

ttt

t

size,size,size,

size,

thethethe

the

problemproblemproblem

problem

isisis

is

neitherneitherneither

neither

lololo

lo

calcalcal

cal

minimaminimaminima

minima

nornornor

nor

ananan

an

yyy

y

otherotherother

other

kindkindkind

kind

ofofof

of

criticalcriticalcritical

critical

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

oinoinoin

oin

t.t.t.

t.

ThisThisThis

This

kindkindkind

kind

ofofof

of

negativnegativnegativ

negativ

eee

e

testtesttest

test

cancancan

can

rulerulerule

rule

outoutout

out

lololo

lo

calcalcal

cal

minima.minima.minima.

minima.

InInIn

In

highhighhigh

high

dimensionaldimensionaldimensional

dimensional

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

spaces,spaces,spaces,

spaces,

ititit

it

cancancan

can

bbb

b

eee

e

veryveryvery

very

difficultdifficultdifficult

difficult

tototo

to

ppp

p

ositivositivositiv

ositiv

elyelyely

ely

establishestablishestablish

establish

thatthatthat

that

lololo

lo

calcalcal

cal

minimaminimaminima

minima

areareare

are

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

problem.problem.problem.

problem.

ManyManyMany

Many

structuresstructuresstructures

structures

otherotherother

other

thanthanthan

than

lololo

lo

calcalcal

cal

minimaminimaminima

minima

alsoalsoalso

also

havhavhav

hav

eee

e

smallsmallsmall

small

gradients.gradients.gradients.

gradients.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

8.2.38.2.38.2.3

8.2.3

Plateaus,Plateaus,Plateaus,

Plateaus,

SaddleSaddleSaddle

Saddle

PPP

P

ointsointsoints

oints

andandand

and

OtherOtherOther

Other

FlatFlatFlat

Flat

RegionsRegionsRegions

Regions

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FFF

F

ororor

or

manymanymany

many

high-dimensionalhigh-dimensionalhigh-dimensional

high-dimensional

non-connon-connon-con

non-con

vvv

v

exexex

ex

functions,functions,functions,

functions,

lololo

lo

calcalcal

cal

minimaminimaminima

minima

(and(and(and

(and

maxima)maxima)maxima)

maxima)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

areareare

are

ininin

in

factfactfact

fact

rarerarerare

rare

comparedcomparedcompared

compared

tototo

to

anotheranotheranother

another

kindkindkind

kind

ofofof

of

ppp

p

ointointoint

oint

withwithwith

with

zerozerozero

zero

gradient:gradient:gradient:

gradient:

aaa

a

saddlesaddlesaddle

saddle

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

oinoinoin

oin

t.t.t.

t.

SomeSomeSome

Some

ppp

p

oinoinoin

oin

tststs

ts

aroundaroundaround

around

aaa

a

saddlesaddlesaddle

saddle

ppp

p

oinoinoin

oin

ttt

t

havhavhav

hav

eee

e

greatergreatergreater

greater

costcostcost

cost

thanthanthan

than

thethethe

the

saddlesaddlesaddle

saddle

ppp

p

oinoinoin

oin

t,t,t,

t,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

whilewhilewhile

while

othersothersothers

others

havhavhav

hav

eee

e

aaa

a

lololo

lo

werwerwer

wer

cost.cost.cost.

cost.

AAA

A

ttt

t

aaa

a

saddlesaddlesaddle

saddle

ppp

p

oint,oint,oint,

oint,

thethethe

the

HessianHessianHessian

Hessian

matrixmatrixmatrix

matrix

hashashas

has

bbb

b

othothoth

oth

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

ositivositivositiv

ositiv

eee

e

andandand

and

negativenegativenegative

negative

eigeneigeneigen

eigen

vvv

v

alues.alues.alues.

alues.

PPP

P

oinoinoin

oin

tststs

ts

lyinglyinglying

lying

alongalongalong

along

eigenveigenveigenv

eigenv

ectorsectorsectors

ectors

assoassoasso

asso

ciatedciatedciated

ciated

withwithwith

with

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

ositivositivositiv

ositiv

eee

e

eigenveigenveigenv

eigenv

aluesaluesalues

alues

havhavhav

hav

eee

e

greatergreatergreater

greater

costcostcost

cost

thanthanthan

than

thethethe

the

saddlesaddlesaddle

saddle

ppp

p

oint,oint,oint,

oint,

whilewhilewhile

while

ppp

p

oinoinoin

oin

tststs

ts

lyinglyinglying

lying

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

alongalongalong

along

negativenegativenegative

negative

eigenveigenveigenv

eigenv

aluesaluesalues

alues

hahaha

ha

veveve

ve

lowlowlow

low

ererer

er

vvv

v

alue.alue.alue.

alue.

WWW

W

eee

e

cancancan

can

thinkthinkthink

think

ofofof

of

aaa

a

saddlesaddlesaddle

saddle

ppp

p

oinoinoin

oin

ttt

t

asasas

as

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

eingeingeing

eing

aaa

a

lololo

lo

calcalcal

cal

minimumminimumminimum

minimum

alongalongalong

along

oneoneone

one

cross-sectioncross-sectioncross-section

cross-section

ofofof

of

thethethe

the

costcostcost

cost

functionfunctionfunction

function

andandand

and

aaa

a

lololo

lo

calcalcal

cal

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

maximmaximmaxim

maxim

umumum

um

alongalongalong

along

anotheranotheranother

another

cross-section.cross-section.cross-section.

cross-section.

SeeSeeSee

See

Fig.Fig.Fig.

Fig.

forforfor

for

ananan

an

illustration.illustration.illustration.

illustration.

4.54.54.5

4.5

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ManManMan

Man

yyy

y

classes ofclasses ofclasses of

classes of

randomrandomrandom

random

functionsfunctionsfunctions

functions

exhibitexhibitexhibit

exhibit

thethethe

the

followingfollowingfollowing

following

behavior:behavior:behavior:

behavior:

ininin

in

low-low-low-

low-

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

dimensionaldimensionaldimensional

dimensional

spaces,spaces,spaces,

spaces,

lololo

lo

calcalcal

cal

minimaminimaminima

minima

areareare

are

common.common.common.

common.

InInIn

In

higherhigherhigher

higher

dimensionaldimensionaldimensional

dimensional

spaces,spaces,spaces,

spaces,

lololo

lo

calcalcal

cal

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

minimaminimaminima

minima

areareare

are

rarerarerare

rare

andandand

and

saddlesaddlesaddle

saddle

ppp

p

ointsointsoints

oints

areareare

are

moremoremore

more

common.common.common.

common.

FFF

F

ororor

or

aaa

a

functionfunctionfunction

function

fff

f

:::

:

RRR

R
nnn

n

    

 

→→→

→

RRR

R

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thisthisthis

this

type,type,type,

type,

thethethe

the

expexpexp

exp

ectedectedected

ected

ratioratioratio

ratio

ofofof

of

thethethe

the

numnumnum

num

bbb

b

ererer

er

ofofof

of

saddlesaddlesaddle

saddle

ppp

p

oinoinoin

oin

tststs

ts

tototo

to

lololo

lo

calcalcal

cal

minimaminimaminima

minima

growsgrowsgrows

grows

    

 

expexpexp

exp

onenonenonen

onen

tiallytiallytially

tially

withwithwith

with

nnn

n

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

TTT

T

ooo

o

understandunderstandunderstand

understand

thethethe

the

intuitionintuitionintuition

intuition

bbb

b

ehindehindehind

ehind

thisthisthis

this

bbb

b

ehaehaeha

eha

vior,vior,vior,

vior,

observeobserveobserve

observe

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thatthatthat

that

thethethe

the

HessianHessianHessian

Hessian

matrixmatrixmatrix

matrix

atatat

at

aaa

a

lololo

lo

calcalcal

cal

minimumminimumminimum

minimum

hashashas

has

onlyonlyonly

only

ppp

p

ositivositivositiv

ositiv

eee

e

eigeneigeneigen

eigen

vvv

v

alues.alues.alues.

alues.

TheTheThe

The

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

HessianHessianHessian

Hessian

matrixmatrixmatrix

matrix

atatat

at

aaa

a

saddlesaddlesaddle

saddle

ppp

p

oinoinoin

oin

ttt

t

hashashas

has

aaa

a

mixturemixturemixture

mixture

ofofof

of

ppp

p

ositiveositiveositive

ositive

andandand

and

negativnegativnegativ

negativ

eee

e

eigenveigenveigenv

eigenv

alues.alues.alues.

alues.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ImagineImagineImagine

Imagine

thatthatthat

that

thethethe

the

signsignsign

sign

ofofof

of

eaceaceac

eac

hhh

h

eigenveigenveigenv

eigenv

aluealuealue

alue

isisis

is

generatedgeneratedgenerated

generated

bybyby

by

ippingippingipping

ipping

aaa

a

coin.coin.coin.

coin.

InInIn

In

aaa

a

singlesinglesingle

single

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

dimension,dimension,dimension,

dimension,

ititit

it

isisis

is

easyeasyeasy

easy

tototo

to

obtainobtainobtain

obtain

aaa

a

lololo

lo

calcalcal

cal

minimumminimumminimum

minimum

bbb

b

yyy

y

tossingtossingtossing

tossing

aaa

a

coincoincoin

coin

andandand

and

gettinggettinggetting

getting

headsheadsheads

heads

    

 

once.once.once.

once.

InInIn

In

nnn

n

    

 

    

 

    

 

    

 

    

 

    

 

    

 

-dimensional-dimensional-dimensional

-dimensional

space,space,space,

space,

ititit

it

isisis

is

expexpexp

exp

onentiallyonentiallyonentially

onentially

unlikelyunlikelyunlikely

unlikely

thatthatthat

that

allallall

all

nnn

n

    

 

    

 

coincoincoin

coin

tossestossestosses

tosses

willwillwill

will

285285285

285



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

eee

e

heads.heads.heads.

heads.

SeeSeeSee

See

(((

(

)))

)

forforfor

for

aaa

a

reviewreviewreview

review

ofofof

of

thethethe

the

relevrelevrelev

relev

antantant

ant

theoreticaltheoreticaltheoretical

theoretical

work.work.work.

work.

DauphinDauphinDauphin

Dauphin

etetet

et

al.al.al.

al.

201420142014

2014

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AnAnAn

An

amazingamazingamazing

amazing

proppropprop

prop

ertyertyerty

erty

ofofof

of

manymanymany

many

randomrandomrandom

random

functionsfunctionsfunctions

functions

isisis

is

thatthatthat

that

thethethe

the

eigenveigenveigenv

eigenv

aluesaluesalues

alues

ofofof

of

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

HessianHessianHessian

Hessian

bbb

b

ecomeecomeecome

ecome

moremoremore

more

likelylikelylikely

likely

tototo

to

bbb

b

eee

e

ppp

p

ositiveositiveositive

ositive

asasas

as

wewewe

we

reachreachreach

reach

regionsregionsregions

regions

ofofof

of

lololo

lo

werwerwer

wer

cost. Incost. Incost. In

cost. In

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ourourour

our

coincoincoin

coin

tossingtossingtossing

tossing

analogyanalogyanalogy

analogy

,,,

,

thisthisthis

this

meansmeansmeans

means

wewewe

we

areareare

are

moremoremore

more

likliklik

lik

elyelyely

ely

tototo

to

havhavhav

hav

eee

e

ourourour

our

coincoincoin

coin

comecomecome

come

upupup

up

headsheadsheads

heads

nnn

n

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

timestimestimes

times

ififif

if

www

w

eee

e

areareare

are

atatat

at

aaa

a

criticalcriticalcritical

critical

ppp

p

ointointoint

oint

withwithwith

with

lowlowlow

low

cost. Thiscost. Thiscost. This

cost. This

meansmeansmeans

means

thatthatthat

that

lololo

lo

calcalcal

cal

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

minimaminimaminima

minima

areareare

are

mucmucmuc

muc

hhh

h

moremoremore

more

likliklik

lik

elyelyely

ely

tototo

to

havhavhav

hav

eee

e

lololo

lo

www

w

costcostcost

cost

thanthanthan

than

highhighhigh

high

cost.cost.cost.

cost.

CriticalCriticalCritical

Critical

ppp

p

ointsointsoints

oints

withwithwith

with

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

highhighhigh

high

costcostcost

cost

areareare

are

farfarfar

far

moremoremore

more

likelylikelylikely

likely

tototo

to

bbb

b

eee

e

saddlesaddlesaddle

saddle

ppp

p

oinoinoin

oin

ts.ts.ts.

ts.

CriticalCriticalCritical

Critical

ppp

p

ointsointsoints

oints

withwithwith

with

extremelyextremelyextremely

extremely

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

highhighhigh

high

costcostcost

cost

areareare

are

moremoremore

more

likliklik

lik

elyelyely

ely

tototo

to

bbb

b

eee

e

lololo

lo

calcalcal

cal

maxima.maxima.maxima.

maxima.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThisThisThis

This

happhapphapp

happ

ensensens

ens

forforfor

for

manymanymany

many

classesclassesclasses

classes

ofofof

of

randomrandomrandom

random

functions.functions.functions.

functions.

DoDoDo

Do

eseses

es

ititit

it

happhapphapp

happ

enenen

en

forforfor

for

neuralneuralneural

neural

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

www

w

orks?orks?orks?

orks?

(((

(

)))

)

shoshosho

sho

wedwedwed

wed

theoreticallytheoreticallytheoretically

theoretically

thatthatthat

that

shalloshalloshallo

shallo

www

w

autoencoautoencoautoenco

autoenco

dersdersders

ders

BaldiBaldiBaldi

Baldi

andandand

and

HornikHornikHornik

Hornik

198919891989

1989

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

(feedforw(feedforw(feedforw

(feedforw

ardardard

ard

netnetnet

net

worksworksworks

works

trainedtrainedtrained

trained

tototo

to

copcopcop

cop

yyy

y

theirtheirtheir

their

inputinputinput

input

tototo

to

theirtheirtheir

their

output,output,output,

output,

describdescribdescrib

describ

ededed

ed

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ChapterChapterChapter

Chapter

)))

)

withwithwith

with

nonono

no

nonlinearitiesnonlinearitiesnonlinearities

nonlinearities

havhavhav

hav

eee

e

globalglobalglobal

global

minimaminimaminima

minima

andandand

and

saddlesaddlesaddle

saddle

ppp

p

ointsointsoints

oints

butbutbut

but

nonono

no

141414

14

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

lololo

lo

calcalcal

cal

minimaminimaminima

minima

withwithwith

with

higherhigherhigher

higher

costcostcost

cost

thanthanthan

than

thethethe

the

globalglobalglobal

global

minimum.minimum.minimum.

minimum.

TheyTheyThey

They

observedobservedobserved

observed

withoutwithoutwithout

without

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

propropro

pro

ofofof

of

thatthatthat

that

thesethesethese

these

resultsresultsresults

results

extendextendextend

extend

tototo

to

deepdeepdeep

deep

ererer

er

netnetnet

net

worksworksworks

works

withoutwithoutwithout

without

nonlinearities.nonlinearities.nonlinearities.

nonlinearities.

TheTheThe

The

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

outputoutputoutput

output

ofofof

of

sucsucsuc

suc

hhh

h

netwnetwnetw

netw

orksorksorks

orks

isisis

is

aaa

a

linearlinearlinear

linear

functionfunctionfunction

function

ofofof

of

theirtheirtheir

their

input,input,input,

input,

butbutbut

but

theytheythey

they

areareare

are

usefulusefuluseful

useful

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

studystudystudy

study

asasas

as

aaa

a

momomo

mo

deldeldel

del

ofofof

of

nonlinearnonlinearnonlinear

nonlinear

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

bbb

b

ecauseecauseecause

ecause

theirtheirtheir

their

losslossloss

loss

functionfunctionfunction

function

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

non-convnon-convnon-conv

non-conv

exexex

ex

functionfunctionfunction

function

ofofof

of

theirtheirtheir

their

parameters.parameters.parameters.

parameters.

SuchSuchSuch

Such

netwnetwnetw

netw

orksorksorks

orks

areareare

are

essentiallyessentiallyessentially

essentially

justjustjust

just

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

mmm

m

ultipleultipleultiple

ultiple

matricesmatricesmatrices

matrices

compcompcomp

comp

osedosedosed

osed

together.together.together.

together.

(((

(

)))

)

propropro

pro

videdvidedvided

vided

exactexactexact

exact

solutionssolutionssolutions

solutions

SaxeSaxeSaxe

Saxe

etetet

et

al.al.al.

al.

201320132013

2013

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

thethethe

the

completecompletecomplete

complete

learninglearninglearning

learning

dynamicsdynamicsdynamics

dynamics

ininin

in

sucsucsuc

suc

hhh

h

netwnetwnetw

netw

orksorksorks

orks

andandand

and

showshowshow

show

ededed

ed

thatthatthat

that

learninglearninglearning

learning

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thesethesethese

these

momomo

mo

delsdelsdels

dels

capturescapturescaptures

captures

manmanman

man

yyy

y

ofofof

of

thethethe

the

qualitativqualitativqualitativ

qualitativ

eee

e

featuresfeaturesfeatures

features

observedobservedobserved

observed

ininin

in

thethethe

the

trainingtrainingtraining

training

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

deepdeepdeep

deep

momomo

mo

delsdelsdels

dels

withwithwith

with

nonlinearnonlinearnonlinear

nonlinear

activactivactiv

activ

ationationation

ation

functions.functions.functions.

functions.

(((

(

)))

)

shoshosho

sho

wedwedwed

wed

DauphinDauphinDauphin

Dauphin

etetet

et

al.al.al.

al.

201420142014

2014

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

expexpexp

exp

erimenerimenerimen

erimen

tallytallytally

tally

thatthatthat

that

realrealreal

real

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

alsoalsoalso

also

havhavhav

hav

eee

e

losslossloss

loss

functionsfunctionsfunctions

functions

thatthatthat

that

containcontaincontain

contain

veryveryvery

very

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

manmanman

man

yyy

y

high-costhigh-costhigh-cost

high-cost

saddlesaddlesaddle

saddle

ppp

p

oinoinoin

oin

ts.ts.ts.

ts.

ChoromanskChoromanskChoromansk

Choromansk

aaa

a

201420142014

2014

etetet

et

al.al.al.

al.

(((

(

)))

)

providedprovidedprovided

provided

additionaladditionaladditional

additional

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

theoreticaltheoreticaltheoretical

theoretical

arguments,arguments,arguments,

arguments,

showingshowingshowing

showing

thatthatthat

that

anotheranotheranother

another

classclassclass

class

ofofof

of

high-dimensionalhigh-dimensionalhigh-dimensional

high-dimensional

randomrandomrandom

random

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

functionsfunctionsfunctions

functions

relatedrelatedrelated

related

tototo

to

neuralneuralneural

neural

netnetnet

net

www

w

orksorksorks

orks

dododo

do

eseses

es

sososo

so

asasas

as

well.well.well.

well.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WhatWhatWhat

What

areareare

are

thethethe

the

implicationsimplicationsimplications

implications

ofofof

of

thethethe

the

proliferationproliferationproliferation

proliferation

ofofof

of

saddlesaddlesaddle

saddle

ppp

p

ointsointsoints

oints

forforfor

for

trainingtrainingtraining

training

algo-algo-algo-

algo-

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

rithms?rithms?rithms?

rithms?

FFF

F

ororor

or

rst-orderrst-orderrst-order

rst-order

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

thatthatthat

that

useuseuse

use

onlyonlyonly

only

gradientgradientgradient

gradient

information,information,information,

information,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

situationsituationsituation

situation

isisis

is

unclear.unclear.unclear.

unclear.

TheTheThe

The

gradientgradientgradient

gradient

cancancan

can

oftenoftenoften

often

bbb

b

ecomeecomeecome

ecome

vvv

v

eryeryery

ery

smallsmallsmall

small

nearnearnear

near

aaa

a

saddlesaddlesaddle

saddle

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

oinoinoin

oin

t.t.t.

t.

OnOnOn

On

thethethe

the

otherotherother

other

hand,hand,hand,

hand,

gradientgradientgradient

gradient

descentdescentdescent

descent

empiricallyempiricallyempirically

empirically

seemsseemsseems

seems

tototo

to

bbb

b

eee

e

ableableable

able

tototo

to

escapescapescap

escap

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

saddlesaddlesaddle

saddle

ppp

p

ointsointsoints

oints

ininin

in

manmanman

man

yyy

y

cases.cases.cases.

cases.

(((

(

)))

)

providedprovidedprovided

provided

visualizationsvisualizationsvisualizations

visualizations

ofofof

of

GooGooGoo

Goo

dfellowdfellowdfellow

dfellow

etetet

et

al.al.al.

al.

201520152015

2015

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

sevsevsev

sev

eraleraleral

eral

learninglearninglearning

learning

tratratra

tra

jectoriesjectoriesjectories

jectories

ofofof

of

state-of-the-artstate-of-the-artstate-of-the-art

state-of-the-art

neuralneuralneural

neural

netnetnet

net

www

w

orks,orks,orks,

orks,

withwithwith

with

ananan

an

exampleexampleexample

example

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

givgivgiv

giv

enenen

en

ininin

in

Fig.Fig.Fig.

Fig.

...

.

TheseTheseThese

These

visualizationsvisualizationsvisualizations

visualizations

showshowshow

show

aaa

a

atteningatteningattening

attening

ofofof

of

thethethe

the

costcostcost

cost

functionfunctionfunction

function

nearnearnear

near

8.28.28.2

8.2

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

prominentprominentprominent

prominent

saddlesaddlesaddle

saddle

ppp

p

oinoinoin

oin

ttt

t

wherewherewhere

where

thethethe

the

www

w

eigheigheigh

eigh

tststs

ts

areareare

are

allallall

all

zero,zero,zero,

zero,

butbutbut

but

theytheythey

they

alsoalsoalso

also

showshowshow

show

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

ttt

t

descentdescentdescent

descent

tratratra

tra

jectoryjectoryjectory

jectory

rapidlyrapidlyrapidly

rapidly

escapingescapingescaping

escaping

thisthisthis

this

region.region.region.

region.

(((

(

)))

)

GooGooGoo

Goo

dfellowdfellowdfellow

dfellow

etetet

et

al.al.al.

al.

201520152015

2015

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

alsoalsoalso

also

argueargueargue

argue

thatthatthat

that

conconcon

con

tintintin

tin

uous-timeuous-timeuous-time

uous-time

gradientgradientgradient

gradient

descentdescentdescent

descent

mamama

ma

yyy

y

bbb

b

eee

e

shownshownshown

shown

analyticallyanalyticallyanalytically

analytically

tototo

to

bbb

b

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

repreprep

rep

elledelledelled

elled

from,from,from,

from,

ratherratherrather

rather

thanthanthan

than

attractedattractedattracted

attracted

to,to,to,

to,

aaa

a

nearbnearbnearb

nearb

yyy

y

saddlesaddlesaddle

saddle

ppp

p

oint,oint,oint,

oint,

butbutbut

but

thethethe

the

situationsituationsituation

situation

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

mamama

ma

yyy

y

bbb

b

eee

e

differendifferendifferen

differen

ttt

t

forforfor

for

moremoremore

more

realisticrealisticrealistic

realistic

usesusesuses

uses

ofofof

of

gradientgradientgradient

gradient

descendescendescen

descen

t.t.t.

t.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FFF

F

ororor

or

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

d, itd, itd, it

d, it

isisis

is

clearclearclear

clear

thatthatthat

that

saddlesaddlesaddle

saddle

pointspointspoints

points

constituteconstituteconstitute

constitute

aaa

a

problem.problem.problem.

problem.

286286286

286



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 
    

 

ProProPro

Pro

jection
jection
jection

jection

222

2

ofofof

of

θθθ

θ

    

 

    

 

    

 
ProProPro

Pro

jectionjectionjection

jection

111

1

ofofof

of

θθθ

θ

J(J(J( J(

))) )θθθ θ
    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FigureFigureFigure

Figure

8.2:8.2:8.2:

8.2:

AAA

A

visualizationvisualizationvisualization

visualization

ofofof

of

thethethe

the

costcostcost

cost

functionfunctionfunction

function

ofofof

of

aaa

a

neuralneuralneural

neural

netwnetwnetw

netw

ork.ork.ork.

ork.

ImageImageImage

Image

adaptedadaptedadapted

adapted

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withwithwith

with

ppp

p

ermissionermissionermission

ermission

fromfromfrom

from

GoGoGo

Go

ooo

o

dfellodfellodfello

dfello

www

w

201520152015

2015

etetet

et

al.al.al.

al.

(((

(

). These). These). These

). These

visualizationsvisualizationsvisualizations

visualizations

appappapp

app

earearear

ear

similarsimilarsimilar

similar

forforfor

for

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

feedforwfeedforwfeedforw

feedforw

ardardard

ard

neuralneuralneural

neural

netnetnet

net

works,works,works,

works,

conconcon

con

volutionalvolutionalvolutional

volutional

netnetnet

net

works,works,works,

works,

andandand

and

recurrentrecurrentrecurrent

recurrent

netwnetwnetw

netw

orksorksorks

orks

appliedappliedapplied

applied

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

realrealreal

real

obobob

ob

jectjectject

ject

recognitionrecognitionrecognition

recognition

andandand

and

naturalnaturalnatural

natural

languagelanguagelanguage

language

propropro

pro

cessingcessingcessing

cessing

tasks.tasks.tasks.

tasks.

SurprisinglySurprisinglySurprisingly

Surprisingly

,,,

,

thesethesethese

these

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

visualizationsvisualizationsvisualizations

visualizations

usuallyusuallyusually

usually

dododo

do

notnotnot

not

shoshosho

sho

www

w

manymanymany

many

conspicuousconspicuousconspicuous

conspicuous

obstacles. Priorobstacles. Priorobstacles. Prior

obstacles. Prior

tototo

to

thethethe

the

successsuccesssuccess

success

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

stostosto

sto

ccc

c

hastichastichastic

hastic

gradientgradientgradient

gradient

descentdescentdescent

descent

forforfor

for

trainingtrainingtraining

training

veryveryvery

very

largelargelarge

large

momomo

mo

delsdelsdels

dels

bbb

b

eginningeginningeginning

eginning

ininin

in

roughlyroughlyroughly

roughly

2012,2012,2012,

2012,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

neuralneuralneural

neural

netnetnet

net

costcostcost

cost

functionfunctionfunction

function

surfacessurfacessurfaces

surfaces

werewerewere

were

generallygenerallygenerally

generally

bbb

b

elievedelievedelieved

elieved

tototo

to

havhavhav

hav

eee

e

mucmucmuc

muc

hhh

h

moremoremore

more

non-convnon-convnon-conv

non-conv

exexex

ex

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

structurestructurestructure

structure

thanthanthan

than

isisis

is

revrevrev

rev

ealedealedealed

ealed

bybyby

by

thesethesethese

these

propropro

pro

jections. Thejections. Thejections. The

jections. The

primaryprimaryprimary

primary

obstacleobstacleobstacle

obstacle

revealedrevealedrevealed

revealed

bbb

b

yyy

y

thisthisthis

this

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

propropro

pro

jectionjectionjection

jection

isisis

is

aaa

a

saddlesaddlesaddle

saddle

ppp

p

ointointoint

oint

ofofof

of

highhighhigh

high

costcostcost

cost

nearnearnear

near

wherewherewhere

where

thethethe

the

parametersparametersparameters

parameters

areareare

are

initialized,initialized,initialized,

initialized,

but,but,but,

but,

asasas

as

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

indicatedindicatedindicated

indicated

bybyby

by

thethethe

the

blueblueblue

blue

path,path,path,

path,

thethethe

the

SGDSGDSGD

SGD

trainingtrainingtraining

training

tratratra

tra

jectoryjectoryjectory

jectory

escapescapescap

escap

eseses

es

thisthisthis

this

saddlesaddlesaddle

saddle

ppp

p

ointointoint

oint

readilyreadilyreadily

readily

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

MostMostMost

Most

ofofof

of

trainingtrainingtraining

training

timetimetime

time

isisis

is

spspsp

sp

enenen

en

ttt

t

travtravtrav

trav

ersingersingersing

ersing

thethethe

the

relativelyrelativelyrelatively

relatively

atatat

at

vvv

v

alleyalleyalley

alley

ofofof

of

thethethe

the

costcostcost

cost

function,function,function,

function,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

whicwhicwhic

whic

hhh

h

maymaymay

may

bbb

b

eee

e

dueduedue

due

tototo

to

highhighhigh

high

noisenoisenoise

noise

ininin

in

thethethe

the

gradiengradiengradien

gradien

t,t,t,

t,

ppp

p

ooo

o

ororor

or

conditioningconditioningconditioning

conditioning

ofofof

of

thethethe

the

HessianHessianHessian

Hessian

matrixmatrixmatrix

matrix

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

thisthisthis

this

region,region,region,

region,

ororor

or

simplysimplysimply

simply

thethethe

the

needneedneed

need

tototo

to

circumnavigatecircumnavigatecircumnavigate

circumnavigate

thethethe

the

talltalltall

tall

“mountain”“mountain”“mountain”

“mountain”

visiblevisiblevisible

visible

ininin

in

thethethe

the

    

 

    

 

    

 

    

 

    

 

gureguregure

gure

viaviavia

via

ananan

an

indirectindirectindirect

indirect

arcingarcingarcing

arcing

path.path.path.

path.

287287287

287



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

GradienGradienGradien

Gradien

ttt

t

descentdescentdescent

descent

isisis

is

designeddesigneddesigned

designed

tototo

to

movmovmov

mov

eee

e

“do“do“do

“do

wnhill”wnhill”wnhill”

wnhill”

andandand

and

isisis

is

notnotnot

not

explicitlyexplicitlyexplicitly

explicitly

designeddesigneddesigned

designed

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

seekseekseek

seek

aaa

a

criticalcriticalcritical

critical

ppp

p

oint.oint.oint.

oint.

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

d,d,d,

d,

howhowhow

how

ever,ever,ever,

ever,

isisis

is

designeddesigneddesigned

designed

tototo

to

solvsolvsolv

solv

eee

e

forforfor

for

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

oinoinoin

oin

ttt

t

wherewherewhere

where

thethethe

the

gradiengradiengradien

gradien

ttt

t

isisis

is

zero.zero.zero.

zero.

WithoutWithoutWithout

Without

appropriateappropriateappropriate

appropriate

momomo

mo

dication,dication,dication,

dication,

ititit

it

cancancan

can

jumpjumpjump

jump

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

aaa

a

saddlesaddlesaddle

saddle

ppp

p

oint.oint.oint.

oint.

TheTheThe

The

proliferationproliferationproliferation

proliferation

ofofof

of

saddlesaddlesaddle

saddle

ppp

p

oinoinoin

oin

tststs

ts

ininin

in

highhighhigh

high

dimensionaldimensionaldimensional

dimensional

spacesspacesspaces

spaces

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

presumablypresumablypresumably

presumably

explainsexplainsexplains

explains

whywhywhy

why

second-ordersecond-ordersecond-order

second-order

methomethometho

metho

dsdsds

ds

havhavhav

hav

eee

e

notnotnot

not

succeededsucceededsucceeded

succeeded

ininin

in

replacingreplacingreplacing

replacing

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

ttt

t

descentdescentdescent

descent

forforfor

for

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

training.training.training.

training.

(((

(

)))

)

introducedintroducedintroduced

introduced

DauphinDauphinDauphin

Dauphin

etetet

et

al.al.al.

al.

201420142014

2014

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

saddsaddsadd

sadd

le-frle-frle-fr

le-fr

eee

e

eee

e

NewtonNewtonNewton

Newton

methomethometho

metho

ddd

d

forforfor

for

second-ordersecond-ordersecond-order

second-order

optimizationoptimizationoptimization

optimization

andandand

and

showshowshow

show

ededed

ed

thatthatthat

that

ititit

it

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

improimproimpro

impro

vvv

v

eseses

es

signicantlysignicantlysignicantly

signicantly

ooo

o

ververver

ver

thethethe

the

traditionaltraditionaltraditional

traditional

vvv

v

ersion.ersion.ersion.

ersion.

Second-orderSecond-orderSecond-order

Second-order

methomethometho

metho

dsdsds

ds

remainremainremain

remain

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

difficultdifficultdifficult

difficult

tototo

to

scalescalescale

scale

tototo

to

largelargelarge

large

neuralneuralneural

neural

netnetnet

net

works,works,works,

works,

butbutbut

but

thisthisthis

this

saddle-freesaddle-freesaddle-free

saddle-free

approacapproacapproac

approac

hhh

h

holdsholdsholds

holds

    

 

    

 

    

 

    

 

    

 

promisepromisepromise

promise

ififif

if

ititit

it

couldcouldcould

could

bbb

b

eee

e

scaled.scaled.scaled.

scaled.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThereThereThere

There

areareare

are

otherotherother

other

kindskindskinds

kinds

ofofof

of

ppp

p

ointsointsoints

oints

withwithwith

with

zerozerozero

zero

gradientgradientgradient

gradient

besidesbesidesbesides

besides

minimaminimaminima

minima

andandand

and

saddlesaddlesaddle

saddle

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

oinoinoin

oin

ts.ts.ts.

ts.

ThereThereThere

There

areareare

are

alsoalsoalso

also

maxima, whicmaxima, whicmaxima, whic

maxima, whic

hhh

h

areareare

are

mucmucmuc

muc

hhh

h

likliklik

lik

eee

e

saddlesaddlesaddle

saddle

ppp

p

oinoinoin

oin

tststs

ts

fromfromfrom

from

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

ersperspersp

ersp

ectivectivectiv

ectiv

eee

e

ofofof

of

optimization—manyoptimization—manyoptimization—many

optimization—many

algorithmsalgorithmsalgorithms

algorithms

areareare

are

notnotnot

not

attractedattractedattracted

attracted

tototo

to

them, butthem, butthem, but

them, but

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

unmounmounmo

unmo

dieddieddied

died

Newton’sNewton’sNewton’s

Newton’s

method is.method is.method is.

method is.

MaximaMaximaMaxima

Maxima

bbb

b

ecomeecomeecome

ecome

expexpexp

exp

onentiallyonentiallyonentially

onentially

rarerarerare

rare

ininin

in

highhighhigh

high

    

 

    

 

    

 

    

 

    

 

dimensionaldimensionaldimensional

dimensional

space,space,space,

space,

justjustjust

just

likelikelike

like

minimaminimaminima

minima

do.do.do.

do.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThereThereThere

There

maymaymay

may

alsoalsoalso

also

bbb

b

eee

e

wide,wide,wide,

wide,

atatat

at

regionsregionsregions

regions

ofofof

of

constantconstantconstant

constant

vvv

v

alue.alue.alue.

alue.

InInIn

In

thesethesethese

these

lololo

lo

cations,cations,cations,

cations,

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

ttt

t

andandand

and

alsoalsoalso

also

thethethe

the

HessianHessianHessian

Hessian

areareare

are

allallall

all

zero.zero.zero.

zero.

SucSucSuc

Suc

hhh

h

degeneratedegeneratedegenerate

degenerate

lololo

lo

cationscationscations

cations

ppp

p

oseoseose

ose

mamama

ma

jorjorjor

jor

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

problemsproblemsproblems

problems

forforfor

for

allallall

all

numericalnumericalnumerical

numerical

optimizationoptimizationoptimization

optimization

algorithms.algorithms.algorithms.

algorithms.

InInIn

In

aaa

a

convconvconv

conv

exexex

ex

problem,problem,problem,

problem,

aaa

a

wide,wide,wide,

wide,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

atatat

at

regionregionregion

region

mustmustmust

must

consistconsistconsist

consist

enenen

en

tirelytirelytirely

tirely

ofofof

of

globalglobalglobal

global

minima,minima,minima,

minima,

butbutbut

but

ininin

in

aaa

a

generalgeneralgeneral

general

optimizationoptimizationoptimization

optimization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

problem,problem,problem,

problem,

suchsuchsuch

such

aaa

a

regionregionregion

region

couldcouldcould

could

correspcorrespcorresp

corresp

ondondond

ond

tototo

to

aaa

a

highhighhigh

high

vvv

v

aluealuealue

alue

ofofof

of

thethethe

the

obobob

ob

jectivjectivjectiv

jectiv

eee

e

function.function.function.

function.

    

 

    

 

    

 

    

 

8.2.48.2.48.2.4

8.2.4

CliffsCliffsCliffs

Cliffs

andandand

and

ExploExploExplo

Explo

dingdingding

ding

GradientsGradientsGradients

Gradients

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

NeuralNeuralNeural

Neural

netwnetwnetw

netw

orksorksorks

orks

withwithwith

with

manymanymany

many

laylaylay

lay

ersersers

ers

oftenoftenoften

often

havhavhav

hav

eee

e

extremelyextremelyextremely

extremely

steepsteepsteep

steep

regionsregionsregions

regions

resemblingresemblingresembling

resembling

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

cliffs,cliffs,cliffs,

cliffs,

asasas

as

illustratedillustratedillustrated

illustrated

ininin

in

Fig.Fig.Fig.

Fig.

...

.

TheseTheseThese

These

resultresultresult

result

fromfromfrom

from

thethethe

the

mmm

m

ultiplicationultiplicationultiplication

ultiplication

ofofof

of

severalseveralseveral

several

largelargelarge

large

8.38.38.3

8.3

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

eigheigheigh

eigh

tststs

ts

together.together.together.

together.

OnOnOn

On

thethethe

the

facefaceface

face

ofofof

of

ananan

an

extremelyextremelyextremely

extremely

steepsteepsteep

steep

cliffcliffcliff

cliff

structure,structure,structure,

structure,

thethethe

the

gradientgradientgradient

gradient

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

upupup

up

datedatedate

date

stepstepstep

step

cancancan

can

momomo

mo

vvv

v

eee

e

thethethe

the

parametersparametersparameters

parameters

extremelyextremelyextremely

extremely

far,far,far,

far,

usuallyusuallyusually

usually

jumpingjumpingjumping

jumping

offoffoff

off

ofofof

of

thethethe

the

    

 

    

 

cliffcliffcliff

cliff

structurestructurestructure

structure

altogether.altogether.altogether.

altogether.

288288288

288



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

www

w

bbb

b

JJJJ wwww ;;;; bbbb

((((

))))

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FigureFigureFigure

Figure

8.3:8.3:8.3:

8.3:

TheTheThe

The

obobob

ob

jectivjectivjectiv

jectiv

eee

e

functionfunctionfunction

function

forforfor

for

highlyhighlyhighly

highly

nonlinearnonlinearnonlinear

nonlinear

deepdeepdeep

deep

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

ororor

or

forforfor

for

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

recurrenrecurrenrecurren

recurren

ttt

t

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

oftenoftenoften

often

containscontainscontains

contains

sharpsharpsharp

sharp

nonlinearitiesnonlinearitiesnonlinearities

nonlinearities

ininin

in

parameterparameterparameter

parameter

spacespacespace

space

resultingresultingresulting

resulting

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

fromfromfrom

from

thethethe

the

multiplicationmultiplicationmultiplication

multiplication

ofofof

of

severalseveralseveral

several

parameters.parameters.parameters.

parameters.

TheseTheseThese

These

nonlinearitiesnonlinearitiesnonlinearities

nonlinearities

givegivegive

give

riseriserise

rise

tototo

to

veryveryvery

very

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

highhighhigh

high

derivderivderiv

deriv

ativesativesatives

atives

ininin

in

somesomesome

some

places.places.places.

places.

WhenWhenWhen

When

thethethe

the

parametersparametersparameters

parameters

getgetget

get

closecloseclose

close

tototo

to

suchsuchsuch

such

aaa

a

cliffcliffcliff

cliff

region,region,region,

region,

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

ttt

t

descentdescentdescent

descent

upupup

up

datedatedate

date

cancancan

can

catapultcatapultcatapult

catapult

thethethe

the

parametersparametersparameters

parameters

vvv

v

eryeryery

ery

far,far,far,

far,

ppp

p

ossiblyossiblyossibly

ossibly

losinglosinglosing

losing

mostmostmost

most

ofofof

of

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

optimizationoptimizationoptimization

optimization

workworkwork

work

thatthatthat

that

hadhadhad

had

bbb

b

eeneeneen

een

done. Figuredone. Figuredone. Figure

done. Figure

adaptedadaptedadapted

adapted

withwithwith

with

ppp

p

ermissionermissionermission

ermission

fromfromfrom

from

PPP

P

ascanuascanuascanu

ascanu

    

 

    

 

etetet

et

al.al.al.

al.

(((

(

).).).

).

2013a2013a2013a

2013a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

cliffcliffcliff

cliff

cancancan

can

bbb

b

eee

e

dangerousdangerousdangerous

dangerous

whetherwhetherwhether

whether

www

w

eee

e

approachapproachapproach

approach

ititit

it

fromfromfrom

from

ababab

ab

ooo

o

veveve

ve

ororor

or

fromfromfrom

from

bbb

b

elow,elow,elow,

elow,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

butbutbut

but

fortunatelyfortunatelyfortunately

fortunately

itsitsits

its

mostmostmost

most

seriousseriousserious

serious

consequencesconsequencesconsequences

consequences

cancancan

can

bbb

b

eee

e

aaa

a

vvv

v

oidedoidedoided

oided

usingusingusing

using

thethethe

the

grgrgr

gr

adientadientadient

adient

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

clippingclippingclipping

clipping

heuristicheuristicheuristic

heuristic

describdescribdescrib

describ

ededed

ed

ininin

in

Sec. Sec. Sec. 

Sec. 

. The. The. The

. The

basicbasicbasic

basic

ideaideaidea

idea

isisis

is

tototo

to

recallrecallrecall

recall

thatthatthat

that

thethethe

the

10.11.110.11.110.11.1

10.11.1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

ttt

t

dododo

do

eseses

es

notnotnot

not

spspsp

sp

ecifyecifyecify

ecify

thethethe

the

optimaloptimaloptimal

optimal

stepstepstep

step

size,size,size,

size,

butbutbut

but

onlyonlyonly

only

thethethe

the

optimaloptimaloptimal

optimal

directiondirectiondirection

direction

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withinwithinwithin

within

ananan

an

innitesimalinnitesimalinnitesimal

innitesimal

region.region.region.

region.

WhenWhenWhen

When

thethethe

the

traditionaltraditionaltraditional

traditional

gradientgradientgradient

gradient

descendescendescen

descen

ttt

t

algorithmalgorithmalgorithm

algorithm

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

proppropprop

prop

osesosesoses

oses

tototo

to

makemakemake

make

aaa

a

vvv

v

eryeryery

ery

largelargelarge

large

step,step,step,

step,

thethethe

the

gradiengradiengradien

gradien

ttt

t

clippingclippingclipping

clipping

heuristicheuristicheuristic

heuristic

intervintervinterv

interv

enesenesenes

enes

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

reducereducereduce

reduce

thethethe

the

stepstepstep

step

sizesizesize

size

tototo

to

bbb

b

eee

e

smallsmallsmall

small

enoughenoughenough

enough

thatthatthat

that

ititit

it

isisis

is

lesslessless

less

likelylikelylikely

likely

tototo

to

gogogo

go

outsideoutsideoutside

outside

thethethe

the

regionregionregion

region

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

wherewherewhere

where

thethethe

the

gradientgradientgradient

gradient

indicatesindicatesindicates

indicates

thethethe

the

directiondirectiondirection

direction

ofofof

of

approximatelyapproximatelyapproximately

approximately

steepsteepsteep

steep

estestest

est

descent.descent.descent.

descent.

CliffCliffCliff

Cliff

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

structuresstructuresstructures

structures

areareare

are

mostmostmost

most

commoncommoncommon

common

ininin

in

thethethe

the

costcostcost

cost

functionsfunctionsfunctions

functions

forforfor

for

recurrentrecurrentrecurrent

recurrent

neuralneuralneural

neural

netwnetwnetw

netw

orks,orks,orks,

orks,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

ecauseecauseecause

ecause

sucsucsuc

suc

hhh

h

momomo

mo

delsdelsdels

dels

invinvinv

inv

olveolveolve

olve

aaa

a

multiplicationmultiplicationmultiplication

multiplication

ofofof

of

manymanymany

many

factors,factors,factors,

factors,

withwithwith

with

oneoneone

one

factorfactorfactor

factor

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

forforfor

for

eaceaceac

eac

hhh

h

timetimetime

time

step.step.step.

step.

LongLongLong

Long

temptemptemp

temp

oraloraloral

oral

sequencessequencessequences

sequences

ththth

th

ususus

us

incurincurincur

incur

ananan

an

extremeextremeextreme

extreme

amountamountamount

amount

ofofof

of

mmm

m

ultiplication.ultiplication.ultiplication.

ultiplication.

    

 

    

 

8.2.58.2.58.2.5

8.2.5

Long-TLong-TLong-T

Long-T

ermermerm

erm

DepDepDep

Dep

endenciesendenciesendencies

endencies

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AnotherAnotherAnother

Another

difficultydifficultydifficulty

difficulty

thatthatthat

that

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

mmm

m

ustustust

ust

ooo

o

vercomevercomevercome

vercome

arisesarisesarises

arises

    

 

    

 

    

 

    

 

    

 

    

 

    

 

whenwhenwhen

when

thethethe

the

computationalcomputationalcomputational

computational

graphgraphgraph

graph

bbb

b

ecomesecomesecomes

ecomes

extremelyextremelyextremely

extremely

deep. Fdeep. Fdeep. F

deep. F

eedforwardeedforwardeedforward

eedforward

netwnetwnetw

netw

orksorksorks

orks

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withwithwith

with

manymanymany

many

laylaylay

lay

ersersers

ers

hahaha

ha

vvv

v

eee

e

suchsuchsuch

such

deepdeepdeep

deep

computationalcomputationalcomputational

computational

graphs.graphs.graphs.

graphs.

SoSoSo

So

dododo

do

recurrentrecurrentrecurrent

recurrent

netnetnet

net

works,works,works,

works,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

describdescribdescrib

describ

ededed

ed

ininin

in

ChapterChapterChapter

Chapter

, whic, whic, whic

, whic

hhh

h

constructconstructconstruct

construct

veryveryvery

very

deepdeepdeep

deep

computationalcomputationalcomputational

computational

graphsgraphsgraphs

graphs

bbb

b

yyy

y

101010

10

289289289

289



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

repreprep

rep

eatedlyeatedlyeatedly

eatedly

applyingapplyingapplying

applying

thethethe

the

samesamesame

same

opopop

op

erationerationeration

eration

atatat

at

eacheacheach

each

timetimetime

time

stepstepstep

step

ofofof

of

aaa

a

longlonglong

long

temptemptemp

temp

oraloraloral

oral

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

sequence.sequence.sequence.

sequence.

RepRepRep

Rep

eatedeatedeated

eated

applicationapplicationapplication

application

ofofof

of

thethethe

the

samesamesame

same

parametersparametersparameters

parameters

givesgivesgives

gives

riseriserise

rise

tototo

to

espespesp

esp

eciallyeciallyecially

ecially

    

 

pronouncedpronouncedpronounced

pronounced

difficulties.difficulties.difficulties.

difficulties.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FFF

F

ororor

or

example,example,example,

example,

suppsuppsupp

supp

oseoseose

ose

thatthatthat

that

aaa

a

computationalcomputationalcomputational

computational

graphgraphgraph

graph

conconcon

con

tainstainstains

tains

aaa

a

pathpathpath

path

thatthatthat

that

consistsconsistsconsists

consists

    

 

    

 

    

 

    

 

    

 

ofofof

of

repreprep

rep

eatedlyeatedlyeatedly

eatedly

multiplyingmultiplyingmultiplying

multiplying

bbb

b

yyy

y

aaa

a

matrixmatrixmatrix

matrix

WWW

W

    

 

...

.

AfterAfterAfter

After

ttt

t

    

 

    

 

    

 

    

 

    

 

steps,steps,steps,

steps,

thisthisthis

this

isisis

is

equivequivequiv

equiv

alentalentalent

alent

tototo

to

mul-mul-mul-

mul-

    

 

tiplyingtiplyingtiplying

tiplying

bybyby

by

WWW

W
ttt

t

    

 

    

 

...

.

SupposeSupposeSuppose

Suppose

thatthatthat

that

WWW

W

    

 

    

 

hashashas

has

ananan

an

eigendecompeigendecompeigendecomp

eigendecomp

ositionositionosition

osition

WWW

W

===

=

    

 

VVV

V

diagdiagdiag

diag

(((

(

λλλ

λ

)))

)

VVV

V
−−−

−

111

1

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

thisthisthis

this

simplesimplesimple

simple

case,case,case,

case,

ititit

it

isisis

is

straightforwstraightforwstraightforw

straightforw

ardardard

ard

tototo

to

seeseesee

see

thatthatthat

that

WWW

W
ttt

t

===

=




    

 

VVV

V

λλλ

λ

VVV

V

diagdiagdiag

diag

(((

(

)))

)
−−−

−

111

1



ttt

t

    

 

= = = 

= 

(((

(

)))

)

VVV

V

diagdiagdiag

diag

λλλ

λ
ttt

t

VVV

V
−−−

−

111

1

    

 

...

.

(8.11)(8.11)(8.11)

(8.11)

    

 

AnAnAn

An

yyy

y

eigenveigenveigenv

eigenv

aluesaluesalues

alues

λλλ

λ

iii

i

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thatthatthat

that

areareare

are

notnotnot

not

nearnearnear

near

ananan

an

absoluteabsoluteabsolute

absolute

vvv

v

aluealuealue

alue

ofofof

of

willwillwill

will

eithereithereither

either

exploexploexplo

explo

dedede

de

ififif

if

111

1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

theytheythey

they

areareare

are

greatergreatergreater

greater

thanthanthan

than

ininin

in

magnitudemagnitudemagnitude

magnitude

ororor

or

vvv

v

anishanishanish

anish

ififif

if

theytheythey

they

areareare

are

lesslessless

less

thanthanthan

than

ininin

in

magnitude.magnitude.magnitude.

magnitude.

111

1

111

1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

vanishingvanishingvanishing

vanishing

andandand

and

exploexploexplo

explo

dingdingding

ding

grgrgr

gr

adientadientadient

adient

prprpr

pr

oblemoblemoblem

oblem

refersrefersrefers

refers

tototo

to

thethethe

the

factfactfact

fact

thatthatthat

that

gradientsgradientsgradients

gradients

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

throughthroughthrough

through

suchsuchsuch

such

aaa

a

graphgraphgraph

graph

areareare

are

alsoalsoalso

also

scaledscaledscaled

scaled

accordingaccordingaccording

according

tototo

to

diagdiagdiag

diag

(((

(

λλλ

λ

)))

)
ttt

t

    

 

    

 

...

.

VVV

V

anishinganishinganishing

anishing

gradientsgradientsgradients

gradients

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

makmakmak

mak

eee

e

ititit

it

difficultdifficultdifficult

difficult

tototo

to

knoknokno

kno

www

w

whichwhichwhich

which

directiondirectiondirection

direction

thethethe

the

parametersparametersparameters

parameters

shouldshouldshould

should

momomo

mo

vvv

v

eee

e

tototo

to

improimproimpro

impro

vvv

v

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

costcostcost

cost

function,function,function,

function,

whilewhilewhile

while

exploexploexplo

explo

dingdingding

ding

gradientsgradientsgradients

gradients

cancancan

can

makemakemake

make

learninglearninglearning

learning

unstable.unstable.unstable.

unstable.

TheTheThe

The

cliffcliffcliff

cliff

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

structuresstructuresstructures

structures

describdescribdescrib

describ

ededed

ed

earlierearlierearlier

earlier

thatthatthat

that

motivmotivmotiv

motiv

ateateate

ate

gradiengradiengradien

gradien

ttt

t

clippingclippingclipping

clipping

areareare

are

ananan

an

exampleexampleexample

example

ofofof

of

thethethe

the

    

 

    

 

exploexploexplo

explo

dingdingding

ding

gradientgradientgradient

gradient

phenomenon.phenomenon.phenomenon.

phenomenon.

    

 

    

 

    

 

TheTheThe

The

repeatedrepeatedrepeated

repeated

multiplicationmultiplicationmultiplication

multiplication

bybyby

by

WWW

W

    

 

    

 

    

 

    

 

    

 

    

 

    

 

atatat

at

eaceaceac

eac

hhh

h

timetimetime

time

stepstepstep

step

describeddescribeddescribed

described

hereherehere

here

isisis

is

vvv

v

eryeryery

ery

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

similarsimilarsimilar

similar

tototo

to

thethethe

the

ppp

p

owerowerower

ower

methomethometho

metho

ddd

d

algorithmalgorithmalgorithm

algorithm

usedusedused

used

tototo

to

ndndnd

nd

thethethe

the

largestlargestlargest

largest

eigeneigeneigen

eigen

vvv

v

aluealuealue

alue

ofofof

of

aaa

a

matrixmatrixmatrix

matrix

WWW

W

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

thethethe

the

correspcorrespcorresp

corresp

ondingondingonding

onding

eigenveigenveigenv

eigenv

ector.ector.ector.

ector.

FFF

F

romromrom

rom

thisthisthis

this

ppp

p

ointointoint

oint

ofofof

of

viewviewview

view

ititit

it

isisis

is

notnotnot

not

surprisingsurprisingsurprising

surprising

thatthatthat

that

xxx

x
>>>

>

WWW

W
ttt

t

    

 

    

 

    

 

    

 

    

 

willwillwill

will

eveneveneven

even

tuallytuallytually

tually

discarddiscarddiscard

discard

allallall

all

compcompcomp

comp

onentsonentsonents

onents

ofofof

of

xxx

x

    

 

    

 

    

 

    

 

thatthatthat

that

areareare

are

orthogonalorthogonalorthogonal

orthogonal

tototo

to

thethethe

the

    

 

    

 

    

 

    

 

principalprincipalprincipal

principal

eigenveigenveigenv

eigenv

ectorectorector

ector

ofofof

of

...

.

WWW

W

    

 

    

 

    

 

    

 

    

 

RecurrenRecurrenRecurren

Recurren

ttt

t

netnetnet

net

www

w

orksorksorks

orks

useuseuse

use

thethethe

the

samesamesame

same

matrixmatrixmatrix

matrix

WWW

W

    

 

    

 

    

 

    

 

    

 

atatat

at

eaceaceac

eac

hhh

h

timetimetime

time

step,step,step,

step,

butbutbut

but

feedforwardfeedforwardfeedforward

feedforward

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

www

w

orksorksorks

orks

dododo

do

not,not,not,

not,

sososo

so

eveneveneven

even

vvv

v

eryeryery

ery

deepdeepdeep

deep

feedforwardfeedforwardfeedforward

feedforward

netwnetwnetw

netw

orksorksorks

orks

cancancan

can

largelylargelylargely

largely

aaa

a

vvv

v

oidoidoid

oid

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

vvv

v

anishinganishinganishing

anishing

andandand

and

exploexploexplo

explo

dingdingding

ding

gradientgradientgradient

gradient

problemproblemproblem

problem

(((

(

,,,

,

).).).

).

SussilloSussilloSussillo

Sussillo

201420142014

2014

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WWW

W

eee

e

deferdeferdefer

defer

aaa

a

furtherfurtherfurther

further

discussiondiscussiondiscussion

discussion

ofofof

of

thethethe

the

challengeschallengeschallenges

challenges

ofofof

of

trainingtrainingtraining

training

recurrentrecurrentrecurrent

recurrent

netnetnet

net

www

w

orksorksorks

orks

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ununun

un

tiltiltil

til

Sec.Sec.Sec.

Sec.

,,,

,

afterafterafter

after

recurrenrecurrenrecurren

recurren

ttt

t

netwnetwnetw

netw

orksorksorks

orks

hahaha

ha

veveve

ve

bbb

b

eeneeneen

een

describdescribdescrib

describ

ededed

ed

ininin

in

moremoremore

more

detail.detail.detail.

detail.

10.710.710.7

10.7

    

 

    

 

8.2.68.2.68.2.6

8.2.6

InexactInexactInexact

Inexact

GradienGradienGradien

Gradien

tststs

ts

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

MostMostMost

Most

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

areareare

are

primarilyprimarilyprimarily

primarily

motivmotivmotiv

motiv

atedatedated

ated

bybyby

by

thethethe

the

casecasecase

case

wherewherewhere

where

wewewe

we

hahaha

ha

vvv

v

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

exactexactexact

exact

knowledgeknowledgeknowledge

knowledge

ofofof

of

thethethe

the

gradientgradientgradient

gradient

ororor

or

HessianHessianHessian

Hessian

matrix.matrix.matrix.

matrix.

InInIn

In

practice,practice,practice,

practice,

wewewe

we

usuallyusuallyusually

usually

onlyonlyonly

only

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

hahaha

ha

vvv

v

eee

e

aaa

a

noisynoisynoisy

noisy

ororor

or

evevev

ev

enenen

en

biasedbiasedbiased

biased

estimateestimateestimate

estimate

ofofof

of

thesethesethese

these

quantities.quantities.quantities.

quantities.

NearlyNearlyNearly

Nearly

everyeveryevery

every

deepdeepdeep

deep

learninglearninglearning

learning

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

algorithmalgorithmalgorithm

algorithm

reliesreliesrelies

relies

ononon

on

sampling-basedsampling-basedsampling-based

sampling-based

estimatesestimatesestimates

estimates

atatat

at

leastleastleast

least

insofarinsofarinsofar

insofar

asasas

as

usingusingusing

using

aaa

a

minibatchminibatchminibatch

minibatch

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

trainingtrainingtraining

training

examplesexamplesexamples

examples

tototo

to

computecomputecompute

compute

thethethe

the

gradiengradiengradien

gradien

t.t.t.

t.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

otherotherother

other

cases,cases,cases,

cases,

thethethe

the

obobob

ob

jectivjectivjectiv

jectiv

eee

e

functionfunctionfunction

function

www

w

eee

e

www

w

ananan

an

ttt

t

tototo

to

minimizeminimizeminimize

minimize

isisis

is

actuallyactuallyactually

actually

ininin

in

tractable.tractable.tractable.

tractable.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WhenWhenWhen

When

thethethe

the

obobob

ob

jectivejectivejective

jective

functionfunctionfunction

function

isisis

is

intractable,intractable,intractable,

intractable,

ttt

t

ypicallyypicallyypically

ypically

itsitsits

its

gradiengradiengradien

gradien

ttt

t

isisis

is

ininin

in

tractabletractabletractable

tractable

asasas

as

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

ell.ell.ell.

ell.

InInIn

In

suchsuchsuch

such

casescasescases

cases

wewewe

we

cancancan

can

onlyonlyonly

only

approapproappro

appro

ximateximateximate

ximate

thethethe

the

gradient.gradient.gradient.

gradient.

TheseTheseThese

These

issuesissuesissues

issues

mostlymostlymostly

mostly

arisearisearise

arise

290290290

290



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withwithwith

with

thethethe

the

moremoremore

more

advadvadv

adv

ancedancedanced

anced

momomo

mo

delsdelsdels

dels

ininin

in

PartPartPart

Part

...

.

FFF

F

ororor

or

example,example,example,

example,

conconcon

con

trastivtrastivtrastiv

trastiv

eee

e

divergencedivergencedivergence

divergence

III

I

III

I

III

I

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

givgivgiv

giv

eseses

es

aaa

a

tectectec

tec

hniquehniquehnique

hnique

forforfor

for

approapproappro

appro

ximatingximatingximating

ximating

thethethe

the

gradientgradientgradient

gradient

ofofof

of

thethethe

the

intractableintractableintractable

intractable

log-liklog-liklog-lik

log-lik

elihoelihoeliho

eliho

ooo

o

ddd

d

    

 

    

 

    

 

ofofof

of

aaa

a

BoltzmannBoltzmannBoltzmann

Boltzmann

machine.machine.machine.

machine.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

VVV

V

ariousariousarious

arious

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

areareare

are

designeddesigneddesigned

designed

tototo

to

accountaccountaccount

account

forforfor

for

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

impimpimp

imp

erfectionserfectionserfections

erfections

ininin

in

thethethe

the

gradiengradiengradien

gradien

ttt

t

estimate.estimate.estimate.

estimate.

OneOneOne

One

cancancan

can

alsoalsoalso

also

aaa

a

voidvoidvoid

void

thethethe

the

problemproblemproblem

problem

bybyby

by

ccc

c

hohoho

ho

osingosingosing

osing

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

surrogatesurrogatesurrogate

surrogate

losslossloss

loss

functionfunctionfunction

function

thatthatthat

that

isisis

is

easiereasiereasier

easier

tototo

to

approximateapproximateapproximate

approximate

thanthanthan

than

thethethe

the

truetruetrue

true

loss.loss.loss.

loss.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

8.2.78.2.78.2.7

8.2.7

PPP

P

ooo

o

ororor

or

CorrespCorrespCorresp

Corresp

ondenceondenceondence

ondence

bbb

b

etetet

et

www

w

eeneeneen

een

LoLoLo

Lo

calcalcal

cal

andandand

and

GlobalGlobalGlobal

Global

StructureStructureStructure

Structure

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ManManMan

Man

yyy

y

ofofof

of

thethethe

the

problemsproblemsproblems

problems

wewewe

we

hahaha

ha

vvv

v

eee

e

discusseddiscusseddiscussed

discussed

sososo

so

farfarfar

far

correspcorrespcorresp

corresp

ondondond

ond

tototo

to

proppropprop

prop

ertiesertieserties

erties

ofofof

of

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

losslossloss

loss

functionfunctionfunction

function

atatat

at

aaa

a

singlesinglesingle

single

ppp

p

oint—itoint—itoint—it

oint—it

cancancan

can

bbb

b

eee

e

difficultdifficultdifficult

difficult

tototo

to

makemakemake

make

aaa

a

singlesinglesingle

single

stepstepstep

step

ififif

if

JJJ

J

(((

(

θθθ

θ

    

 

)))

)

isisis

is

    

 

    

 

    

 

    

 

    

 

ppp

p

ooo

o

orlyorlyorly

orly

conditionedconditionedconditioned

conditioned

atatat

at

thethethe

the

currentcurrentcurrent

current

ppp

p

oinoinoin

oin

ttt

t

θθθ

θ

    

 

    

 

,,,

,

ororor

or

ififif

if

θθθ

θ

    

 

    

 

    

 

    

 

    

 

lieslieslies

lies

ononon

on

aaa

a

cliff,cliff,cliff,

cliff,

ororor

or

ififif

if

θθθ

θ

    

 

    

 

isisis

is

aaa

a

saddlesaddlesaddle

saddle

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

oinoinoin

oin

ttt

t

hidinghidinghiding

hiding

thethethe

the

oppoppopp

opp

ortunityortunityortunity

ortunity

tototo

to

makemakemake

make

progressprogressprogress

progress

downhilldownhilldownhill

downhill

fromfromfrom

from

thethethe

the

gradient.gradient.gradient.

gradient.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ItItIt

It

isisis

is

ppp

p

ossibleossibleossible

ossible

tototo

to

ovovov

ov

ercomeercomeercome

ercome

allallall

all

ofofof

of

thesethesethese

these

problemsproblemsproblems

problems

atatat

at

aaa

a

singlesinglesingle

single

pointpointpoint

point

andandand

and

stillstillstill

still

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

erformerformerform

erform

ppp

p

ooo

o

orlyorlyorly

orly

ififif

if

thethethe

the

directiondirectiondirection

direction

thatthatthat

that

resultsresultsresults

results

ininin

in

thethethe

the

mostmostmost

most

improimproimpro

impro

vvv

v

emenemenemen

emen

ttt

t

lololo

lo

callycallycally

cally

dododo

do

eseses

es

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

notnotnot

not

ppp

p

ointointoint

oint

tototo

to

wardwardward

ward

distantdistantdistant

distant

regionsregionsregions

regions

ofofof

of

mucmucmuc

muc

hhh

h

lowlowlow

low

ererer

er

cost.cost.cost.

cost.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

GoGoGo

Go

ooo

o

dfellodfellodfello

dfello

www

w

201520152015

2015

etetet

et

al.al.al.

al.

(((

(

)))

)

argueargueargue

argue

thatthatthat

that

mucmucmuc

muc

hhh

h

ofofof

of

thethethe

the

runrunrun

run

timetimetime

time

ofofof

of

trainingtrainingtraining

training

isisis

is

dueduedue

due

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

lengthlengthlength

length

ofofof

of

thethethe

the

tratratra

tra

jectoryjectoryjectory

jectory

neededneededneeded

needed

tototo

to

arrivearrivearrive

arrive

atatat

at

thethethe

the

solution.solution.solution.

solution.

Fig.Fig.Fig.

Fig.

shoshosho

sho

wswsws

ws

thatthatthat

that

8.28.28.2

8.2

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

learninglearninglearning

learning

tratratra

tra

jectoryjectoryjectory

jectory

spspsp

sp

endsendsends

ends

mostmostmost

most

ofofof

of

itsitsits

its

timetimetime

time

tracingtracingtracing

tracing

outoutout

out

aaa

a

widewidewide

wide

arcarcarc

arc

aroundaroundaround

around

aaa

a

    

 

mounmounmoun

moun

tain-shaptain-shaptain-shap

tain-shap

ededed

ed

structure.structure.structure.

structure.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

MucMucMuc

Muc

hhh

h

ofofof

of

researchresearchresearch

research

ininin

in

tototo

to

thethethe

the

difficultiesdifficultiesdifficulties

difficulties

ofofof

of

optimizationoptimizationoptimization

optimization

hashashas

has

fofofo

fo

cusedcusedcused

cused

ononon

on

whetherwhetherwhether

whether

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

trainingtrainingtraining

training

arrivesarrivesarrives

arrives

atatat

at

aaa

a

globalglobalglobal

global

minimum,minimum,minimum,

minimum,

aaa

a

lololo

lo

calcalcal

cal

minimum,minimum,minimum,

minimum,

ororor

or

aaa

a

saddlesaddlesaddle

saddle

ppp

p

oint,oint,oint,

oint,

butbutbut

but

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

practicepracticepractice

practice

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

dododo

do

notnotnot

not

arrivearrivearrive

arrive

atatat

at

aaa

a

criticalcriticalcritical

critical

pointpointpoint

point

ofofof

of

anyanyany

any

kind.kind.kind.

kind.

Fig.Fig.Fig.

Fig.

8.18.18.1

8.1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

shoshosho

sho

wswsws

ws

thatthatthat

that

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

oftenoftenoften

often

dododo

do

notnotnot

not

arrivearrivearrive

arrive

atatat

at

aaa

a

regionregionregion

region

ofofof

of

smallsmallsmall

small

gradient.gradient.gradient.

gradient.

Indeed,Indeed,Indeed,

Indeed,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

sucsucsuc

suc

hhh

h

criticalcriticalcritical

critical

ppp

p

ointsointsoints

oints

dododo

do

notnotnot

not

eveneveneven

even

necessarilynecessarilynecessarily

necessarily

exist.exist.exist.

exist.

FFF

F

ororor

or

example,example,example,

example,

thethethe

the

losslossloss

loss

functionfunctionfunction

function

    

 

−−−

−

logloglog

log

ppp

p

(((

(

    

 

    

 

yyy

y

|||

|

xxx

x

;;;

;

θθθ

θ

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

)))

)

cancancan

can

lacklacklack

lack

aaa

a

globalglobalglobal

global

minimumminimumminimum

minimum

ppp

p

ointointoint

oint

andandand

and

insteadinsteadinstead

instead

asymptoticallyasymptoticallyasymptotically

asymptotically

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

approacapproacapproac

approac

hhh

h

somesomesome

some

vvv

v

aluealuealue

alue

asasas

as

thethethe

the

momomo

mo

deldeldel

del

bbb

b

ecomesecomesecomes

ecomes

moremoremore

more

condent.condent.condent.

condent.

FFF

F

ororor

or

aaa

a

classierclassierclassier

classier

withwithwith

with

discretediscretediscrete

discrete

yyy

y

andandand

and

ppp

p

(((

(

    

 

    

 

yyy

y

|||

|

xxx

x

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

)))

)

providedprovidedprovided

provided

bybyby

by

aaa

a

softmax,softmax,softmax,

softmax,

thethethe

the

negativenegativenegative

negative

log-liklog-liklog-lik

log-lik

elihoelihoeliho

eliho

ooo

o

ddd

d

cancancan

can

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

ecomeecomeecome

ecome

arbitrarilyarbitrarilyarbitrarily

arbitrarily

closecloseclose

close

tototo

to

zerozerozero

zero

ififif

if

thethethe

the

momomo

mo

deldeldel

del

isisis

is

ableableable

able

tototo

to

correctlycorrectlycorrectly

correctly

classifyclassifyclassify

classify

evevev

ev

eryeryery

ery

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

exampleexampleexample

example

ininin

in

thethethe

the

trainingtrainingtraining

training

set,set,set,

set,

butbutbut

but

ititit

it

isisis

is

impimpimp

imp

ossibleossibleossible

ossible

tototo

to

actuallyactuallyactually

actually

reachreachreach

reach

thethethe

the

vvv

v

aluealuealue

alue

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

zero.zero.zero.

zero.

Likewise,Likewise,Likewise,

Likewise,

aaa

a

momomo

mo

deldeldel

del

ofofof

of

realrealreal

real

vvv

v

aluesaluesalues

alues

ppp

p

(((

(

    

 

    

 

yyy

y

|||

|

xxx

x

) =) =) =

) =

NNN

N

(((

(

yyy

y

;;;

;

fff

f

(((

(

θθθ

θ

)))

)

    

 

,,,

,

βββ

β
−−−

−

111

1

    

 

    

 

    

 

)))

)

cancancan

can

hahaha

ha

vvv

v

eee

e

negativenegativenegative

negative

    

 

    

 

    

 

    

 

    

 

log-liklog-liklog-lik

log-lik

elihoelihoeliho

eliho

ooo

o

ddd

d

thatthatthat

that

asymptotesasymptotesasymptotes

asymptotes

tototo

to

negativnegativnegativ

negativ

eee

e

innity—ifinnity—ifinnity—if

innity—if

fff

f

(((

(

θθθ

θ

    

 

    

 

    

 

    

 

)))

)

isisis

is

ableableable

able

tototo

to

correctlycorrectlycorrectly

correctly

    

 

    

 

    

 

    

 

    

 

    

 

predictpredictpredict

predict

thethethe

the

vvv

v

aluealuealue

alue

ofofof

of

allallall

all

trainingtrainingtraining

training

setsetset

set

yyy

y

    

 

    

 

    

 

    

 

    

 

targets,targets,targets,

targets,

thethethe

the

learninglearninglearning

learning

algorithmalgorithmalgorithm

algorithm

willwillwill

will

increaseincreaseincrease

increase

βββ

β

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withoutwithoutwithout

without

bbb

b

ound.ound.ound.

ound.

SeeSeeSee

See

Fig.Fig.Fig.

Fig.

forforfor

for

ananan

an

exampleexampleexample

example

ofofof

of

aaa

a

failurefailurefailure

failure

ofofof

of

lololo

lo

calcalcal

cal

optimizationoptimizationoptimization

optimization

tototo

to

8.48.48.4

8.4

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ndndnd

nd

aaa

a

gogogo

go

ooo

o

ddd

d

costcostcost

cost

functionfunctionfunction

function

vvv

v

aluealuealue

alue

eveneveneven

even

ininin

in

thethethe

the

absenceabsenceabsence

absence

ofofof

of

anyanyany

any

lololo

lo

calcalcal

cal

minimaminimaminima

minima

ororor

or

saddlesaddlesaddle

saddle

ppp

p

oinoinoin

oin

ts.ts.ts.

ts.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FFF

F

utureutureuture

uture

researchresearchresearch

research

willwillwill

will

needneedneed

need

tototo

to

developdevelopdevelop

develop

furtherfurtherfurther

further

understandingunderstandingunderstanding

understanding

ofofof

of

thethethe

the

factorsfactorsfactors

factors

thatthatthat

that

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

inuenceinuenceinuence

inuence

thethethe

the

lengthlengthlength

length

ofofof

of

thethethe

the

learninglearninglearning

learning

tratratra

tra

jectoryjectoryjectory

jectory

andandand

and

bbb

b

etteretteretter

etter

characterizecharacterizecharacterize

characterize

thethethe

the

outcomeoutcomeoutcome

outcome

291291291

291



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

θθθ

θ

JJJJ ((((

)))) θθθθ

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FigureFigureFigure

Figure

8.4:8.4:8.4:

8.4:

OptimizationOptimizationOptimization

Optimization

basedbasedbased

based

ononon

on

lololo

lo

calcalcal

cal

dododo

do

wnhillwnhillwnhill

wnhill

movmovmov

mov

eseses

es

cancancan

can

failfailfail

fail

ififif

if

thethethe

the

lololo

lo

calcalcal

cal

surfacesurfacesurface

surface

dododo

do

eseses

es

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

notnotnot

not

ppp

p

ointointoint

oint

towtowtow

tow

ardardard

ard

thethethe

the

globalglobalglobal

global

solution.solution.solution.

solution.

HereHereHere

Here

www

w

eee

e

provideprovideprovide

provide

ananan

an

exampleexampleexample

example

ofofof

of

howhowhow

how

thisthisthis

this

cancancan

can

ooo

o

ccur,ccur,ccur,

ccur,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

evevev

ev

enenen

en

ififif

if

theretherethere

there

areareare

are

nonono

no

saddlesaddlesaddle

saddle

ppp

p

ointsointsoints

oints

andandand

and

nonono

no

lololo

lo

calcalcal

cal

minima.minima.minima.

minima.

ThisThisThis

This

exampleexampleexample

example

costcostcost

cost

functionfunctionfunction

function

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

conconcon

con

tainstainstains

tains

onlyonlyonly

only

asymptotesasymptotesasymptotes

asymptotes

tototo

to

wardwardward

ward

lowlowlow

low

vvv

v

alues,alues,alues,

alues,

notnotnot

not

minima.minima.minima.

minima.

TheTheThe

The

mainmainmain

main

causecausecause

cause

ofofof

of

difficultdifficultdifficult

difficult

yyy

y

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thisthisthis

this

casecasecase

case

isisis

is

bbb

b

eingeingeing

eing

initializedinitializedinitialized

initialized

ononon

on

thethethe

the

wrongwrongwrong

wrong

sidesideside

side

ofofof

of

thethethe

the

“mountain”“mountain”“mountain”

“mountain”

andandand

and

notnotnot

not

bbb

b

eingeingeing

eing

ableableable

able

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tratratra

tra

verseverseverse

verse

it. Init. Init. In

it. In

higherhigherhigher

higher

dimensionaldimensionaldimensional

dimensional

space,space,space,

space,

learninglearninglearning

learning

algorithmsalgorithmsalgorithms

algorithms

cancancan

can

oftenoftenoften

often

circumnavigatecircumnavigatecircumnavigate

circumnavigate

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

sucsucsuc

suc

hhh

h

mountainsmountainsmountains

mountains

butbutbut

but

thethethe

the

tratratra

tra

jectoryjectoryjectory

jectory

assoassoasso

asso

ciatedciatedciated

ciated

withwithwith

with

doingdoingdoing

doing

sososo

so

maymaymay

may

bbb

b

eee

e

longlonglong

long

andandand

and

resultresultresult

result

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

    

 

excessivexcessivexcessiv

excessiv

eee

e

trainingtrainingtraining

training

time,time,time,

time,

asasas

as

illustratedillustratedillustrated

illustrated

ininin

in

Fig.Fig.Fig.

Fig.

...

.

8.28.28.2

8.2

    

 

    

 

ofofof

of

thethethe

the

propropro

pro

cess.cess.cess.

cess.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ManManMan

Man

yyy

y

existingexistingexisting

existing

researchresearchresearch

research

directionsdirectionsdirections

directions

areareare

are

aimedaimedaimed

aimed

atatat

at

ndingndingnding

nding

gogogo

go

ooo

o

ddd

d

initialinitialinitial

initial

ppp

p

ointsointsoints

oints

forforfor

for

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

problemsproblemsproblems

problems

thatthatthat

that

havhavhav

hav

eee

e

difficultdifficultdifficult

difficult

globalglobalglobal

global

structure,structure,structure,

structure,

ratherratherrather

rather

thanthanthan

than

developingdevelopingdeveloping

developing

algorithmsalgorithmsalgorithms

algorithms

    

 

    

 

    

 

thatthatthat

that

useuseuse

use

non-lonon-lonon-lo

non-lo

calcalcal

cal

movmovmov

mov

es.es.es.

es.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

GradienGradienGradien

Gradien

ttt

t

descentdescentdescent

descent

andandand

and

essentiallyessentiallyessentially

essentially

allallall

all

learninglearninglearning

learning

algorithmsalgorithmsalgorithms

algorithms

thatthatthat

that

areareare

are

effectiveeffectiveeffective

effective

forforfor

for

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

trainingtrainingtraining

training

neuralneuralneural

neural

netnetnet

net

wowowo

wo

rksrksrks

rks

areareare

are

basedbasedbased

based

ononon

on

makingmakingmaking

making

small,small,small,

small,

lololo

lo

calcalcal

cal

movmovmov

mov

es.es.es.

es.

TheTheThe

The

previouspreviousprevious

previous

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

sectionssectionssections

sections

havhavhav

hav

eee

e

primarilyprimarilyprimarily

primarily

fofofo

fo

cusedcusedcused

cused

ononon

on

howhowhow

how

thethethe

the

correctcorrectcorrect

correct

directiondirectiondirection

direction

ofofof

of

thesethesethese

these

lololo

lo

calcalcal

cal

movmovmov

mov

eseses

es

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

cancancan

can

bbb

b

eee

e

difficultdifficultdifficult

difficult

tototo

to

compute.compute.compute.

compute.

WWW

W

eee

e

maymaymay

may

bbb

b

eee

e

ableableable

able

tototo

to

computecomputecompute

compute

somesomesome

some

proppropprop

prop

ertiesertieserties

erties

ofofof

of

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

obobob

ob

jectivjectivjectiv

jectiv

eee

e

function,function,function,

function,

suchsuchsuch

such

asasas

as

itsitsits

its

gradient,gradient,gradient,

gradient,

onlyonlyonly

only

approximatelyapproximatelyapproximately

approximately

,,,

,

withwithwith

with

biasbiasbias

bias

ororor

or

vvv

v

ariancearianceariance

ariance

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

ourourour

our

estimateestimateestimate

estimate

ofofof

of

thethethe

the

correctcorrectcorrect

correct

direction.direction.direction.

direction.

InInIn

In

thesethesethese

these

cases,cases,cases,

cases,

lololo

lo

calcalcal

cal

descentdescentdescent

descent

mamama

ma

yyy

y

ororor

or

mamama

ma

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

notnotnot

not

denedenedene

dene

aaa

a

reasonablyreasonablyreasonably

reasonably

shortshortshort

short

pathpathpath

path

tototo

to

aaa

a

vvv

v

alidalidalid

alid

solution,solution,solution,

solution,

butbutbut

but

wewewe

we

areareare

are

notnotnot

not

actuallyactuallyactually

actually

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ableableable

able

tototo

to

followfollowfollow

follow

thethethe

the

lololo

lo

calcalcal

cal

descentdescentdescent

descent

path.path.path.

path.

TheTheThe

The

obobob

ob

jectivjectivjectiv

jectiv

eee

e

functionfunctionfunction

function

maymaymay

may

hahaha

ha

vvv

v

eee

e

issuesissuesissues

issues

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

sucsucsuc

suc

hhh

h

asasas

as

ppp

p

ooo

o

ororor

or

conditioningconditioningconditioning

conditioning

ororor

or

discontindiscontindiscontin

discontin

uousuousuous

uous

gradiengradiengradien

gradien

ts,ts,ts,

ts,

causingcausingcausing

causing

thethethe

the

regionregionregion

region

wherewherewhere

where

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

gradientgradientgradient

gradient

propropro

pro

videsvidesvides

vides

aaa

a

gogogo

go

ooo

o

ddd

d

momomo

mo

deldeldel

del

ofofof

of

thethethe

the

obobob

ob

jectivjectivjectiv

jectiv

eee

e

functionfunctionfunction

function

tototo

to

bbb

b

eee

e

veryveryvery

very

small.small.small.

small.

InInIn

In

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thesethesethese

these

cases,cases,cases,

cases,

lololo

lo

calcalcal

cal

descentdescentdescent

descent

withwithwith

with

stepsstepssteps

steps

ofofof

of

sizesizesize

size





    

 

    

 

    

 

    

 

    

 

mamama

ma

yyy

y

denedenedene

dene

aaa

a

reasonablyreasonablyreasonably

reasonably

shortshortshort

short

pathpathpath

path

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

thethethe

the

solution,solution,solution,

solution,

butbutbut

but

wewewe

we

areareare

are

onlyonlyonly

only

ableableable

able

tototo

to

computecomputecompute

compute

thethethe

the

lololo

lo

calcalcal

cal

descentdescentdescent

descent

directiondirectiondirection

direction

withwithwith

with

    

 

    

 

stepsstepssteps

steps

ofofof

of

sizesizesize

size

    

 

    

 

δδδ

δ





    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

InInIn

In

thesethesethese

these

cases,cases,cases,

cases,

lololo

lo

calcalcal

cal

descentdescentdescent

descent

mamama

ma

yyy

y

ororor

or

mamama

ma

yyy

y

notnotnot

not

denedenedene

dene

aaa

a

pathpathpath

path

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

thethethe

the

solution,solution,solution,

solution,

butbutbut

but

thethethe

the

pathpathpath

path

containscontainscontains

contains

manmanman

man

yyy

y

steps,steps,steps,

steps,

sososo

so

followingfollowingfollowing

following

thethethe

the

pathpathpath

path

incursincursincurs

incurs

aaa

a

292292292

292



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

highhighhigh

high

computationalcomputationalcomputational

computational

cost.cost.cost.

cost.

SometimesSometimesSometimes

Sometimes

lololo

lo

calcalcal

cal

informationinformationinformation

information

providesprovidesprovides

provides

ususus

us

nonono

no

guide,guide,guide,

guide,

whenwhenwhen

when

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

functionfunctionfunction

function

hashashas

has

aaa

a

widewidewide

wide

atatat

at

region,region,region,

region,

ororor

or

ififif

if

wewewe

we

managemanagemanage

manage

tototo

to

landlandland

land

exactlyexactlyexactly

exactly

ononon

on

aaa

a

criticalcriticalcritical

critical

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

oinoinoin

oin

ttt

t

(usually(usually(usually

(usually

thisthisthis

this

latterlatterlatter

latter

scenarioscenarioscenario

scenario

onlyonlyonly

only

happhapphapp

happ

ensensens

ens

tototo

to

methomethometho

metho

dsdsds

ds

thatthatthat

that

solvesolvesolve

solve

explicitlyexplicitlyexplicitly

explicitly

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

forforfor

for

criticalcriticalcritical

critical

ppp

p

oints,oints,oints,

oints,

suchsuchsuch

such

asasas

as

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

d).d).d).

d).

InInIn

In

thesethesethese

these

cases,cases,cases,

cases,

lololo

lo

calcalcal

cal

descentdescentdescent

descent

dododo

do

eseses

es

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

notnotnot

not

denedenedene

dene

aaa

a

pathpathpath

path

tototo

to

aaa

a

solutionsolutionsolution

solution

atatat

at

all.all.all.

all.

InInIn

In

otherotherother

other

cases,cases,cases,

cases,

lololo

lo

calcalcal

cal

movmovmov

mov

eseses

es

cancancan

can

bbb

b

eee

e

tototo

to

ooo

o

greedygreedygreedy

greedy

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

leadleadlead

lead

ususus

us

alongalongalong

along

aaa

a

pathpathpath

path

thatthatthat

that

movmovmov

mov

eseses

es

downhilldownhilldownhill

downhill

butbutbut

but

aaa

a

wawawa

wa

yyy

y

fromfromfrom

from

anyanyany

any

solution,solution,solution,

solution,

asasas

as

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

Fig.Fig.Fig.

Fig.

,,,

,

ororor

or

alongalongalong

along

ananan

an

unnecessarilyunnecessarilyunnecessarily

unnecessarily

longlonglong

long

tratratra

tra

jectoryjectoryjectory

jectory

tototo

to

thethethe

the

solution,solution,solution,

solution,

asasas

as

ininin

in

Fig.Fig.Fig.

Fig.

...

.

8.48.48.4

8.4

8.28.28.2

8.2

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

CurrenCurrenCurren

Curren

tlytlytly

tly

,,,

,

wewewe

we

dododo

do

notnotnot

not

understandunderstandunderstand

understand

whichwhichwhich

which

ofofof

of

thesethesethese

these

problemsproblemsproblems

problems

areareare

are

mostmostmost

most

relevrelevrelev

relev

ananan

an

ttt

t

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

makingmakingmaking

making

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

optimizationoptimizationoptimization

optimization

difficult,difficult,difficult,

difficult,

andandand

and

thisthisthis

this

isisis

is

ananan

an

activeactiveactive

active

areaareaarea

area

ofofof

of

researcresearcresearc

researc

h.h.h.

h.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

RegardlessRegardlessRegardless

Regardless

ofofof

of

whicwhicwhic

whic

hhh

h

ofofof

of

thesethesethese

these

problemsproblemsproblems

problems

areareare

are

mostmostmost

most

signicant,signicant,signicant,

signicant,

allallall

all

ofofof

of

themthemthem

them

mightmightmight

might

bbb

b

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

vvv

v

oidedoidedoided

oided

ififif

if

theretherethere

there

existsexistsexists

exists

aaa

a

regionregionregion

region

ofofof

of

spacespacespace

space

connectedconnectedconnected

connected

reasonablyreasonablyreasonably

reasonably

directlydirectlydirectly

directly

tototo

to

aaa

a

solutionsolutionsolution

solution

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

yyy

y

aaa

a

pathpathpath

path

thatthatthat

that

lololo

lo

calcalcal

cal

descendescendescen

descen

ttt

t

cancancan

can

follow,follow,follow,

follow,

andandand

and

ififif

if

wewewe

we

areareare

are

ableableable

able

tototo

to

initializeinitializeinitialize

initialize

learninglearninglearning

learning

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withinwithinwithin

within

thatthatthat

that

well-behavwell-behavwell-behav

well-behav

ededed

ed

region. Thisregion. Thisregion. This

region. This

lastlastlast

last

viewviewview

view

suggestssuggestssuggests

suggests

researchresearchresearch

research

intointointo

into

choosingchoosingchoosing

choosing

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gogogo

go

ooo

o

ddd

d

initialinitialinitial

initial

ppp

p

oinoinoin

oin

tststs

ts

forforfor

for

traditionaltraditionaltraditional

traditional

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

tototo

to

use.use.use.

use.

    

 

    

 

    

 

    

 

8.2.88.2.88.2.8

8.2.8

TheoreticalTheoreticalTheoretical

Theoretical

LimitsLimitsLimits

Limits

ofofof

of

OptimizationOptimizationOptimization

Optimization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

SevSevSev

Sev

eraleraleral

eral

theoreticaltheoreticaltheoretical

theoretical

resultsresultsresults

results

shoshosho

sho

www

w

thatthatthat

that

theretherethere

there

areareare

are

limitslimitslimits

limits

ononon

on

thethethe

the

ppp

p

erformanceerformanceerformance

erformance

ofofof

of

ananan

an

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

optimizationoptimizationoptimization

optimization

algorithmalgorithmalgorithm

algorithm

www

w

eee

e

mighmighmigh

migh

ttt

t

designdesigndesign

design

forforfor

for

neuralneuralneural

neural

netnetnet

net

www

w

orksorksorks

orks

(((

(

,,,

,

BlumBlumBlum

Blum

andandand

and

RivestRivestRivest

Rivest

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

199219921992

1992

JuddJuddJudd

Judd

198919891989

1989

WWW

W

olpertolpertolpert

olpert

andandand

and

MacReadyMacReadyMacReady

MacReady

199719971997

1997

;;;

;

,,,

,

;;;

;

,,,

,

).).).

).

TTT

T

ypicallyypicallyypically

ypically

thesethesethese

these

resultsresultsresults

results

hahaha

ha

vvv

v

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

littlelittlelittle

little

bbb

b

earingearingearing

earing

ononon

on

thethethe

the

useuseuse

use

ofofof

of

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

ininin

in

practice.practice.practice.

practice.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

SomeSomeSome

Some

theoreticaltheoreticaltheoretical

theoretical

resultsresultsresults

results

applyapplyapply

apply

onlyonlyonly

only

tototo

to

thethethe

the

casecasecase

case

wherewherewhere

where

thethethe

the

unitsunitsunits

units

ofofof

of

aaa

a

neuralneuralneural

neural

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

www

w

orkorkork

ork

output discreteoutput discreteoutput discrete

output discrete

vvv

v

alues.alues.alues.

alues.

HoHoHo

Ho

www

w

evevev

ev

er, most neuraler, most neuraler, most neural

er, most neural

netnetnet

net

workworkwork

work

unitsunitsunits

units

outputoutputoutput

output

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

smosmosmo

smo

othlyothlyothly

othly

increasingincreasingincreasing

increasing

vvv

v

aluesaluesalues

alues

thatthatthat

that

makemakemake

make

optimizationoptimizationoptimization

optimization

viaviavia

via

lololo

lo

calcalcal

cal

searcsearcsearc

searc

hhh

h

feasible.feasible.feasible.

feasible.

SomeSomeSome

Some

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

theoreticaltheoreticaltheoretical

theoretical

resultsresultsresults

results

shoshosho

sho

www

w

thatthatthat

that

theretherethere

there

existexistexist

exist

problemproblemproblem

problem

classesclassesclasses

classes

thatthatthat

that

areareare

are

ininin

in

tractable,tractable,tractable,

tractable,

butbutbut

but

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ititit

it

cancancan

can

bbb

b

eee

e

difficultdifficultdifficult

difficult

tototo

to

telltelltell

tell

whetherwhetherwhether

whether

aaa

a

particularparticularparticular

particular

problemproblemproblem

problem

fallsfallsfalls

falls

intointointo

into

thatthatthat

that

class.class.class.

class.

OtherOtherOther

Other

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

resultsresultsresults

results

showshowshow

show

thatthatthat

that

ndingndingnding

nding

aaa

a

solutionsolutionsolution

solution

forforfor

for

aaa

a

netwnetwnetw

netw

orkorkork

ork

ofofof

of

aaa

a

givengivengiven

given

sizesizesize

size

isisis

is

intractable,intractable,intractable,

intractable,

butbutbut

but

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

practicepracticepractice

practice

wewewe

we

cancancan

can

ndndnd

nd

aaa

a

solutionsolutionsolution

solution

easilyeasilyeasily

easily

bybyby

by

usingusingusing

using

aaa

a

largerlargerlarger

larger

netwnetwnetw

netw

orkorkork

ork

forforfor

for

whichwhichwhich

which

manmanman

man

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

moremoremore

more

parameterparameterparameter

parameter

settingssettingssettings

settings

correspcorrespcorresp

corresp

ondondond

ond

tototo

to

ananan

an

acceptableacceptableacceptable

acceptable

solution.solution.solution.

solution.

MoreovMoreovMoreov

Moreov

er,er,er,

er,

ininin

in

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

conconcon

con

texttexttext

text

ofofof

of

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

training,training,training,

training,

wewewe

we

usuallyusuallyusually

usually

dododo

do

notnotnot

not

carecarecare

care

ababab

ab

outoutout

out

ndingndingnding

nding

thethethe

the

exactexactexact

exact

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

minimminimminim

minim

umumum

um

ofofof

of

aaa

a

function,function,function,

function,

butbutbut

but

onlyonlyonly

only

ininin

in

reducingreducingreducing

reducing

itsitsits

its

vvv

v

aluealuealue

alue

sufficientlysufficientlysufficiently

sufficiently

tototo

to

obtainobtainobtain

obtain

gogogo

go

ooo

o

ddd

d

    

 

    

 

    

 

    

 

    

 

    

 

    

 

generalizationgeneralizationgeneralization

generalization

error. Theoreticalerror. Theoreticalerror. Theoretical

error. Theoretical

analysisanalysisanalysis

analysis

ofofof

of

whetherwhetherwhether

whether

ananan

an

optimizationoptimizationoptimization

optimization

algorithmalgorithmalgorithm

algorithm

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

cancancan

can

accomplishaccomplishaccomplish

accomplish

thisthisthis

this

goalgoalgoal

goal

isisis

is

extremelyextremelyextremely

extremely

difficult.difficult.difficult.

difficult.

DevDevDev

Dev

elopingelopingeloping

eloping

moremoremore

more

realisticrealisticrealistic

realistic

bbb

b

oundsoundsounds

ounds

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ononon

on

thethethe

the

ppp

p

erformanceerformanceerformance

erformance

ofofof

of

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

thereforethereforetherefore

therefore

remainsremainsremains

remains

ananan

an

importantimportantimportant

important

    

 

    

 

    

 

    

 

goalgoalgoal

goal

forforfor

for

macmacmac

mac

hinehinehine

hine

learninglearninglearning

learning

researcresearcresearc

researc

h.h.h.

h.

293293293

293



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

8.38.38.3

8.3

BasicBasicBasic

Basic

AlgorithmsAlgorithmsAlgorithms

Algorithms

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WWW

W

eee

e

havhavhav

hav

eee

e

previouslypreviouslypreviously

previously

introducedintroducedintroduced

introduced

thethethe

the

gradiengradiengradien

gradien

ttt

t

descentdescentdescent

descent

(Sec.(Sec.(Sec.

(Sec.

)))

)

algorithmalgorithmalgorithm

algorithm

thatthatthat

that

4.34.34.3

4.3

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

follofollofollo

follo

wswsws

ws

thethethe

the

gradientgradientgradient

gradient

ofofof

of

ananan

an

entireentireentire

entire

trainingtrainingtraining

training

setsetset

set

downhill.downhill.downhill.

downhill.

ThisThisThis

This

maymaymay

may

bbb

b

eee

e

acceleratedacceleratedaccelerated

accelerated

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

considerablyconsiderablyconsiderably

considerably

bybyby

by

usingusingusing

using

stostosto

sto

ccc

c

hastichastichastic

hastic

gradiengradiengradien

gradien

ttt

t

descendescendescen

descen

ttt

t

tototo

to

followfollowfollow

follow

thethethe

the

gradiengradiengradien

gradien

ttt

t

ofofof

of

randomlyrandomlyrandomly

randomly

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

selectedselectedselected

selected

minibatchesminibatchesminibatches

minibatches

dododo

do

wnhill,wnhill,wnhill,

wnhill,

asasas

as

discusseddiscusseddiscussed

discussed

ininin

in

Sec.Sec.Sec.

Sec.

andandand

and

Sec.Sec.Sec.

Sec.

...

.

5.95.95.9

5.9

8.1.38.1.38.1.3

8.1.3

    

 

    

 

    

 

8.3.18.3.18.3.1

8.3.1

StoStoSto

Sto

ccc

c

hastichastichastic

hastic

GradientGradientGradient

Gradient

DescentDescentDescent

Descent

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

StoStoSto

Sto

ccc

c

hastichastichastic

hastic

gradientgradientgradient

gradient

descentdescentdescent

descent

(SGD)(SGD)(SGD)

(SGD)

andandand

and

itsitsits

its

vvv

v

arianarianarian

arian

tststs

ts

areareare

are

probablyprobablyprobably

probably

thethethe

the

mostmostmost

most

usedusedused

used

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

forforfor

for

machinemachinemachine

machine

learninglearninglearning

learning

ininin

in

generalgeneralgeneral

general

andandand

and

forforfor

for

deepdeepdeep

deep

learninglearninglearning

learning

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

particular.particular.particular.

particular.

AsAsAs

As

discusseddiscusseddiscussed

discussed

ininin

in

Sec.Sec.Sec.

Sec.

,,,

,

ititit

it

isisis

is

ppp

p

ossibleossibleossible

ossible

tototo

to

obtainobtainobtain

obtain

ananan

an

unbiasedunbiasedunbiased

unbiased

estimateestimateestimate

estimate

8.1.38.1.38.1.3

8.1.3

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

thethethe

the

gradiengradiengradien

gradien

ttt

t

bybyby

by

takingtakingtaking

taking

thethethe

the

aaa

a

verageverageverage

verage

gradientgradientgradient

gradient

ononon

on

aaa

a

minibatcminibatcminibatc

minibatc

hhh

h

ofofof

of

mmm

m

    

 

examplesexamplesexamples

examples

dradradra

dra

wnwnwn

wn

    

 

    

 

    

 

    

 

    

 

i.i.di.i.di.i.d

i.i.d

fromfromfrom

from

thethethe

the

datadatadata

data

generatinggeneratinggenerating

generating

distribution.distribution.distribution.

distribution.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AlgorithmAlgorithmAlgorithm

Algorithm

shoshosho

sho

wswsws

ws

howhowhow

how

tototo

to

followfollowfollow

follow

thisthisthis

this

estimateestimateestimate

estimate

ofofof

of

thethethe

the

gradiengradiengradien

gradien

ttt

t

downhill.downhill.downhill.

downhill.

8.18.18.1

8.1

    

 

AlgorithmAlgorithmAlgorithm

Algorithm

8.18.18.1

8.1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

StoStoSto

Sto

ccc

c

hastichastichastic

hastic

gradientgradientgradient

gradient

descendescendescen

descen

ttt

t

(SGD)(SGD)(SGD)

(SGD)

upupup

up

datedatedate

date

atatat

at

trainingtrainingtraining

training

iterationiterationiteration

iteration

kkk

k

    

 

    

 

    

 

Require:Require:Require:

Require:

LearningLearningLearning

Learning

rateraterate

rate





kkk

k

...

.

    

 

    

 

    

 

Require:Require:Require:

Require:

InitialInitialInitial

Initial

parameterparameterparameter

parameter

θθθ

θ

    

 

    

 

    

 

    

 

    

 

whilewhilewhile

while

dododo

do

stoppingstoppingstopping

stopping

criterioncriterioncriterion

criterion

notnotnot

not

metmetmet

met

    

 

    

 

    

 

SampleSampleSample

Sample

aaa

a

minibatchminibatchminibatch

minibatch

ofofof

of

mmm

m

    

 

    

 

    

 

    

 

examplesexamplesexamples

examples

fromfromfrom

from

thethethe

the

trainingtrainingtraining

training

setsetset

set

{{{

{

xxx

x
(1)(1)(1)

(1)

    

 

    

 

    

 

    

 

    

 

,,,

,

...

.

...

.

...

.

,,,

,

xxx

x
(((

(

)))

)

mmm

m

}}}

}

withwithwith

with

    

 

    

 

correspcorrespcorresp

corresp

ondingondingonding

onding

targetstargetstargets

targets

yyy

y
(((

(

)))

)

iii

i

...

.

    

 

    

 

ComputeComputeCompute

Compute

gradientgradientgradient

gradient

estimate:estimate:estimate:

estimate:

ˆ̂̂

ˆ

    

 

    

 

ggg

g

←←←

←

+++

+
111

1

mmm

m

∇∇∇

∇
θθθ

θ

PPP

P
iii

i

LLL

L

fff

f

(((

(

(((

(

xxx

x
(((

(

)))

)

iii

i

    

 

    

 

;;;

;

)))

)

θθθ

θ

,,,

,

yyy

y
(((

(

)))

)

iii

i

)))

)

    

 

    

 

    

 

    

 

    

 

    

 

ApplyApplyApply

Apply

upupup

up

date:date:date:

date:

θθθ

θ

θθθ

θ

←←←

←

−−−

−





ˆ̂̂

ˆ

ggg

g

    

 

endendend

end

whilewhilewhile

while

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AAA

A

crucialcrucialcrucial

crucial

parameterparameterparameter

parameter

forforfor

for

thethethe

the

SGDSGDSGD

SGD

algorithmalgorithmalgorithm

algorithm

isisis

is

thethethe

the

learninglearninglearning

learning

rate.rate.rate.

rate.

PreviouslyPreviouslyPreviously

Previously

,,,

,

www

w

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

hahaha

ha

vvv

v

eee

e

describdescribdescrib

describ

ededed

ed

SGDSGDSGD

SGD

asasas

as

usingusingusing

using

aaa

a

xedxedxed

xed

learninglearninglearning

learning

rateraterate

rate





    

 

    

 

    

 

    

 

    

 

    

 

...

.

InInIn

In

practice,practice,practice,

practice,

ititit

it

isisis

is

necessarynecessarynecessary

necessary

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

graduallygraduallygradually

gradually

decreasedecreasedecrease

decrease

thethethe

the

learninglearninglearning

learning

rateraterate

rate

ovovov

ov

ererer

er

time,time,time,

time,

sososo

so

wewewe

we

nownownow

now

denotedenotedenote

denote

thethethe

the

learninglearninglearning

learning

rateraterate

rate

    

 

    

 

    

 

    

 

atatat

at

iterationiterationiteration

iteration

asasas

as

kkk

k





kkk

k

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThisThisThis

This

isisis

is

bbb

b

ecauseecauseecause

ecause

thethethe

the

SGDSGDSGD

SGD

gradiengradiengradien

gradien

ttt

t

estimatorestimatorestimator

estimator

ininin

in

trotrotro

tro

ducesducesduces

duces

aaa

a

sourcesourcesource

source

ofofof

of

noisenoisenoise

noise

(the(the(the

(the

    

 

    

 

randomrandomrandom

random

samplingsamplingsampling

sampling

ofofof

of

mmm

m

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

trainingtrainingtraining

training

examples)examples)examples)

examples)

thatthatthat

that

dododo

do

eseses

es

notnotnot

not

vvv

v

anishanishanish

anish

evevev

ev

enenen

en

whenwhenwhen

when

wewewe

we

arrivearrivearrive

arrive

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

atatat

at

aaa

a

minimminimminim

minim

um.um.um.

um.

ByByBy

By

comparison,comparison,comparison,

comparison,

thethethe

the

truetruetrue

true

gradiengradiengradien

gradien

ttt

t

ofofof

of

thethethe

the

totaltotaltotal

total

costcostcost

cost

functionfunctionfunction

function

bbb

b

ecomesecomesecomes

ecomes

    

 

    

 

smallsmallsmall

small

andandand

and

thenthenthen

then

000

0

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

whenwhenwhen

when

wewewe

we

approachapproachapproach

approach

andandand

and

reachreachreach

reach

aaa

a

minimumminimumminimum

minimum

usingusingusing

using

batchbatchbatch

batch

gradientgradientgradient

gradient

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

descendescendescen

descen

t,t,t,

t,

sososo

so

batchbatchbatch

batch

gradientgradientgradient

gradient

descentdescentdescent

descent

cancancan

can

useuseuse

use

aaa

a

xedxedxed

xed

learninglearninglearning

learning

rate.rate.rate.

rate.

AAA

A

sufficiensufficiensufficien

sufficien

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

conditionconditioncondition

condition

tototo

to

guaranguaranguaran

guaran

teeteetee

tee

convconvconv

conv

ergenceergenceergence

ergence

ofofof

of

SGDSGDSGD

SGD

isisis

is

thatthatthat

that

∞∞∞

∞

XXX

X

kkk

k

=1=1=1

=1




kkk

k

    

 

    

 

= = = 

= 

andandand

and

∞∞∞

∞

,,,

,

(8.12)(8.12)(8.12)

(8.12)

294294294

294



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

∞∞∞

∞

XXX

X

kkk

k

=1=1=1

=1



222

2

kkk

k

    

 

    

 

<<<

<

...

.

∞∞∞

∞

(8.13)(8.13)(8.13)

(8.13)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

practice,practice,practice,

practice,

ititit

it

isisis

is

commoncommoncommon

common

tototo

to

decaydecaydecay

decay

thethethe

the

learninglearninglearning

learning

rateraterate

rate

linearlylinearlylinearly

linearly

ununun

un

tiltiltil

til

iterationiterationiteration

iteration

:::

:

τττ

τ





kkk

k

    

 

    

 

= (1= (1= (1

= (1

)))

)

−−−

−

ααα

α




000

0

    

 

+++

+

ααα

α

τττ

τ

(8.14)(8.14)(8.14)

(8.14)

    

 

    

 

withwithwith

with

ααα

α

===

=
kkk

k

τττ

τ

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

AfterAfterAfter

After

iterationiterationiteration

iteration

,,,

,

ititit

it

isisis

is

commoncommoncommon

common

tototo

to

lealealea

lea

vvv

v

eee

e

constant.constant.constant.

constant.

τττ

τ





    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

learninglearninglearning

learning

rateraterate

rate

maymaymay

may

bbb

b

eee

e

chosenchosenchosen

chosen

bbb

b

yyy

y

trialtrialtrial

trial

andandand

and

error,error,error,

error,

butbutbut

but

ititit

it

isisis

is

usuallyusuallyusually

usually

bbb

b

estestest

est

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

choosechoosechoose

choose

ititit

it

bybyby

by

monitoringmonitoringmonitoring

monitoring

learninglearninglearning

learning

curvescurvescurves

curves

thatthatthat

that

plotplotplot

plot

thethethe

the

obobob

ob

jectivejectivejective

jective

functionfunctionfunction

function

asasas

as

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

functionfunctionfunction

function

ofofof

of

time.time.time.

time.

ThisThisThis

This

isisis

is

moremoremore

more

ofofof

of

ananan

an

artartart

art

thanthanthan

than

aaa

a

science,science,science,

science,

andandand

and

mostmostmost

most

guidanceguidanceguidance

guidance

ononon

on

thisthisthis

this

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

subsubsub

sub

jectjectject

ject

shouldshouldshould

should

bbb

b

eee

e

regardedregardedregarded

regarded

withwithwith

with

somesomesome

some

skepticism.skepticism.skepticism.

skepticism.

WhenWhenWhen

When

usingusingusing

using

thethethe

the

linearlinearlinear

linear

schedule,schedule,schedule,

schedule,

    

 

    

 

    

 

    

 

thethethe

the

parametersparametersparameters

parameters

tototo

to

choosechoosechoose

choose

areareare

are





000

0

,,,

,





τττ

τ

    

 

,,,

,

andandand

and

τττ

τ

    

 

...

.

UsuallyUsuallyUsually

Usually

τττ

τ

    

 

    

 

    

 

    

 

    

 

    

 

mamama

ma

yyy

y

bbb

b

eee

e

setsetset

set

tototo

to

thethethe

the

numnumnum

num

bbb

b

ererer

er

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

iterationsiterationsiterations

iterations

requiredrequiredrequired

required

tototo

to

makemakemake

make

aaa

a

fewfewfew

few

hhh

h

undredundredundred

undred

passespassespasses

passes

throughthroughthrough

through

thethethe

the

trainingtrainingtraining

training

set.set.set.

set.

UsuallyUsuallyUsually

Usually





τττ

τ

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

shouldshouldshould

should

bbb

b

eee

e

setsetset

set

tototo

to

roughlyroughlyroughly

roughly

thethethe

the

vvv

v

aluealuealue

alue

ofofof

of

1%1%1%

1%





000

0

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

TheTheThe

The

mainmainmain

main

questionquestionquestion

question

isisis

is

howhowhow

how

tototo

to

setsetset

set





000

0

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

IfIfIf

If

ititit

it

isisis

is

tototo

to

ooo

o

large,large,large,

large,

thethethe

the

learninglearninglearning

learning

curvecurvecurve

curve

willwillwill

will

shoshosho

sho

www

w

violenviolenviolen

violen

ttt

t

oscillations,oscillations,oscillations,

oscillations,

withwithwith

with

thethethe

the

costcostcost

cost

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

functionfunctionfunction

function

oftenoftenoften

often

increasingincreasingincreasing

increasing

signicansignicansignican

signican

tlytlytly

tly

...

.

GentleGentleGentle

Gentle

oscillationsoscillationsoscillations

oscillations

areareare

are

ne,ne,ne,

ne,

espespesp

esp

eciallyeciallyecially

ecially

ififif

if

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

trainingtrainingtraining

training

withwithwith

with

aaa

a

stostosto

sto

ccc

c

hastichastichastic

hastic

costcostcost

cost

functionfunctionfunction

function

sucsucsuc

suc

hhh

h

asasas

as

thethethe

the

costcostcost

cost

functionfunctionfunction

function

arisingarisingarising

arising

fromfromfrom

from

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

useuseuse

use

ofofof

of

dropdropdrop

drop

out.out.out.

out.

IfIfIf

If

thethethe

the

learninglearninglearning

learning

rateraterate

rate

isisis

is

tototo

to

ooo

o

lololo

lo

w,w,w,

w,

learninglearninglearning

learning

propropro

pro

ceedsceedsceeds

ceeds

slowlyslowlyslowly

slowly

,,,

,

andandand

and

ififif

if

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

initialinitialinitial

initial

learninglearninglearning

learning

rateraterate

rate

isisis

is

tototo

to

ooo

o

low,low,low,

low,

learninglearninglearning

learning

maymaymay

may

bbb

b

ecomeecomeecome

ecome

stuckstuckstuck

stuck

withwithwith

with

aaa

a

highhighhigh

high

costcostcost

cost

vvv

v

alue.alue.alue.

alue.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TTT

T

ypicallyypicallyypically

ypically

,,,

,

thethethe

the

optimaloptimaloptimal

optimal

initialinitialinitial

initial

learninglearninglearning

learning

rate,rate,rate,

rate,

ininin

in

termstermsterms

terms

ofofof

of

totaltotaltotal

total

trainingtrainingtraining

training

timetimetime

time

andandand

and

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

nalnalnal

nal

costcostcost

cost

vvv

v

alue,alue,alue,

alue,

isisis

is

higherhigherhigher

higher

thanthanthan

than

thethethe

the

learninglearninglearning

learning

rateraterate

rate

thatthatthat

that

yieldsyieldsyields

yields

thethethe

the

bbb

b

estestest

est

ppp

p

erformanceerformanceerformance

erformance

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

afterafterafter

after

thethethe

the

rstrstrst

rst

100100100

100

iterationsiterationsiterations

iterations

ororor

or

so.so.so.

so.

Therefore,Therefore,Therefore,

Therefore,

ititit

it

isisis

is

usuallyusuallyusually

usually

bbb

b

estestest

est

tototo

to

monitormonitormonitor

monitor

thethethe

the

rstrstrst

rst

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

sevsevsev

sev

eraleraleral

eral

iterationsiterationsiterations

iterations

andandand

and

useuseuse

use

aaa

a

learninglearninglearning

learning

rateraterate

rate

thatthatthat

that

isisis

is

higherhigherhigher

higher

thanthanthan

than

thethethe

the

bbb

b

est-pest-pest-p

est-p

erformingerformingerforming

erforming

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

learninglearninglearning

learning

rateraterate

rate

atatat

at

thisthisthis

this

time,time,time,

time,

butbutbut

but

notnotnot

not

sososo

so

highhighhigh

high

thatthatthat

that

ititit

it

causescausescauses

causes

severeseveresevere

severe

instabilitinstabilitinstabilit

instabilit

yyy

y

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

mostmostmost

most

impimpimp

imp

ortantortantortant

ortant

proppropprop

prop

ertyertyerty

erty

ofofof

of

SGDSGDSGD

SGD

andandand

and

relatedrelatedrelated

related

minibatchminibatchminibatch

minibatch

ororor

or

onlineonlineonline

online

gradiengradiengradien

gradien

t-t-t-

t-

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

basedbasedbased

based

optimizationoptimizationoptimization

optimization

isisis

is

thatthatthat

that

computationcomputationcomputation

computation

timetimetime

time

ppp

p

ererer

er

upupup

up

datedatedate

date

dododo

do

eseses

es

notnotnot

not

grogrogro

gro

www

w

withwithwith

with

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

nnn

n

umumum

um

bbb

b

ererer

er

ofofof

of

trainingtrainingtraining

training

examples.examples.examples.

examples.

ThisThisThis

This

allowsallowsallows

allows

convconvconv

conv

ergenceergenceergence

ergence

eveneveneven

even

whenwhenwhen

when

thethethe

the

numnumnum

num

bbb

b

ererer

er

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

trainingtrainingtraining

training

examplesexamplesexamples

examples

bbb

b

ecomesecomesecomes

ecomes

veryveryvery

very

large.large.large.

large.

FFF

F

ororor

or

aaa

a

largelargelarge

large

enoughenoughenough

enough

dataset,dataset,dataset,

dataset,

SGDSGDSGD

SGD

maymaymay

may

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

conconcon

con

vvv

v

ergeergeerge

erge

tototo

to

withinwithinwithin

within

somesomesome

some

xedxedxed

xed

tolerancetolerancetolerance

tolerance

ofofof

of

itsitsits

its

nalnalnal

nal

testtesttest

test

setsetset

set

errorerrorerror

error

bbb

b

eforeeforeefore

efore

ititit

it

hashashas

has

    

 

    

 

    

 

    

 

propropro

pro

cessedcessedcessed

cessed

thethethe

the

enenen

en

tiretiretire

tire

trainingtrainingtraining

training

set.set.set.

set.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TTT

T

ooo

o

studystudystudy

study

thethethe

the

convconvconv

conv

ergenceergenceergence

ergence

rateraterate

rate

ofofof

of

ananan

an

optimizationoptimizationoptimization

optimization

algorithmalgorithmalgorithm

algorithm

ititit

it

isisis

is

commoncommoncommon

common

tototo

to

    

 

    

 

    

 

measuremeasuremeasure

measure

thethethe

the

excexcexc

exc

essessess

ess

errerrerr

err

ororor

or

JJJ

J

(((

(

θθθ

θ

)))

)

    

 

−−−

−

minminmin

min
θθθ

θ

JJJ

J

(((

(

θθθ

θ

    

 

    

 

    

 

    

 

    

 

    

 

    

 

)))

)

,,,

,

whichwhichwhich

which

isisis

is

thethethe

the

amounamounamoun

amoun

ttt

t

thatthatthat

that

thethethe

the

currencurrencurren

curren

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

costcostcost

cost

functionfunctionfunction

function

exceedsexceedsexceeds

exceeds

thethethe

the

minimminimminim

minim

umumum

um

ppp

p

ossibleossibleossible

ossible

cost.cost.cost.

cost.

WhenWhenWhen

When

SGDSGDSGD

SGD

isisis

is

appliedappliedapplied

applied

tototo

to

aaa

a

convconvconv

conv

exexex

ex

    

 

    

 

    

 

    

 

problem,problem,problem,

problem,

thethethe

the

excessexcessexcess

excess

errorerrorerror

error

isisis

is

OOO

O

(((

(
111

1

√√√

√

kkk

k

    

 

)))

)

afterafterafter

after

kkk

k

    

 

    

 

    

 

    

 

    

 

iterations,iterations,iterations,

iterations,

whilewhilewhile

while

ininin

in

thethethe

the

stronglystronglystrongly

strongly

convconvconv

conv

exexex

ex

    

 

    

 

casecasecase

case

ititit

it

isisis

is

OOO

O

(((

(
111

1

kkk

k

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

)))

)

...

.

TheseTheseThese

These

bbb

b

oundsoundsounds

ounds

cannotcannotcannot

cannot

bbb

b

eee

e

improimproimpro

impro

vedvedved

ved

unlessunlessunless

unless

extraextraextra

extra

conditionsconditionsconditions

conditions

areareare

are

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

assumed.assumed.assumed.

assumed.

BatchBatchBatch

Batch

gradiengradiengradien

gradien

ttt

t

descentdescentdescent

descent

enjoysenjoysenjoys

enjoys

bbb

b

etteretteretter

etter

convconvconv

conv

ergenceergenceergence

ergence

ratesratesrates

rates

thanthanthan

than

stostosto

sto

chasticchasticchastic

chastic

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

ttt

t

descentdescentdescent

descent

ininin

in

theorytheorytheory

theory

...

.

HoHoHo

Ho

wevwevwev

wev

er,er,er,

er,

thethethe

the

Cramér-RaoCramér-RaoCramér-Rao

Cramér-Rao

bbb

b

oundoundound

ound

(((

(

,,,

,

;;;

;

,,,

,

CramérCramérCramér

Cramér

194619461946

1946

RaoRaoRao

Rao

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

194519451945

1945

)))

)

statesstatesstates

states

thatthatthat

that

generalizationgeneralizationgeneralization

generalization

errorerrorerror

error

cannotcannotcannot

cannot

decreasedecreasedecrease

decrease

fasterfasterfaster

faster

thanthanthan

than

OOO

O

(((

(
111

1

kkk

k

    

 

)))

)

...

.

BottouBottouBottou

Bottou

295295295

295



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

BousquetBousquetBousquet

Bousquet

200820082008

2008

(((

(

)))

)

argueargueargue

argue

thatthatthat

that

ititit

it

thereforethereforetherefore

therefore

maymaymay

may

notnotnot

not

bbb

b

eee

e

worthworthworth

worth

whilewhilewhile

while

tototo

to

pursuepursuepursue

pursue

    

 

    

 

    

 

    

 

    

 

    

 

ananan

an

optimizationoptimizationoptimization

optimization

algorithmalgorithmalgorithm

algorithm

thatthatthat

that

convconvconv

conv

ergesergeserges

erges

fasterfasterfaster

faster

thanthanthan

than

OOO

O

(((

(
111

1

kkk

k

    

 

    

 

    

 

)))

)

forforfor

for

machinemachinemachine

machine

learninglearninglearning

learning

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tasks—fastertasks—fastertasks—faster

tasks—faster

convconvconv

conv

ergenceergenceergence

ergence

presumablypresumablypresumably

presumably

correspcorrespcorresp

corresp

ondsondsonds

onds

tototo

to

ovovov

ov

ertting.ertting.ertting.

ertting.

MoreovMoreovMoreov

Moreov

er,er,er,

er,

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

asymptoticasymptoticasymptotic

asymptotic

analysisanalysisanalysis

analysis

obscuresobscuresobscures

obscures

manymanymany

many

advadvadv

adv

ananan

an

tagestagestages

tages

thatthatthat

that

stostosto

sto

chasticchasticchastic

chastic

gradientgradientgradient

gradient

descentdescentdescent

descent

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

hashashas

has

afterafterafter

after

aaa

a

smallsmallsmall

small

numnumnum

num

bbb

b

ererer

er

ofofof

of

steps.steps.steps.

steps.

WithWithWith

With

largelargelarge

large

datasets,datasets,datasets,

datasets,

thethethe

the

abilitabilitabilit

abilit

yyy

y

ofofof

of

SGDSGDSGD

SGD

tototo

to

makemakemake

make

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

rapidrapidrapid

rapid

initialinitialinitial

initial

progressprogressprogress

progress

whilewhilewhile

while

evevev

ev

aluatingaluatingaluating

aluating

thethethe

the

gradientgradientgradient

gradient

forforfor

for

onlyonlyonly

only

veryveryvery

very

fewfewfew

few

examplesexamplesexamples

examples

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

outoutout

out

www

w

eighseighseighs

eighs

itsitsits

its

slowslowslow

slow

asymptoticasymptoticasymptotic

asymptotic

conconcon

con

vvv

v

ergence.ergence.ergence.

ergence.

MostMostMost

Most

ofofof

of

thethethe

the

algorithmsalgorithmsalgorithms

algorithms

describdescribdescrib

describ

ededed

ed

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

remainderremainderremainder

remainder

ofofof

of

thisthisthis

this

chapterchapterchapter

chapter

achievachievachiev

achiev

eee

e

bbb

b

enetsenetsenets

enets

thatthatthat

that

mattermattermatter

matter

ininin

in

practicepracticepractice

practice

butbutbut

but

areareare

are

lostlostlost

lost

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

thethethe

the

constantconstantconstant

constant

factorsfactorsfactors

factors

obscuredobscuredobscured

obscured

bybyby

by

thethethe

the

OOO

O

(((

(
111

1

kkk

k

    

 

    

 

    

 

    

 

    

 

)))

)

asymptoticasymptoticasymptotic

asymptotic

analysis.analysis.analysis.

analysis.

OneOneOne

One

cancancan

can

alsoalsoalso

also

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tradetradetrade

trade

offoffoff

off

thethethe

the

bbb

b

enetsenetsenets

enets

ofofof

of

bbb

b

othothoth

oth

batchbatchbatch

batch

andandand

and

stostosto

sto

chasticchasticchastic

chastic

gradientgradientgradient

gradient

descendescendescen

descen

ttt

t

bybyby

by

graduallygraduallygradually

gradually

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

increasingincreasingincreasing

increasing

thethethe

the

minibatcminibatcminibatc

minibatc

hhh

h

sizesizesize

size

duringduringduring

during

thethethe

the

coursecoursecourse

course

ofofof

of

learning.learning.learning.

learning.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FFF

F

ororor

or

moremoremore

more

informationinformationinformation

information

ononon

on

SGD,SGD,SGD,

SGD,

seeseesee

see

(((

(

).).).

).

BottouBottouBottou

Bottou

199819981998

1998

    

 

8.3.28.3.28.3.2

8.3.2

MomenMomenMomen

Momen

tumtumtum

tum

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WhileWhileWhile

While

stostosto

sto

ccc

c

hastichastichastic

hastic

gradientgradientgradient

gradient

descentdescentdescent

descent

remainsremainsremains

remains

aaa

a

vvv

v

eryeryery

ery

ppp

p

opularopularopular

opular

optimizationoptimizationoptimization

optimization

strategystrategystrategy

strategy

,,,

,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

learninglearninglearning

learning

withwithwith

with

ititit

it

cancancan

can

sometimessometimessometimes

sometimes

bbb

b

eee

e

slow.slow.slow.

slow.

TheTheThe

The

methomethometho

metho

ddd

d

ofofof

of

momentummomentummomentum

momentum

(((

(

PPP

P

olyolyoly

oly

akakak

ak

196419641964

1964

,,,

,

)))

)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

designeddesigneddesigned

designed

tototo

to

accelerateaccelerateaccelerate

accelerate

learning,learning,learning,

learning,

espespesp

esp

eciallyeciallyecially

ecially

ininin

in

thethethe

the

facefaceface

face

ofofof

of

highhighhigh

high

curvcurvcurv

curv

ature,ature,ature,

ature,

smallsmallsmall

small

butbutbut

but

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

consistenconsistenconsisten

consisten

ttt

t

gradients,gradients,gradients,

gradients,

ororor

or

noisynoisynoisy

noisy

gradients.gradients.gradients.

gradients.

TheTheThe

The

momenmomenmomen

momen

tumtumtum

tum

algorithmalgorithmalgorithm

algorithm

accumulatesaccumulatesaccumulates

accumulates

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ananan

an

expexpexp

exp

onentiallyonentiallyonentially

onentially

decadecadeca

deca

yingyingying

ying

movingmovingmoving

moving

avavav

av

erageerageerage

erage

ofofof

of

pastpastpast

past

gradiengradiengradien

gradien

tststs

ts

andandand

and

conconcon

con

tintintin

tin

uesuesues

ues

tototo

to

momomo

mo

vvv

v

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

theirtheirtheir

their

direction.direction.direction.

direction.

TheTheThe

The

effecteffecteffect

effect

ofofof

of

momentummomentummomentum

momentum

isisis

is

illustratedillustratedillustrated

illustrated

ininin

in

Fig.Fig.Fig.

Fig.

...

.

8.58.58.5

8.5

    

 

    

 

    

 

    

 

    

 

    

 

FFF

F

ormallyormallyormally

ormally

,,,

,

thethethe

the

momentummomentummomentum

momentum

algorithmalgorithmalgorithm

algorithm

introducesintroducesintroduces

introduces

aaa

a

vvv

v

ariableariableariable

ariable

vvv

v

    

 

    

 

    

 

thatthatthat

that

playsplaysplays

plays

thethethe

the

rolerolerole

role

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

velocity—itvelocity—itvelocity—it

velocity—it

isisis

is

thethethe

the

directiondirectiondirection

direction

andandand

and

spspsp

sp

eedeedeed

eed

atatat

at

whicwhicwhic

whic

hhh

h

thethethe

the

parametersparametersparameters

parameters

momomo

mo

veveve

ve

throughthroughthrough

through

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

parameterparameterparameter

parameter

space.space.space.

space.

TheTheThe

The

vvv

v

eloeloelo

elo

citycitycity

city

isisis

is

setsetset

set

tototo

to

ananan

an

expexpexp

exp

onentiallyonentiallyonentially

onentially

decadecadeca

deca

yingyingying

ying

avavav

av

erageerageerage

erage

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

negativenegativenegative

negative

gradient.gradient.gradient.

gradient.

TheTheThe

The

namenamename

name

derivderivderiv

deriv

eseses

es

fromfromfrom

from

aaa

a

physphysphys

phys

icalicalical

ical

analogyanalogyanalogy

analogy

,,,

,

ininin

in

momentummomentummomentum

momentum

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

whicwhicwhic

whic

hhh

h

thethethe

the

negativnegativnegativ

negativ

eee

e

gradientgradientgradient

gradient

isisis

is

aaa

a

forceforceforce

force

momomo

mo

vingvingving

ving

aaa

a

particleparticleparticle

particle

throughthroughthrough

through

parameterparameterparameter

parameter

space,space,space,

space,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

accordingaccordingaccording

according

tototo

to

Newton’sNewton’sNewton’s

Newton’s

lalala

la

wswsws

ws

ofofof

of

motion.motion.motion.

motion.

MomenMomenMomen

Momen

tumtumtum

tum

ininin

in

physicsphysicsphysics

physics

isisis

is

massmassmass

mass

timestimestimes

times

velocityvelocityvelocity

velocity

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

thethethe

the

momenmomenmomen

momen

tumtumtum

tum

learninglearninglearning

learning

algorithm,algorithm,algorithm,

algorithm,

www

w

eee

e

assumeassumeassume

assume

unitunitunit

unit

mass,mass,mass,

mass,

sososo

so

thethethe

the

vvv

v

eloeloelo

elo

citcitcit

cit

yyy

y

vvv

v

ectorectorector

ector

vvv

v

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

mamama

ma

yyy

y

alsoalsoalso

also

bbb

b

eee

e

regardedregardedregarded

regarded

asasas

as

thethethe

the

momentummomentummomentum

momentum

ofofof

of

thethethe

the

particle.particle.particle.

particle.

AAA

A

hhh

h

ypypyp

yp

erparametererparametererparameter

erparameter

    

 

ααα

α

∈∈∈

∈

[0[0[0

[0

,,,

,

1)1)1)

1)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

determinesdeterminesdetermines

determines

howhowhow

how

quicquicquic

quic

klyklykly

kly

thethethe

the

contributionscontributionscontributions

contributions

ofofof

of

previouspreviousprevious

previous

gradientsgradientsgradients

gradients

expexpexp

exp

onenonenonen

onen

tiallytiallytially

tially

decaydecaydecay

decay

...

.

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

upupup

up

datedatedate

date

rulerulerule

rule

isisis

is

givgivgiv

giv

enenen

en

by:by:by:

by:

    

 

    

 

    

 

    

 

vvv

v

vvv

v

←←←

←

ααα

α

−−−

−

∇∇∇

∇




θθθ

θ

   

 

111

1

mmm

m mmm

m

XXX

X

iii

i

=1=1=1

=1
LLL

L

(((

(

(((

(

fff

f

xxx

x
(((

(

)))

)

iii

i

    

 

    

 

;;;

;

)))

)

θθθ

θ

,,,

,

yyy

y
(((

(

)))

)

iii

i

)))

)

!!!

!

    

 

,,,

,

(8.15)(8.15)(8.15)

(8.15)

    

 

    

 

    

 

    

 

    

 

θθθ

θ

θθθ

θ

vvv

v

←←←

←

+++

+

...

.

(8.16)(8.16)(8.16)

(8.16)

    

 

TheTheThe

The

velocityvelocityvelocity

velocity

vvv

v

    

 

    

 

    

 

accumaccumaccum

accum

ulatesulatesulates

ulates

thethethe

the

gradientgradientgradient

gradient

elemenelemenelemen

elemen

tststs

ts

∇∇∇

∇
θθθ

θ




111

1

mmm

m

PPP

P
mmm

m

iii

i

=1=1=1

=1

LLL

L

(((

(

(((

(

fff

f

xxx

x
(((

(

)))

)

iii

i

    

 

    

 

;;;

;

)))

)

θθθ

θ

,,,

,

yyy

y
(((

(

)))

)

iii

i

)))

)





...

.

    

 

TheTheThe

The

largerlargerlarger

larger

ααα

α

    

 

    

 

isisis

is

relativerelativerelative

relative

tototo

to





    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

thethethe

the

moremoremore

more

previouspreviousprevious

previous

gradiengradiengradien

gradien

tststs

ts

affectaffectaffect

affect

thethethe

the

currencurrencurren

curren

ttt

t

direction.direction.direction.

direction.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

SGDSGDSGD

SGD

algorithmalgorithmalgorithm

algorithm

withwithwith

with

momenmomenmomen

momen

tumtumtum

tum

isisis

is

givengivengiven

given

ininin

in

AlgorithmAlgorithmAlgorithm

Algorithm

...

.

8.28.28.2

8.2

296296296

296



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

−−−

−

−−−

−

−−−

−

303030

30

202020

20

101010

10

000

0

101010

10

202020

20
−−−

−

303030

30−−−

−

202020

20−−−

−

101010

10
000

0101010

10202020

20

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FigureFigureFigure

Figure

8.5:8.5:8.5:

8.5:

MomentumMomentumMomentum

Momentum

aimsaimsaims

aims

primarilyprimarilyprimarily

primarily

tototo

to

solvsolvsolv

solv

eee

e

twtwtw

tw

ooo

o

problems:problems:problems:

problems:

ppp

p

ooo

o

ororor

or

conditioningconditioningconditioning

conditioning

ofofof

of

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

HessianHessianHessian

Hessian

matrixmatrixmatrix

matrix

andandand

and

vvv

v

ariancearianceariance

ariance

ininin

in

thethethe

the

stostosto

sto

ccc

c

hastichastichastic

hastic

gradient.gradient.gradient.

gradient.

Here,Here,Here,

Here,

www

w

eee

e

illustrateillustrateillustrate

illustrate

hohoho

ho

www

w

momenmomenmomen

momen

tumtumtum

tum

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ooo

o

vercomesvercomesvercomes

vercomes

thethethe

the

rstrstrst

rst

ofofof

of

thesethesethese

these

twtwtw

tw

ooo

o

problems.problems.problems.

problems.

TheTheThe

The

contourcontourcontour

contour

lineslineslines

lines

depictdepictdepict

depict

aaa

a

quadraticquadraticquadratic

quadratic

losslossloss

loss

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

functionfunctionfunction

function

withwithwith

with

aaa

a

ppp

p

ooo

o

orlyorlyorly

orly

conditionedconditionedconditioned

conditioned

HessianHessianHessian

Hessian

matrix.matrix.matrix.

matrix.

TheTheThe

The

redredred

red

pathpathpath

path

cuttingcuttingcutting

cutting

acrossacrossacross

across

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

conconcon

con

tourstourstours

tours

indicatesindicatesindicates

indicates

thethethe

the

pathpathpath

path

followfollowfollow

follow

ededed

ed

bbb

b

yyy

y

thethethe

the

momentummomentummomentum

momentum

learninglearninglearning

learning

rulerulerule

rule

asasas

as

ititit

it

minimizesminimizesminimizes

minimizes

thisthisthis

this

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

function.function.function.

function.

AtAtAt

At

eacheacheach

each

stepstepstep

step

alongalongalong

along

thethethe

the

www

w

ayayay

ay

,,,

,

www

w

eee

e

drawdrawdraw

draw

ananan

an

arrowarrowarrow

arrow

indicatingindicatingindicating

indicating

thethethe

the

stepstepstep

step

thatthatthat

that

gradientgradientgradient

gradient

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

descendescendescen

descen

ttt

t

wouldwouldwould

would

taktaktak

tak

eee

e

atatat

at

thatthatthat

that

point.point.point.

point.

WWW

W

eee

e

cancancan

can

seeseesee

see

thatthatthat

that

aaa

a

popopo

po

orlyorlyorly

orly

conditionedconditionedconditioned

conditioned

quadraticquadraticquadratic

quadratic

obobob

ob

jectivejectivejective

jective

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

lololo

lo

oksoksoks

oks

likelikelike

like

aaa

a

long,long,long,

long,

narronarronarro

narro

www

w

vvv

v

alleyalleyalley

alley

ororor

or

canycanycany

cany

ononon

on

withwithwith

with

steepsteepsteep

steep

sides.sides.sides.

sides.

MomentumMomentumMomentum

Momentum

correctlycorrectlycorrectly

correctly

travtravtrav

trav

erseserseserses

erses

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

canycanycany

cany

ononon

on

lengthwise,lengthwise,lengthwise,

lengthwise,

whilewhilewhile

while

gradientgradientgradient

gradient

stepsstepssteps

steps

www

w

asteasteaste

aste

timetimetime

time

movingmovingmoving

moving

bacbacbac

bac

kkk

k

andandand

and

forthforthforth

forth

acrossacrossacross

across

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

narronarronarro

narro

www

w

axisaxisaxis

axis

ofofof

of

thethethe

the

cancancan

can

yyy

y

on.on.on.

on.

CompareCompareCompare

Compare

alsoalsoalso

also

Fig.Fig.Fig.

Fig.

,,,

,

whichwhichwhich

which

shoshosho

sho

wswsws

ws

thethethe

the

bbb

b

ehaviorehaviorehavior

ehavior

ofofof

of

gradientgradientgradient

gradient

4.64.64.6

4.6

    

 

    

 

descendescendescen

descen

ttt

t

withoutwithoutwithout

without

momentum.momentum.momentum.

momentum.

297297297

297



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

PreviouslyPreviouslyPreviously

Previously

,,,

,

thethethe

the

sizesizesize

size

ofofof

of

thethethe

the

stepstepstep

step

waswaswas

was

simplysimplysimply

simply

thethethe

the

normnormnorm

norm

ofofof

of

thethethe

the

gradientgradientgradient

gradient

mmm

m

ultipliedultipliedultiplied

ultiplied

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

yyy

y

thethethe

the

learninglearninglearning

learning

rate.rate.rate.

rate.

NoNoNo

No

w,w,w,

w,

thethethe

the

sizesizesize

size

ofofof

of

thethethe

the

stepstepstep

step

depdepdep

dep

endsendsends

ends

ononon

on

howhowhow

how

largelargelarge

large

andandand

and

hohoho

ho

www

w

    

 

alignedalignedaligned

aligned

aaa

a

sequencesequencesequence

sequence

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

gradientsgradientsgradients

gradients

are.are.are.

are.

TheTheThe

The

stepstepstep

step

sizesizesize

size

isisis

is

largestlargestlargest

largest

whenwhenwhen

when

manmanman

man

yyy

y

successivesuccessivesuccessive

successive

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

tststs

ts

ppp

p

ointointoint

oint

ininin

in

exactlyexactlyexactly

exactly

thethethe

the

samesamesame

same

direction.direction.direction.

direction.

IfIfIf

If

thethethe

the

momenmomenmomen

momen

tumtumtum

tum

algorithmalgorithmalgorithm

algorithm

alwaalwaalwa

alwa

ysysys

ys

    

 

observobservobserv

observ

eseses

es

gradientgradientgradient

gradient

ggg

g

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

thenthenthen

then

ititit

it

willwillwill

will

accelerateaccelerateaccelerate

accelerate

ininin

in

thethethe

the

directiondirectiondirection

direction

ofofof

of

−−−

−

ggg

g

    

 

    

 

    

 

,,,

,

untiluntiluntil

until

reacreacreac

reac

hinghinghing

hing

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

terminalterminalterminal

terminal

velocityvelocityvelocity

velocity

wherewherewhere

where

thethethe

the

sizesizesize

size

ofofof

of

eaceaceac

eac

hhh

h

stepstepstep

step

isisis

is





||||||

||

||||||

||

ggg

g

    

 

    

 

111

1

−−−

−

ααα

α
    

 

...

.

(8.17)(8.17)(8.17)

(8.17)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ItItIt

It

isisis

is

thusthusthus

thus

helpfulhelpfulhelpful

helpful

tototo

to

thinkthinkthink

think

ofofof

of

thethethe

the

momentummomentummomentum

momentum

hhh

h

ypypyp

yp

erparametererparametererparameter

erparameter

ininin

in

termstermsterms

terms

ofofof

of
111

1

111

1

−−−

−

ααα

α

    

 

...

.

FFF

F

ororor

or

example,example,example,

example,

ααα

α

===

=

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

999

9

correspcorrespcorresp

corresp

ondsondsonds

onds

tototo

to

multiplyingmultiplyingmultiplying

multiplying

thethethe

the

maximmaximmaxim

maxim

umumum

um

spspsp

sp

eedeedeed

eed

bybyby

by

relativerelativerelative

relative

tototo

to

101010

10

    

 

    

 

    

 

thethethe

the

gradientgradientgradient

gradient

descendescendescen

descen

ttt

t

algorithm.algorithm.algorithm.

algorithm.

    

 

    

 

CommonCommonCommon

Common

vvv

v

aluesaluesalues

alues

ofofof

of

ααα

α

    

 

    

 

    

 

usedusedused

used

ininin

in

practicepracticepractice

practice

includeincludeinclude

include

...

.

555

5

,,,

,

...

.

    

 

999

9

,,,

,

andandand

and

...

.

    

 

    

 

    

 

999999

99

...

.

LikLikLik

Lik

eee

e

thethethe

the

learninglearninglearning

learning

rate,rate,rate,

rate,

ααα

α

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

mamama

ma

yyy

y

alsoalsoalso

also

bbb

b

eee

e

adaptedadaptedadapted

adapted

ovovov

ov

ererer

er

time.time.time.

time.

TypicallyTypicallyTypically

Typically

ititit

it

bbb

b

eginseginsegins

egins

withwithwith

with

aaa

a

smallsmallsmall

small

vvv

v

aluealuealue

alue

andandand

and

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

laterlaterlater

later

raised.raised.raised.

raised.

ItItIt

It

isisis

is

lesslessless

less

impimpimp

imp

ortantortantortant

ortant

tototo

to

adaptadaptadapt

adapt

ααα

α

    

 

    

 

    

 

    

 

ooo

o

vvv

v

ererer

er

timetimetime

time

thanthanthan

than

tototo

to

shrinkshrinkshrink

shrink





    

 

ooo

o

vvv

v

ererer

er

time.time.time.

time.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AlgorithmAlgorithmAlgorithm

Algorithm

8.28.28.2

8.2

StoStoSto

Sto

chasticchasticchastic

chastic

gradiengradiengradien

gradien

ttt

t

descentdescentdescent

descent

(SGD)(SGD)(SGD)

(SGD)

withwithwith

with

momentummomentummomentum

momentum

    

 

    

 

    

 

    

 

    

 

    

 

Require:Require:Require:

Require:

LearningLearningLearning

Learning

rateraterate

rate

,,,

,

momentummomentummomentum

momentum

parameterparameterparameter

parameter

...

.





ααα

α

    

 

    

 

    

 

    

 

    

 

    

 

Require:Require:Require:

Require:

InitialInitialInitial

Initial

parameterparameterparameter

parameter

,,,

,

initialinitialinitial

initial

velocityvelocityvelocity

velocity

...

.

θθθ

θ

vvv

v

    

 

    

 

    

 

    

 

    

 

whilewhilewhile

while

dododo

do

stoppingstoppingstopping

stopping

criterioncriterioncriterion

criterion

notnotnot

not

metmetmet

met

    

 

    

 

    

 

SampleSampleSample

Sample

aaa

a

minibatchminibatchminibatch

minibatch

ofofof

of

mmm

m

    

 

    

 

    

 

    

 

examplesexamplesexamples

examples

fromfromfrom

from

thethethe

the

trainingtrainingtraining

training

setsetset

set

{{{

{

xxx

x
(1)(1)(1)

(1)

    

 

    

 

    

 

    

 

    

 

,,,

,

...

.

...

.

...

.

,,,

,

xxx

x
(((

(

)))

)

mmm

m

}}}

}

withwithwith

with

    

 

    

 

correspcorrespcorresp

corresp

ondingondingonding

onding

targetstargetstargets

targets

yyy

y
(((

(

)))

)

iii

i

...

.

    

 

    

 

    

 

    

 

ComputeComputeCompute

Compute

gradientgradientgradient

gradient

estimate:estimate:estimate:

estimate:

ggg

g

←←←

←
111

1

mmm

m

∇∇∇

∇
θθθ

θ

PPP

P
iii

i

LLL

L

fff

f

(((

(

(((

(

xxx

x
(((

(

)))

)

iii

i

    

 

    

 

;;;

;

)))

)

θθθ

θ

,,,

,

yyy

y
(((

(

)))

)

iii

i

)))

)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ComputeComputeCompute

Compute

velocityvelocityvelocity

velocity

upupup

up

date:date:date:

date:

vvv

v

vvv

v

ggg

g

←←←

←

ααα

α

−−−

−





    

 

    

 

    

 

    

 

    

 

    

 

ApplyApplyApply

Apply

upupup

up

date:date:date:

date:

θθθ

θ

θθθ

θ

vvv

v

←←←

←

+++

+

    

 

endendend

end

whilewhilewhile

while

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WWW

W

eee

e

cancancan

can

viewviewview

view

thethethe

the

momentummomentummomentum

momentum

algorithmalgorithmalgorithm

algorithm

asasas

as

simulatingsimulatingsimulating

simulating

aaa

a

particleparticleparticle

particle

subsubsub

sub

jectjectject

ject

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

conconcon

con

tintintin

tin

uous-timeuous-timeuous-time

uous-time

NewtonianNewtonianNewtonian

Newtonian

dynamics.dynamics.dynamics.

dynamics.

TheTheThe

The

physicalphysicalphysical

physical

analogyanalogyanalogy

analogy

cancancan

can

helphelphelp

help

tototo

to

buildbuildbuild

build

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

tuitiontuitiontuition

tuition

forforfor

for

hohoho

ho

www

w

thethethe

the

momentummomentummomentum

momentum

andandand

and

gradientgradientgradient

gradient

descendescendescen

descen

ttt

t

algorithmsalgorithmsalgorithms

algorithms

bbb

b

ehavehavehav

ehav

e.e.e.

e.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

ppp

p

ositionositionosition

osition

ofofof

of

thethethe

the

particleparticleparticle

particle

atatat

at

anyanyany

any

ppp

p

oinoinoin

oin

ttt

t

ininin

in

timetimetime

time

isisis

is

givgivgiv

giv

enenen

en

bybyby

by

θθθ

θ

(((

(

ttt

t

    

 

    

 

)))

)

...

.

TheTheThe

The

particleparticleparticle

particle

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

expexpexp

exp

erienceserienceseriences

eriences

netnetnet

net

forceforceforce

force

...

.

ThisThisThis

This

forceforceforce

force

causescausescauses

causes

thethethe

the

particleparticleparticle

particle

tototo

to

accelerate:accelerate:accelerate:

accelerate:

fff

f

(((

(

)))

)

ttt

t

fff

f

(((

(

) =) =) =

) =

ttt

t
∂∂∂

∂
222

2

∂∂∂

∂

ttt

t
222

2

    

 

θθθ

θ

(((

(

)))

)

ttt

t

...

.

(8.18)(8.18)(8.18)

(8.18)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

RatherRatherRather

Rather

thanthanthan

than

viewingviewingviewing

viewing

thisthisthis

this

asasas

as

aaa

a

second-ordersecond-ordersecond-order

second-order

differendifferendifferen

differen

tialtialtial

tial

equationequationequation

equation

ofofof

of

thethethe

the

ppp

p

osition,osition,osition,

osition,

    

 

    

 

    

 

    

 

www

w

eee

e

cancancan

can

introduceintroduceintroduce

introduce

thethethe

the

vvv

v

ariableariableariable

ariable

vvv

v

(((

(

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

)))

)

representingrepresentingrepresenting

representing

thethethe

the

vvv

v

eloeloelo

elo

citcitcit

cit

yyy

y

ofofof

of

thethethe

the

particleparticleparticle

particle

atatat

at

timetimetime

time

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ttt

t

andandand

and

rewriterewriterewrite

rewrite

thethethe

the

NewtonianNewtonianNewtonian

Newtonian

dynamicsdynamicsdynamics

dynamics

asasas

as

aaa

a

rst-orderrst-orderrst-order

rst-order

differentialdifferentialdifferential

differential

equation:equation:equation:

equation:

vvv

v

(((

(

) =) =) =

) =

ttt

t
∂∂∂

∂

∂∂∂

∂

ttt

t
    

 

θθθ

θ

(((

(

)))

)

ttt

t

,,,

,

(8.19)(8.19)(8.19)

(8.19)

298298298

298



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

fff

f

(((

(

) =) =) =

) =

ttt

t
∂∂∂

∂

∂∂∂

∂

ttt

t
    

 

vvv

v

(((

(

)))

)

ttt

t

...

.

(8.20)(8.20)(8.20)

(8.20)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

momentummomentummomentum

momentum

algorithmalgorithmalgorithm

algorithm

thenthenthen

then

consistsconsistsconsists

consists

ofofof

of

solvingsolvingsolving

solving

thethethe

the

differentialdifferentialdifferential

differential

equationsequationsequations

equations

viaviavia

via

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

nnn

n

umericalumericalumerical

umerical

simsimsim

sim

ulation.ulation.ulation.

ulation.

AAA

A

simplesimplesimple

simple

numericalnumericalnumerical

numerical

methomethometho

metho

ddd

d

forforfor

for

solvingsolvingsolving

solving

differendifferendifferen

differen

tialtialtial

tial

equationsequationsequations

equations

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

Euler’sEuler’sEuler’s

Euler’s

methomethometho

metho

d,d,d,

d,

whicwhicwhic

whic

hhh

h

simplysimplysimply

simply

consistsconsistsconsists

consists

ofofof

of

simulatingsimulatingsimulating

simulating

thethethe

the

dynamicsdynamicsdynamics

dynamics

deneddeneddened

dened

bbb

b

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

equationequationequation

equation

bbb

b

yyy

y

takingtakingtaking

taking

small,small,small,

small,

nitenitenite

nite

stepsstepssteps

steps

ininin

in

thethethe

the

directiondirectiondirection

direction

ofofof

of

eaceaceac

eac

hhh

h

gradient.gradient.gradient.

gradient.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThisThisThis

This

explainsexplainsexplains

explains

thethethe

the

basicbasicbasic

basic

formformform

form

ofofof

of

thethethe

the

momenmomenmomen

momen

tumtumtum

tum

upupup

up

date,date,date,

date,

butbutbut

but

whatwhatwhat

what

spspsp

sp

ecicallyecicallyecically

ecically

areareare

are

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

forces?forces?forces?

forces?

OneOneOne

One

forceforceforce

force

isisis

is

proppropprop

prop

ortionalortionalortional

ortional

tototo

to

thethethe

the

negativenegativenegative

negative

gradiengradiengradien

gradien

ttt

t

ofofof

of

thethethe

the

costcostcost

cost

function:function:function:

function:

−∇−∇−∇

−∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

)))

)

...

.

ThisThisThis

This

forceforceforce

force

pushespushespushes

pushes

thethethe

the

particleparticleparticle

particle

downhilldownhilldownhill

downhill

alongalongalong

along

thethethe

the

costcostcost

cost

functionfunctionfunction

function

surface.surface.surface.

surface.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

gradientgradientgradient

gradient

descentdescentdescent

descent

algorithmalgorithmalgorithm

algorithm

wouldwouldwould

would

simplysimplysimply

simply

taketaketake

take

aaa

a

singlesinglesingle

single

stepstepstep

step

basedbasedbased

based

ononon

on

eacheacheach

each

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

t,t,t,

t,

butbutbut

but

thethethe

the

NewtonianNewtonianNewtonian

Newtonian

scenarioscenarioscenario

scenario

usedusedused

used

bybyby

by

thethethe

the

momentummomentummomentum

momentum

algorithmalgorithmalgorithm

algorithm

insteadinsteadinstead

instead

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

usesusesuses

uses

thisthisthis

this

forceforceforce

force

tototo

to

alteralteralter

alter

thethethe

the

velocityvelocityvelocity

velocity

ofofof

of

thethethe

the

particle.particle.particle.

particle.

WWW

W

eee

e

cancancan

can

thinkthinkthink

think

ofofof

of

thethethe

the

particleparticleparticle

particle

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

asasas

as

bbb

b

eingeingeing

eing

likelikelike

like

aaa

a

hohoho

ho

ckckck

ck

eyeyey

ey

puckpuckpuck

puck

slidingslidingsliding

sliding

downdowndown

down

ananan

an

icyicyicy

icy

surface.surface.surface.

surface.

WhenevWhenevWhenev

Whenev

ererer

er

ititit

it

descendsdescendsdescends

descends

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

steepsteepsteep

steep

partpartpart

part

ofofof

of

thethethe

the

surface,surface,surface,

surface,

ititit

it

gathersgathersgathers

gathers

spspsp

sp

eedeedeed

eed

andandand

and

contincontincontin

contin

uesuesues

ues

slidingslidingsliding

sliding

ininin

in

thatthatthat

that

directiondirectiondirection

direction

    

 

    

 

    

 

    

 

    

 

    

 

ununun

un

tiltiltil

til

ititit

it

bbb

b

eginseginsegins

egins

tototo

to

gogogo

go

uphilluphilluphill

uphill

again.again.again.

again.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

OneOneOne

One

otherotherother

other

forceforceforce

force

isisis

is

necessarynecessarynecessary

necessary

...

.

IfIfIf

If

thethethe

the

onlyonlyonly

only

forceforceforce

force

isisis

is

thethethe

the

gradiengradiengradien

gradien

ttt

t

ofofof

of

thethethe

the

costcostcost

cost

function,function,function,

function,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thenthenthen

then

thethethe

the

particleparticleparticle

particle

mighmighmigh

migh

ttt

t

nevernevernever

never

comecomecome

come

tototo

to

rest.rest.rest.

rest.

ImagineImagineImagine

Imagine

aaa

a

hohoho

ho

ckckck

ck

eyeyey

ey

puckpuckpuck

puck

slidingslidingsliding

sliding

downdowndown

down

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

oneoneone

one

sidesideside

side

ofofof

of

aaa

a

vvv

v

alleyalleyalley

alley

andandand

and

straightstraightstraight

straight

upupup

up

thethethe

the

otherotherother

other

side,side,side,

side,

oscillatingoscillatingoscillating

oscillating

backbackback

back

andandand

and

forthforthforth

forth

forevforevforev

forev

er,er,er,

er,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

assumingassumingassuming

assuming

thethethe

the

iceiceice

ice

isisis

is

ppp

p

erfectlyerfectlyerfectly

erfectly

frictionless.frictionless.frictionless.

frictionless.

TTT

T

ooo

o

resolveresolveresolve

resolve

thisthisthis

this

problem,problem,problem,

problem,

wewewe

we

addaddadd

add

oneoneone

one

    

 

    

 

    

 

otherotherother

other

force,force,force,

force,

proppropprop

prop

ortionalortionalortional

ortional

tototo

to

−−−

−

vvv

v

(((

(

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

)))

)

...

.

InInIn

In

physicsphysicsphysics

physics

terminologyterminologyterminology

terminology

,,,

,

thisthisthis

this

forceforceforce

force

correspcorrespcorresp

corresp

ondsondsonds

onds

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

viscousviscousviscous

viscous

drag,drag,drag,

drag,

asasas

as

ififif

if

thethethe

the

particleparticleparticle

particle

mmm

m

ustustust

ust

pushpushpush

push

throughthroughthrough

through

aaa

a

resistantresistantresistant

resistant

mediummediummedium

medium

suchsuchsuch

such

asasas

as

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

syrup.syrup.syrup.

syrup.

ThisThisThis

This

causescausescauses

causes

thethethe

the

particleparticleparticle

particle

tototo

to

graduallygraduallygradually

gradually

loseloselose

lose

energyenergyenergy

energy

ovovov

ov

ererer

er

timetimetime

time

andandand

and

evevev

ev

enenen

en

tuallytuallytually

tually

    

 

    

 

    

 

    

 

conconcon

con

vvv

v

ergeergeerge

erge

tototo

to

aaa

a

lololo

lo

calcalcal

cal

minimum.minimum.minimum.

minimum.

    

 

    

 

    

 

WhWhWh

Wh

yyy

y

dododo

do

wewewe

we

useuseuse

use

−−−

−

vvv

v

(((

(

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

)))

)

andandand

and

viscousviscousviscous

viscous

dragdragdrag

drag

ininin

in

particular? Partparticular? Partparticular? Part

particular? Part

ofofof

of

thethethe

the

reasonreasonreason

reason

tototo

to

useuseuse

use

−−−

−

vvv

v

(((

(

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

)))

)

isisis

is

mathematicalmathematicalmathematical

mathematical

conconcon

con

vvv

v

enience—anenience—anenience—an

enience—an

integerintegerinteger

integer

ppp

p

owowow

ow

ererer

er

ofofof

of

thethethe

the

velocityvelocityvelocity

velocity

isisis

is

easyeasyeasy

easy

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

www

w

orkorkork

ork

with.with.with.

with.

HowHowHow

How

ever,ever,ever,

ever,

otherotherother

other

physicalphysicalphysical

physical

systemssystemssystems

systems

hahaha

ha

veveve

ve

otherotherother

other

kindskindskinds

kinds

ofofof

of

dragdragdrag

drag

basedbasedbased

based

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ononon

on

otherotherother

other

ininin

in

tegertegerteger

teger

ppp

p

owowow

ow

ersersers

ers

ofofof

of

thethethe

the

velocityvelocityvelocity

velocity

...

.

FFF

F

ororor

or

example,example,example,

example,

aaa

a

particleparticleparticle

particle

tratratra

tra

vvv

v

elingelingeling

eling

throughthroughthrough

through

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

airairair

air

expexpexp

exp

erienceserienceseriences

eriences

turbulentturbulentturbulent

turbulent

drag,drag,drag,

drag,

withwithwith

with

forceforceforce

force

proppropprop

prop

ortionalortionalortional

ortional

tototo

to

thethethe

the

squaresquaresquare

square

ofofof

of

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

vvv

v

eloeloelo

elo

citcitcit

cit

yyy

y

,,,

,

whilewhilewhile

while

aaa

a

particleparticleparticle

particle

momomo

mo

vingvingving

ving

alongalongalong

along

thethethe

the

groundgroundground

ground

expexpexp

exp

erienceserienceseriences

eriences

drydrydry

dry

friction,friction,friction,

friction,

withwithwith

with

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

forceforceforce

force

ofofof

of

constantconstantconstant

constant

magnitude.magnitude.magnitude.

magnitude.

WWW

W

eee

e

cancancan

can

rejectrejectreject

reject

eacheacheach

each

ofofof

of

thesethesethese

these

options.options.options.

options.

TTT

T

urbulenturbulenturbulent

urbulent

drag,drag,drag,

drag,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

proppropprop

prop

ortionalortionalortional

ortional

tototo

to

thethethe

the

squaresquaresquare

square

ofofof

of

thethethe

the

vvv

v

eloeloelo

elo

citcitcit

cit

yyy

y

,,,

,

bbb

b

ecomesecomesecomes

ecomes

veryveryvery

very

weakweakweak

weak

whenwhenwhen

when

thethethe

the

velocityvelocityvelocity

velocity

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

small.small.small.

small.

ItItIt

It

isisis

is

notnotnot

not

ppp

p

owowow

ow

erfulerfulerful

erful

enoughenoughenough

enough

tototo

to

forceforceforce

force

thethethe

the

particleparticleparticle

particle

tototo

to

comecomecome

come

tototo

to

rest.rest.rest.

rest.

AAA

A

particleparticleparticle

particle

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withwithwith

with

aaa

a

non-zeronon-zeronon-zero

non-zero

initialinitialinitial

initial

velocityvelocityvelocity

velocity

thatthatthat

that

expexpexp

exp

erienceserienceseriences

eriences

onlyonlyonly

only

thethethe

the

forceforceforce

force

ofofof

of

turbulenturbulenturbulen

turbulen

ttt

t

dragdragdrag

drag

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

willwillwill

will

momomo

mo

veveve

ve

awawaw

aw

ayayay

ay

fromfromfrom

from

itsitsits

its

initialinitialinitial

initial

ppp

p

ositionositionosition

osition

forever,forever,forever,

forever,

withwithwith

with

thethethe

the

distancedistancedistance

distance

fromfromfrom

from

thethethe

the

startingstartingstarting

starting

    

 

    

 

ppp

p

oinoinoin

oin

ttt

t

growinggrowinggrowing

growing

likelikelike

like

OOO

O

(((

(

    

 

logloglog

log

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

)))

)

...

.

WWW

W

eee

e

mustmustmust

must

thereforethereforetherefore

therefore

useuseuse

use

aaa

a

lowlowlow

low

ererer

er

ppp

p

owowow

ow

ererer

er

ofofof

of

thethethe

the

velocityvelocityvelocity

velocity

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

IfIfIf

If

wewewe

we

useuseuse

use

aaa

a

ppp

p

owowow

ow

ererer

er

ofofof

of

zero,zero,zero,

zero,

represenrepresenrepresen

represen

tingtingting

ting

drydrydry

dry

friction,friction,friction,

friction,

thenthenthen

then

thethethe

the

forceforceforce

force

isisis

is

tototo

to

ooo

o

strong.strong.strong.

strong.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WhenWhenWhen

When

thethethe

the

forceforceforce

force

dueduedue

due

tototo

to

thethethe

the

gradientgradientgradient

gradient

ofofof

of

thethethe

the

costcostcost

cost

functionfunctionfunction

function

isisis

is

smallsmallsmall

small

butbutbut

but

non-zero,non-zero,non-zero,

non-zero,

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

constanconstanconstan

constan

ttt

t

forceforceforce

force

dueduedue

due

tototo

to

frictionfrictionfriction

friction

cancancan

can

causecausecause

cause

thethethe

the

particleparticleparticle

particle

tototo

to

comecomecome

come

tototo

to

restrestrest

rest

bbb

b

eforeeforeefore

efore

reacreacreac

reac

hinghinghing

hing

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

lololo

lo

calcalcal

cal

minimminimminim

minim

um.um.um.

um.

ViscousViscousViscous

Viscous

dragdragdrag

drag

avavav

av

oidsoidsoids

oids

bbb

b

othothoth

oth

ofofof

of

thesethesethese

these

problems—itproblems—itproblems—it

problems—it

isisis

is

weakweakweak

weak

enoughenoughenough

enough

299299299

299



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thatthatthat

that

thethethe

the

gradientgradientgradient

gradient

cancancan

can

contincontincontin

contin

ueueue

ue

tototo

to

causecausecause

cause

motionmotionmotion

motion

untiluntiluntil

until

aaa

a

minimminimminim

minim

umumum

um

isisis

is

reached,reached,reached,

reached,

butbutbut

but

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

strongstrongstrong

strong

enoughenoughenough

enough

tototo

to

prevenprevenpreven

preven

ttt

t

motionmotionmotion

motion

ififif

if

thethethe

the

gradientgradientgradient

gradient

dododo

do

eseses

es

notnotnot

not

justifyjustifyjustify

justify

moving.moving.moving.

moving.

    

 

    

 

8.3.38.3.38.3.3

8.3.3

NesteroNesteroNestero

Nestero

vvv

v

MomenMomenMomen

Momen

tumtumtum

tum

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

SutskSutskSutsk

Sutsk

evevev

ev

ererer

er

201320132013

2013

etetet

et

al.al.al.

al.

(((

(

)))

)

introducedintroducedintroduced

introduced

aaa

a

vvv

v

arianarianarian

arian

ttt

t

ofofof

of

thethethe

the

momentummomentummomentum

momentum

algorithmalgorithmalgorithm

algorithm

thatthatthat

that

waswaswas

was

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

inspiredinspiredinspired

inspired

bybyby

by

Nesterov’sNesterov’sNesterov’s

Nesterov’s

acceleratedacceleratedaccelerated

accelerated

gradiengradiengradien

gradien

ttt

t

methomethometho

metho

ddd

d

(((

(

,,,

,

,,,

,

).).).

).

TheTheThe

The

NesterovNesterovNesterov

Nesterov

198319831983

1983

200420042004

2004

    

 

    

 

    

 

    

 

    

 

    

 

    

 

upupup

up

datedatedate

date

rulesrulesrules

rules

ininin

in

thisthisthis

this

casecasecase

case

areareare

are

givengivengiven

given

by:by:by:

by:

    

 

    

 

    

 

    

 

vvv

v

vvv

v

←←←

←

ααα

α

−−−

−

∇∇∇

∇




θθθ

θ

"""

"

111

1

mmm

m mmm

m

XXX

X

iii

i

=1=1=1

=1
LLL

L





fff

f

xxx

x

(((

(
(((

(

)))

)

iii

i

    

 

    

 

    

 

    

 

;;;

;

+++

+

)))

)

θθθ

θ

ααα

α

vvv

v

,,,

,

yyy

y
(((

(

)))

)

iii

i





###

#

    

 

,,,

,

(8.21)(8.21)(8.21)

(8.21)

    

 

    

 

    

 

    

 

    

 

θθθ

θ

θθθ

θ

vvv

v

←←←

←

+++

+

,,,

,

(8.22)(8.22)(8.22)

(8.22)

    

 

    

 

wherewherewhere

where

thethethe

the

parametersparametersparameters

parameters

ααα

α

andandand

and





    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

plaplapla

pla

yyy

y

aaa

a

similarsimilarsimilar

similar

rolerolerole

role

asasas

as

ininin

in

thethethe

the

standardstandardstandard

standard

momentummomentummomentum

momentum

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

methomethometho

metho

d.d.d.

d.

TheTheThe

The

differencedifferencedifference

difference

bbb

b

etwetwetw

etw

eeneeneen

een

NesteroNesteroNestero

Nestero

vvv

v

momentummomentummomentum

momentum

andandand

and

standardstandardstandard

standard

momentummomentummomentum

momentum

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

wherewherewhere

where

thethethe

the

gradientgradientgradient

gradient

isisis

is

evevev

ev

aluated.aluated.aluated.

aluated.

WithWithWith

With

NesteroNesteroNestero

Nestero

vvv

v

momenmomenmomen

momen

tumtumtum

tum

thethethe

the

gradientgradientgradient

gradient

isisis

is

evevev

ev

aluatedaluatedaluated

aluated

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

afterafterafter

after

thethethe

the

currencurrencurren

curren

ttt

t

velocityvelocityvelocity

velocity

isisis

is

applied.applied.applied.

applied.

ThThTh

Th

ususus

us

oneoneone

one

cancancan

can

interpretinterpretinterpret

interpret

NesteroNesteroNestero

Nestero

vvv

v

momentummomentummomentum

momentum

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

asasas

as

attemptingattemptingattempting

attempting

tototo

to

addaddadd

add

aaa

a

ccc

c

orrorrorr

orr

eee

e

ctionctionction

ction

factorfactorfactor

factor

tototo

to

thethethe

the

standardstandardstandard

standard

methomethometho

metho

ddd

d

ofofof

of

momentum.momentum.momentum.

momentum.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

completecompletecomplete

complete

NesteroNesteroNestero

Nestero

vvv

v

momentummomentummomentum

momentum

algorithmalgorithmalgorithm

algorithm

isisis

is

presenpresenpresen

presen

tedtedted

ted

ininin

in

AlgorithmAlgorithmAlgorithm

Algorithm

...

.

8.38.38.3

8.3

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

thethethe

the

conconcon

con

veveve

ve

xxx

x

batchbatchbatch

batch

gradientgradientgradient

gradient

case,case,case,

case,

NesteroNesteroNestero

Nestero

vvv

v

momenmomenmomen

momen

tumtumtum

tum

bringsbringsbrings

brings

thethethe

the

rateraterate

rate

ofofof

of

    

 

    

 

    

 

    

 

    

 

conconcon

con

vvv

v

ergenceergenceergence

ergence

ofofof

of

thethethe

the

excessexcessexcess

excess

errorerrorerror

error

fromfromfrom

from

OOO

O

(1(1(1

(1

/k/k/k

/k

    

 

)))

)

(after(after(after

(after

kkk

k

    

 

steps)steps)steps)

steps)

tototo

to

OOO

O

(1(1(1

(1

/k/k/k

/k
222

2

    

 

    

 

)))

)

asasas

as

shownshownshown

shown

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

yyy

y

NesteroNesteroNestero

Nestero

vvv

v

198319831983

1983

(((

(

).).).

).

UnfortunatelyUnfortunatelyUnfortunately

Unfortunately

, in, in, in

, in

thethethe

the

stostosto

sto

chasticchasticchastic

chastic

gradiengradiengradien

gradien

ttt

t

case, Nesterocase, Nesterocase, Nestero

case, Nestero

vvv

v

    

 

    

 

    

 

    

 

    

 

    

 

    

 

momenmomenmomen

momen

tumtumtum

tum

dododo

do

eseses

es

notnotnot

not

improvimprovimprov

improv

eee

e

thethethe

the

rateraterate

rate

ofofof

of

convconvconv

conv

ergence.ergence.ergence.

ergence.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AlgorithmAlgorithmAlgorithm

Algorithm

8.38.38.3

8.3

StoStoSto

Sto

chasticchasticchastic

chastic

gradiengradiengradien

gradien

ttt

t

descentdescentdescent

descent

(SGD)(SGD)(SGD)

(SGD)

withwithwith

with

NesterovNesterovNesterov

Nesterov

momentummomentummomentum

momentum

    

 

    

 

    

 

    

 

    

 

    

 

Require:Require:Require:

Require:

LearningLearningLearning

Learning

rateraterate

rate

,,,

,

momentummomentummomentum

momentum

parameterparameterparameter

parameter

...

.





ααα

α

    

 

    

 

    

 

    

 

    

 

    

 

Require:Require:Require:

Require:

InitialInitialInitial

Initial

parameterparameterparameter

parameter

,,,

,

initialinitialinitial

initial

velocityvelocityvelocity

velocity

...

.

θθθ

θ

vvv

v

    

 

    

 

    

 

    

 

    

 

whilewhilewhile

while

dododo

do

stoppingstoppingstopping

stopping

criterioncriterioncriterion

criterion

notnotnot

not

metmetmet

met

    

 

    

 

    

 

SampleSampleSample

Sample

aaa

a

minibatchminibatchminibatch

minibatch

ofofof

of

mmm

m

    

 

    

 

    

 

    

 

examplesexamplesexamples

examples

fromfromfrom

from

thethethe

the

trainingtrainingtraining

training

setsetset

set

{{{

{

xxx

x
(1)(1)(1)

(1)

    

 

    

 

    

 

    

 

    

 

,,,

,

...

.

...

.

...

.

,,,

,

xxx

x
(((

(

)))

)

mmm

m

}}}

}

withwithwith

with

    

 

    

 

correspcorrespcorresp

corresp

ondingondingonding

onding

lablablab

lab

elselsels

els

yyy

y
(((

(

)))

)

iii

i

...

.

    

 

    

 

ApplyApplyApply

Apply

interiminteriminterim

interim

upupup

up

date:date:date:

date:

˜̃̃

˜

    

 

    

 

    

 

    

 

θθθ

θ

θθθ

θ

vvv

v

←←←

←

+++

+

ααα

α

    

 

    

 

    

 

    

 

    

 

    

 

ComputeComputeCompute

Compute

gradientgradientgradient

gradient

(at(at(at

(at

interiminteriminterim

interim

point):point):point):

point):

ggg

g

←←←

←
111

1

mmm

m

∇∇∇

∇
˜̃̃

˜

θθθ

θ

PPP

P
iii

i

LLL

L

fff

f

(((

(

(((

(

xxx

x
(((

(

)))

)

iii

i

;;;

;

˜̃̃

˜

    

 

θθθ

θ

yyy

y

)))

)

,,,

,
(((

(

)))

)

iii

i

)))

)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ComputeComputeCompute

Compute

velocityvelocityvelocity

velocity

upupup

up

date:date:date:

date:

vvv

v

vvv

v

ggg

g

←←←

←

ααα

α

−−−

−





    

 

    

 

    

 

    

 

    

 

    

 

ApplyApplyApply

Apply

upupup

up

date:date:date:

date:

θθθ

θ

θθθ

θ

vvv

v

←←←

←

+++

+

    

 

endendend

end

whilewhilewhile

while

300300300

300



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

8.48.48.4

8.4

PPP

P

arameterarameterarameter

arameter

InitializationInitializationInitialization

Initialization

StrategiesStrategiesStrategies

Strategies

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

SomeSomeSome

Some

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

areareare

are

notnotnot

not

iterativeiterativeiterative

iterative

bybyby

by

naturenaturenature

nature

andandand

and

simplysimplysimply

simply

solvesolvesolve

solve

forforfor

for

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

solutionsolutionsolution

solution

ppp

p

oint.oint.oint.

oint.

OtherOtherOther

Other

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

areareare

are

iterativeiterativeiterative

iterative

bbb

b

yyy

y

naturenaturenature

nature

but,but,but,

but,

whenwhenwhen

when

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

appliedappliedapplied

applied

tototo

to

thethethe

the

righrighrigh

righ

ttt

t

classclassclass

class

ofofof

of

optimizationoptimizationoptimization

optimization

problems,problems,problems,

problems,

conconcon

con

vergevergeverge

verge

tototo

to

acceptableacceptableacceptable

acceptable

solutionssolutionssolutions

solutions

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

ananan

an

acceptableacceptableacceptable

acceptable

amounamounamoun

amoun

ttt

t

ofofof

of

timetimetime

time

regardlessregardlessregardless

regardless

ofofof

of

initialization.initialization.initialization.

initialization.

DeepDeepDeep

Deep

learninglearninglearning

learning

trainingtrainingtraining

training

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

algorithmsalgorithmsalgorithms

algorithms

usuallyusuallyusually

usually

dododo

do

notnotnot

not

havhavhav

hav

eee

e

eithereithereither

either

ofofof

of

thesethesethese

these

luxuries.luxuries.luxuries.

luxuries.

TTT

T

rainingrainingraining

raining

algorithmsalgorithmsalgorithms

algorithms

forforfor

for

deepdeepdeep

deep

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

learninglearninglearning

learning

momomo

mo

delsdelsdels

dels

areareare

are

usuallyusuallyusually

usually

iterativeiterativeiterative

iterative

ininin

in

naturenaturenature

nature

andandand

and

thusthusthus

thus

requirerequirerequire

require

thethethe

the

useruseruser

user

tototo

to

spspsp

sp

ecifyecifyecify

ecify

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

somesomesome

some

initialinitialinitial

initial

ppp

p

oinoinoin

oin

ttt

t

fromfromfrom

from

whichwhichwhich

which

tototo

to

bbb

b

egineginegin

egin

thethethe

the

iterations.iterations.iterations.

iterations.

MoreovMoreovMoreov

Moreov

er,er,er,

er,

trainingtrainingtraining

training

deepdeepdeep

deep

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

momomo

mo

delsdelsdels

dels

isisis

is

aaa

a

sufficiensufficiensufficien

sufficien

tlytlytly

tly

difficultdifficultdifficult

difficult

tasktasktask

task

thatthatthat

that

mostmostmost

most

algorithmsalgorithmsalgorithms

algorithms

areareare

are

stronglystronglystrongly

strongly

affectedaffectedaffected

affected

bbb

b

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

choicechoicechoice

choice

ofofof

of

initialization.initialization.initialization.

initialization.

TheTheThe

The

initialinitialinitial

initial

ppp

p

ointointoint

oint

cancancan

can

determinedeterminedetermine

determine

whetherwhetherwhether

whether

thethethe

the

algorithmalgorithmalgorithm

algorithm

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

conconcon

con

vvv

v

ergesergeserges

erges

atatat

at

all,all,all,

all,

withwithwith

with

somesomesome

some

initialinitialinitial

initial

ppp

p

ointsointsoints

oints

beingbeingbeing

being

sososo

so

unstableunstableunstable

unstable

thatthatthat

that

thethethe

the

algorithmalgorithmalgorithm

algorithm

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

encounencounencoun

encoun

terstersters

ters

numericalnumericalnumerical

numerical

difficultiesdifficultiesdifficulties

difficulties

andandand

and

failsfailsfails

fails

altogether.altogether.altogether.

altogether.

WhenWhenWhen

When

learninglearninglearning

learning

dododo

do

eseses

es

convconvconv

conv

erge,erge,erge,

erge,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

initialinitialinitial

initial

ppp

p

oinoinoin

oin

ttt

t

cancancan

can

determinedeterminedetermine

determine

howhowhow

how

quicklyquicklyquickly

quickly

learninglearninglearning

learning

convconvconv

conv

ergesergeserges

erges

andandand

and

whetherwhetherwhether

whether

ititit

it

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

conconcon

con

vvv

v

ergesergeserges

erges

tototo

to

aaa

a

ppp

p

ointointoint

oint

withwithwith

with

high orhigh orhigh or

high or

lowlowlow

low

cost.cost.cost.

cost.

Also, pointsAlso, pointsAlso, points

Also, points

ofofof

of

comparablecomparablecomparable

comparable

costcostcost

cost

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

cancancan

can

havhavhav

hav

eee

e

wildlywildlywildly

wildly

vvv

v

aryingaryingarying

arying

generalizationgeneralizationgeneralization

generalization

error,error,error,

error,

andandand

and

thethethe

the

initialinitialinitial

initial

ppp

p

ointointoint

oint

cancancan

can

affectaffectaffect

affect

thethethe

the

    

 

    

 

generalizationgeneralizationgeneralization

generalization

asasas

as

www

w

ell.ell.ell.

ell.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

MoMoMo

Mo

dernderndern

dern

initializationinitializationinitialization

initialization

strategiesstrategiesstrategies

strategies

areareare

are

simplesimplesimple

simple

andandand

and

heuristic.heuristic.heuristic.

heuristic.

DesigningDesigningDesigning

Designing

improvimprovimprov

improv

ededed

ed

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

initializationinitializationinitialization

initialization

strategiesstrategiesstrategies

strategies

isisis

is

aaa

a

difficultdifficultdifficult

difficult

tasktasktask

task

bbb

b

ecauseecauseecause

ecause

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

optimizationoptimizationoptimization

optimization

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

notnotnot

not

yyy

y

etetet

et

wellwellwell

well

understounderstoundersto

understo

ooo

o

d.d.d.

d.

MostMostMost

Most

initializationinitializationinitialization

initialization

strategiesstrategiesstrategies

strategies

areareare

are

basedbasedbased

based

ononon

on

achievingachievingachieving

achieving

somesomesome

some

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

nicenicenice

nice

proppropprop

prop

ertiesertieserties

erties

whenwhenwhen

when

thethethe

the

netwnetwnetw

netw

orkorkork

ork

isisis

is

initialized.initialized.initialized.

initialized.

HowHowHow

How

ever,ever,ever,

ever,

www

w

eee

e

dododo

do

notnotnot

not

havhavhav

hav

eee

e

aaa

a

gogogo

go

ooo

o

ddd

d

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

understandingunderstandingunderstanding

understanding

ofofof

of

whicwhicwhic

whic

hhh

h

ofofof

of

thesethesethese

these

proppropprop

prop

ertiesertieserties

erties

areareare

are

preservpreservpreserv

preserv

ededed

ed

underunderunder

under

whicwhicwhic

whic

hhh

h

circumstancescircumstancescircumstances

circumstances

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

afterafterafter

after

learninglearninglearning

learning

bbb

b

eginseginsegins

egins

tototo

to

propropro

pro

ceed.ceed.ceed.

ceed.

AAA

A

furtherfurtherfurther

further

difficultydifficultydifficulty

difficulty

isisis

is

thatthatthat

that

somesomesome

some

initialinitialinitial

initial

ppp

p

oinoinoin

oin

tststs

ts

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

mamama

ma

yyy

y

bbb

b

eee

e

bbb

b

enecialenecialenecial

enecial

fromfromfrom

from

thethethe

the

viewpviewpviewp

viewp

ointointoint

oint

ofofof

of

optimizationoptimizationoptimization

optimization

butbutbut

but

detrimentaldetrimentaldetrimental

detrimental

fromfromfrom

from

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

viewpviewpviewp

viewp

oinoinoin

oin

ttt

t

ofofof

of

generalization.generalization.generalization.

generalization.

OurOurOur

Our

understandingunderstandingunderstanding

understanding

ofofof

of

howhowhow

how

thethethe

the

initialinitialinitial

initial

ppp

p

oinoinoin

oin

ttt

t

affectsaffectsaffects

affects

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

generalizationgeneralizationgeneralization

generalization

isisis

is

espespesp

esp

eciallyeciallyecially

ecially

primitivprimitivprimitiv

primitiv

e,e,e,

e,

offeringofferingoffering

offering

littlelittlelittle

little

tototo

to

nonono

no

guidanceguidanceguidance

guidance

forforfor

for

howhowhow

how

tototo

to

selectselectselect

select

    

 

    

 

thethethe

the

initialinitialinitial

initial

ppp

p

oinoinoin

oin

t.t.t.

t.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

PPP

P

erhapserhapserhaps

erhaps

thethethe

the

onlyonlyonly

only

proppropprop

prop

ertyertyerty

erty

knownknownknown

known

withwithwith

with

completecompletecomplete

complete

certaintcertaintcertaint

certaint

yyy

y

isisis

is

thatthatthat

that

thethethe

the

initialinitialinitial

initial

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

parametersparametersparameters

parameters

needneedneed

need

tototo

to

“break“break“break

“break

symmetry” bsymmetry” bsymmetry” b

symmetry” b

etwetwetw

etw

eeneeneen

een

differendifferendifferen

differen

ttt

t

units.units.units.

units.

IfIfIf

If

twtwtw

tw

ooo

o

hiddenhiddenhidden

hidden

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

unitsunitsunits

units

withwithwith

with

thethethe

the

samesamesame

same

activactivactiv

activ

ationationation

ation

functionfunctionfunction

function

areareare

are

connectedconnectedconnected

connected

tototo

to

thethethe

the

samesamesame

same

inputs,inputs,inputs,

inputs,

thenthenthen

then

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thesethesethese

these

unitsunitsunits

units

mustmustmust

must

havhavhav

hav

eee

e

differentdifferentdifferent

different

initialinitialinitial

initial

parameters. Ifparameters. Ifparameters. If

parameters. If

theytheythey

they

havhavhav

hav

eee

e

thethethe

the

samesamesame

same

initialinitialinitial

initial

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

parameters,parameters,parameters,

parameters,

thenthenthen

then

aaa

a

deterministicdeterministicdeterministic

deterministic

learninglearninglearning

learning

algorithmalgorithmalgorithm

algorithm

appliedappliedapplied

applied

tototo

to

aaa

a

deterministicdeterministicdeterministic

deterministic

costcostcost

cost

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

momomo

mo

deldeldel

del

willwillwill

will

constanconstanconstan

constan

tlytlytly

tly

upupup

up

datedatedate

date

bbb

b

othothoth

oth

ofofof

of

thesethesethese

these

unitsunitsunits

units

ininin

in

thethethe

the

samesamesame

same

www

w

aaa

a

yyy

y

...

.

EvEvEv

Ev

enenen

en

ififif

if

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

momomo

mo

deldeldel

del

ororor

or

trainingtrainingtraining

training

algorithmalgorithmalgorithm

algorithm

isisis

is

capablecapablecapable

capable

ofofof

of

usingusingusing

using

stostosto

sto

chasticitchasticitchasticit

chasticit

yyy

y

tototo

to

computecomputecompute

compute

differendifferendifferen

differen

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

upupup

up

datesdatesdates

dates

forforfor

for

differendifferendifferen

differen

ttt

t

unitsunitsunits

units

(for(for(for

(for

example,example,example,

example,

ififif

if

oneoneone

one

trainstrainstrains

trains

withwithwith

with

dropdropdrop

drop

out),out),out),

out),

ititit

it

isisis

is

usuallyusuallyusually

usually

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

estestest

est

tototo

to

initializeinitializeinitialize

initialize

eacheacheach

each

unitunitunit

unit

tototo

to

computecomputecompute

compute

aaa

a

differendifferendifferen

differen

ttt

t

functionfunctionfunction

function

fromfromfrom

from

allallall

all

ofofof

of

thethethe

the

otherotherother

other

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

units.units.units.

units.

ThisThisThis

This

maymaymay

may

helphelphelp

help

tototo

to

makmakmak

mak

eee

e

suresuresure

sure

thatthatthat

that

nonono

no

inputinputinput

input

patternspatternspatterns

patterns

areareare

are

lostlostlost

lost

ininin

in

thethethe

the

nullnullnull

null

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

spacespacespace

space

ofofof

of

forwardforwardforward

forward

propagationpropagationpropagation

propagation

andandand

and

nonono

no

gradiengradiengradien

gradien

ttt

t

patternspatternspatterns

patterns

areareare

are

lostlostlost

lost

ininin

in

thethethe

the

nullnullnull

null

spacespacespace

space

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

back-propagation.back-propagation.back-propagation.

back-propagation.

TheTheThe

The

goalgoalgoal

goal

ofofof

of

havinghavinghaving

having

eaceaceac

eac

hhh

h

unitunitunit

unit

computecomputecompute

compute

aaa

a

differentdifferentdifferent

different

functionfunctionfunction

function

301301301

301



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

motivmotivmotiv

motiv

atesatesates

ates

randomrandomrandom

random

initializationinitializationinitialization

initialization

ofofof

of

thethethe

the

parameters.parameters.parameters.

parameters.

WWW

W

eee

e

couldcouldcould

could

explicitlyexplicitlyexplicitly

explicitly

searcsearcsearc

searc

hhh

h

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

forforfor

for

aaa

a

largelargelarge

large

setsetset

set

ofofof

of

basisbasisbasis

basis

functionsfunctionsfunctions

functions

thatthatthat

that

areareare

are

allallall

all

mutuallymutuallymutually

mutually

differentdifferentdifferent

different

fromfromfrom

from

eacheacheach

each

other,other,other,

other,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

butbutbut

but

thisthisthis

this

oftenoftenoften

often

incursincursincurs

incurs

aaa

a

noticeablenoticeablenoticeable

noticeable

computationalcomputationalcomputational

computational

cost.cost.cost.

cost.

FFF

F

ororor

or

example,example,example,

example,

ififif

if

wewewe

we

hahaha

ha

veveve

ve

atatat

at

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

mostmostmost

most

asasas

as

manymanymany

many

outputsoutputsoutputs

outputs

asasas

as

inputs,inputs,inputs,

inputs,

wewewe

we

couldcouldcould

could

useuseuse

use

Gram-SchmidtGram-SchmidtGram-Schmidt

Gram-Schmidt

orthogonalizationorthogonalizationorthogonalization

orthogonalization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ononon

on

ananan

an

initialinitialinitial

initial

www

w

eighteighteight

eight

matrix,matrix,matrix,

matrix,

andandand

and

bbb

b

eee

e

guaranguaranguaran

guaran

teedteedteed

teed

thatthatthat

that

eacheacheach

each

unitunitunit

unit

computescomputescomputes

computes

aaa

a

veryveryvery

very

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

differendifferendifferen

differen

ttt

t

functionfunctionfunction

function

fromfromfrom

from

eaceaceac

eac

hhh

h

otherotherother

other

unit.unit.unit.

unit.

RandomRandomRandom

Random

initializationinitializationinitialization

initialization

fromfromfrom

from

aaa

a

high-enhigh-enhigh-en

high-en

troptroptrop

trop

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

distributiondistributiondistribution

distribution

ooo

o

vvv

v

ererer

er

aaa

a

high-dimensionalhigh-dimensionalhigh-dimensional

high-dimensional

spacespacespace

space

isisis

is

computationallycomputationallycomputationally

computationally

cheapercheapercheaper

cheaper

andandand

and

unlikelyunlikelyunlikely

unlikely

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

assignassignassign

assign

ananan

an

yyy

y

unitsunitsunits

units

tototo

to

computecomputecompute

compute

thethethe

the

samesamesame

same

functionfunctionfunction

function

asasas

as

eacheacheach

each

other.other.other.

other.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TTT

T

ypicallyypicallyypically

ypically

,,,

,

wewewe

we

setsetset

set

thethethe

the

biasesbiasesbiases

biases

forforfor

for

eacheacheach

each

unitunitunit

unit

tototo

to

heuristicallyheuristicallyheuristically

heuristically

ccc

c

hosenhosenhosen

hosen

constants,constants,constants,

constants,

andandand

and

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

initializeinitializeinitialize

initialize

onlyonlyonly

only

thethethe

the

weighweighweigh

weigh

tststs

ts

randomlyrandomlyrandomly

randomly

...

.

ExtraExtraExtra

Extra

parameters,parameters,parameters,

parameters,

forforfor

for

example,example,example,

example,

parametersparametersparameters

parameters

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

encoencoenco

enco

dingdingding

ding

thethethe

the

conditionalconditionalconditional

conditional

vvv

v

ariancearianceariance

ariance

ofofof

of

aaa

a

prediction,prediction,prediction,

prediction,

areareare

are

usuallyusuallyusually

usually

setsetset

set

tototo

to

heuristicallyheuristicallyheuristically

heuristically

    

 

    

 

    

 

    

 

    

 

    

 

ccc

c

hosenhosenhosen

hosen

constantsconstantsconstants

constants

mmm

m

ucucuc

uc

hhh

h

likelikelike

like

thethethe

the

biasesbiasesbiases

biases

are.are.are.

are.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WWW

W

eee

e

almostalmostalmost

almost

alwalwalw

alw

aaa

a

ysysys

ys

initializeinitializeinitialize

initialize

allallall

all

thethethe

the

www

w

eightseightseights

eights

in thein thein the

in the

momomo

mo

del todel todel to

del to

vvv

v

alues draalues draalues dra

alues dra

wnwnwn

wn

    

 

    

 

    

 

randomly fromrandomly fromrandomly from

randomly from

a Gaussian ora Gaussian ora Gaussian or

a Gaussian or

uniform distribution.uniform distribution.uniform distribution.

uniform distribution.

The cThe cThe c

The c

hoice of Gaussianhoice of Gaussianhoice of Gaussian

hoice of Gaussian

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ororor

or

uniformuniformuniform

uniform

distributiondistributiondistribution

distribution

dododo

do

eseses

es

notnotnot

not

seemseemseem

seem

tototo

to

mattermattermatter

matter

vvv

v

eryeryery

ery

mucmucmuc

muc

h,h,h,

h,

butbutbut

but

hashashas

has

notnotnot

not

bbb

b

eeneeneen

een

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

exhaustivexhaustivexhaustiv

exhaustiv

elyelyely

ely

studied.studied.studied.

studied.

TheTheThe

The

scalescalescale

scale

ofofof

of

thethethe

the

initialinitialinitial

initial

distribution,distribution,distribution,

distribution,

howhowhow

how

ever,ever,ever,

ever,

dododo

do

eseses

es

havhavhav

hav

eee

e

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

largelargelarge

large

effecteffecteffect

effect

ononon

on

bbb

b

othothoth

oth

thethethe

the

outcomeoutcomeoutcome

outcome

ofofof

of

thethethe

the

optimizationoptimizationoptimization

optimization

propropro

pro

cedurecedurecedure

cedure

andandand

and

ononon

on

thethethe

the

abilityabilityability

ability

    

 

    

 

    

 

    

 

ofofof

of

thethethe

the

netnetnet

net

www

w

orkorkork

ork

tototo

to

generalize.generalize.generalize.

generalize.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

LargerLargerLarger

Larger

initialinitialinitial

initial

weighweighweigh

weigh

tststs

ts

willwillwill

will

yieldyieldyield

yield

aaa

a

strongerstrongerstronger

stronger

symmetrysymmetrysymmetry

symmetry

breakingbreakingbreaking

breaking

effect,effect,effect,

effect,

helpinghelpinghelping

helping

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

avavav

av

oidoidoid

oid

redundanredundanredundan

redundan

ttt

t

units.units.units.

units.

TheyTheyThey

They

alsoalsoalso

also

helphelphelp

help

tototo

to

avavav

av

oidoidoid

oid

losinglosinglosing

losing

signalsignalsignal

signal

duringduringduring

during

forwardforwardforward

forward

ororor

or

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bacbacbac

bac

k-propagationk-propagationk-propagation

k-propagation

throughthroughthrough

through

thethethe

the

linearlinearlinear

linear

compcompcomp

comp

onenonenonen

onen

ttt

t

ofofof

of

eacheacheach

each

lalala

la

yyy

y

er—largerer—largerer—larger

er—larger

vvv

v

aluesaluesalues

alues

ininin

in

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

matrixmatrixmatrix

matrix

resultresultresult

result

ininin

in

largerlargerlarger

larger

outputsoutputsoutputs

outputs

ofofof

of

matrixmatrixmatrix

matrix

multiplication.multiplication.multiplication.

multiplication.

InitialInitialInitial

Initial

www

w

eigheigheigh

eigh

tststs

ts

thatthatthat

that

areareare

are

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

ooo

o

largelargelarge

large

mamama

ma

yyy

y

,,,

,

howhowhow

how

ever,ever,ever,

ever,

resultresultresult

result

ininin

in

exploexploexplo

explo

dingdingding

ding

vvv

v

aluesaluesalues

alues

duringduringduring

during

forwardforwardforward

forward

propagationpropagationpropagation

propagation

ororor

or

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bacbacbac

bac

k-propagation. Ink-propagation. Ink-propagation. In

k-propagation. In

recurrentrecurrentrecurrent

recurrent

netwnetwnetw

netw

orks,orks,orks,

orks,

largelargelarge

large

weighweighweigh

weigh

tststs

ts

cancancan

can

alsoalsoalso

also

resultresultresult

result

ininin

in

chaoschaoschaos

chaos

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

(suc(suc(suc

(suc

hhh

h

extremeextremeextreme

extreme

sensitivitysensitivitysensitivity

sensitivity

tototo

to

smallsmallsmall

small

ppp

p

erturbationserturbationserturbations

erturbations

ofofof

of

thethethe

the

inputinputinput

input

thatthatthat

that

thethethe

the

bbb

b

ehaehaeha

eha

viorviorvior

vior

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

thethethe

the

deterministicdeterministicdeterministic

deterministic

forwforwforw

forw

ardardard

ard

propagationpropagationpropagation

propagation

propropro

pro

cedurecedurecedure

cedure

appappapp

app

earsearsears

ears

random). Trandom). Trandom). T

random). T

ooo

o

somesomesome

some

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

extenextenexten

exten

t,t,t,

t,

thethethe

the

exploexploexplo

explo

dingdingding

ding

gradientgradientgradient

gradient

problemproblemproblem

problem

cancancan

can

bbb

b

eee

e

mitigatedmitigatedmitigated

mitigated

bybyby

by

gradientgradientgradient

gradient

clippingclippingclipping

clipping

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

(thresholding(thresholding(thresholding

(thresholding

thethethe

the

vvv

v

aluesaluesalues

alues

ofofof

of

thethethe

the

gradientsgradientsgradients

gradients

bbb

b

eforeeforeefore

efore

ppp

p

erformingerformingerforming

erforming

aaa

a

gradiengradiengradien

gradien

ttt

t

descendescendescen

descen

ttt

t

step).step).step).

step).

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

LargeLargeLarge

Large

weighweighweigh

weigh

tststs

ts

maymaymay

may

alsoalsoalso

also

resultresultresult

result

ininin

in

extremeextremeextreme

extreme

vvv

v

aluesaluesalues

alues

thatthatthat

that

causecausecause

cause

thethethe

the

activactivactiv

activ

ationationation

ation

functionfunctionfunction

function

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

saturate,saturate,saturate,

saturate,

causingcausingcausing

causing

completecompletecomplete

complete

losslossloss

loss

ofofof

of

gradientgradientgradient

gradient

throughthroughthrough

through

saturatedsaturatedsaturated

saturated

units.units.units.

units.

TheseTheseThese

These

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

compcompcomp

comp

etingetingeting

eting

factorsfactorsfactors

factors

determinedeterminedetermine

determine

thethethe

the

idealidealideal

ideal

initialinitialinitial

initial

scalescalescale

scale

ofofof

of

thethethe

the

weighweighweigh

weigh

ts.ts.ts.

ts.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

ppp

p

ersperspersp

ersp

ectivectivectiv

ectiv

eseses

es

ofofof

of

regularizationregularizationregularization

regularization

andandand

and

optimizationoptimizationoptimization

optimization

cancancan

can

givegivegive

give

vvv

v

eryeryery

ery

differentdifferentdifferent

different

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

insighinsighinsigh

insigh

tststs

ts

ininin

in

tototo

to

howhowhow

how

wewewe

we

shouldshouldshould

should

initializeinitializeinitialize

initialize

aaa

a

netnetnet

net

work.work.work.

work.

TheTheThe

The

optimizationoptimizationoptimization

optimization

ppp

p

ersperspersp

ersp

ectiveectiveective

ective

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

suggestssuggestssuggests

suggests

thatthatthat

that

thethethe

the

www

w

eightseightseights

eights

shouldshouldshould

should

bbb

b

eee

e

largelargelarge

large

enoughenoughenough

enough

tototo

to

propagatepropagatepropagate

propagate

informationinformationinformation

information

success-success-success-

success-

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

fullyfullyfully

fully

,,,

,

butbutbut

but

somesomesome

some

regularizationregularizationregularization

regularization

concernsconcernsconcerns

concerns

encourageencourageencourage

encourage

makingmakingmaking

making

themthemthem

them

smaller.smaller.smaller.

smaller.

TheTheThe

The

useuseuse

use

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

ananan

an

optimizationoptimizationoptimization

optimization

algorithmalgorithmalgorithm

algorithm

suchsuchsuch

such

asasas

as

stostosto

sto

chasticchasticchastic

chastic

gradiengradiengradien

gradien

ttt

t

descentdescentdescent

descent

thatthatthat

that

makesmakesmakes

makes

smallsmallsmall

small

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

incremenincremenincremen

incremen

taltaltal

tal

changeschangeschanges

changes

tototo

to

thethethe

the

weighweighweigh

weigh

tststs

ts

andandand

and

tendstendstends

tends

tototo

to

halthalthalt

halt

ininin

in

areasareasareas

areas

thatthatthat

that

areareare

are

nearernearernearer

nearer

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

initialinitialinitial

initial

parametersparametersparameters

parameters

(whether(whether(whether

(whether

dueduedue

due

tototo

to

gettinggettinggetting

getting

stuckstuckstuck

stuck

ininin

in

aaa

a

regionregionregion

region

ofofof

of

lowlowlow

low

gradiengradiengradien

gradien

t,t,t,

t,

ororor

or

302302302

302



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

dueduedue

due

tototo

to

triggeringtriggeringtriggering

triggering

somesomesome

some

earlyearlyearly

early

stoppingstoppingstopping

stopping

criterioncriterioncriterion

criterion

basedbasedbased

based

ononon

on

ooo

o

vvv

v

ertting)ertting)ertting)

ertting)

expressesexpressesexpresses

expresses

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

priorpriorprior

prior

thatthatthat

that

thethethe

the

nalnalnal

nal

parametersparametersparameters

parameters

shouldshouldshould

should

bbb

b

eee

e

closecloseclose

close

tototo

to

thethethe

the

initialinitialinitial

initial

parameters.parameters.parameters.

parameters.

RecallRecallRecall

Recall

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

fromfromfrom

from

Sec.Sec.Sec.

Sec.

thatthatthat

that

gradiengradiengradien

gradien

ttt

t

descentdescentdescent

descent

withwithwith

with

earlyearlyearly

early

stoppingstoppingstopping

stopping

isisis

is

equivequivequiv

equiv

alentalentalent

alent

tototo

to

weighweighweigh

weigh

ttt

t

7.87.87.8

7.8

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

decadecadeca

deca

yyy

y

forforfor

for

somesomesome

some

momomo

mo

dels.dels.dels.

dels.

InInIn

In

thethethe

the

generalgeneralgeneral

general

case,case,case,

case,

gradiengradiengradien

gradien

ttt

t

descendescendescen

descen

ttt

t

withwithwith

with

earlyearlyearly

early

stoppingstoppingstopping

stopping

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

notnotnot

not

thethethe

the

samesamesame

same

asasas

as

weighweighweigh

weigh

ttt

t

decadecadeca

deca

yyy

y

,,,

,

butbutbut

but

dododo

do

eseses

es

provideprovideprovide

provide

aaa

a

lololo

lo

oseoseose

ose

analogyanalogyanalogy

analogy

forforfor

for

thinkingthinkingthinking

thinking

ababab

ab

outoutout

out

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

effecteffecteffect

effect

ofofof

of

initialization.initialization.initialization.

initialization.

WWW

W

eee

e

cancancan

can

thinkthinkthink

think

ofofof

of

initializinginitializinginitializing

initializing

thethethe

the

parametersparametersparameters

parameters

θθθ

θ

tototo

to

θθθ

θ

000

0

asasas

as

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

eingeingeing

eing

similarsimilarsimilar

similar

tototo

to

impimpimp

imp

osingosingosing

osing

aaa

a

GaussianGaussianGaussian

Gaussian

priorpriorprior

prior

ppp

p

(((

(

θθθ

θ

    

 

    

 

)))

)

withwithwith

with

meanmeanmean

mean

θθθ

θ

000

0

    

 

    

 

    

 

...

.

FFF

F

romromrom

rom

thisthisthis

this

ppp

p

ointointoint

oint

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

view,view,view,

view,

ititit

it

makesmakesmakes

makes

sensesensesense

sense

tototo

to

choosechoosechoose

choose

θθθ

θ

000

0

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

bbb

b

eee

e

nearnearnear

near

0.0.0.

0.

ThisThisThis

This

priorpriorprior

prior

sayssayssays

says

thatthatthat

that

ititit

it

isisis

is

moremoremore

more

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

likliklik

lik

elyelyely

ely

thatthatthat

that

unitsunitsunits

units

dododo

do

notnotnot

not

interactinteractinteract

interact

withwithwith

with

eacheacheach

each

otherotherother

other

thanthanthan

than

thatthatthat

that

theytheythey

they

dododo

do

interact.interact.interact.

interact.

UnitsUnitsUnits

Units

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

teractteractteract

teract

onlyonlyonly

only

ififif

if

thethethe

the

likelihoolikelihoolikelihoo

likelihoo

ddd

d

termtermterm

term

ofofof

of

thethethe

the

obobob

ob

jectivjectivjectiv

jectiv

eee

e

functionfunctionfunction

function

expressesexpressesexpresses

expresses

aaa

a

strongstrongstrong

strong

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

preferencepreferencepreference

preference

forforfor

for

themthemthem

them

tototo

to

interact.interact.interact.

interact.

OnOnOn

On

thethethe

the

otherotherother

other

hand,hand,hand,

hand,

ififif

if

www

w

eee

e

initializeinitializeinitialize

initialize

θθθ

θ

000

0

    

 

tototo

to

largelargelarge

large

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

vvv

v

alues,alues,alues,

alues,

thenthenthen

then

ourourour

our

priorpriorprior

prior

spspsp

sp

ecieseciesecies

ecies

whicwhicwhic

whic

hhh

h

unitsunitsunits

units

shouldshouldshould

should

interactinteractinteract

interact

withwithwith

with

eaceaceac

eac

hhh

h

other,other,other,

other,

andandand

and

    

 

    

 

    

 

hohoho

ho

www

w

theytheythey

they

shouldshouldshould

should

interact.interact.interact.

interact.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

SomeSomeSome

Some

heuristicsheuristicsheuristics

heuristics

areareare

are

avavav

av

ailableailableailable

ailable

forforfor

for

ccc

c

hohoho

ho

osingosingosing

osing

thethethe

the

initialinitialinitial

initial

scalescalescale

scale

ofofof

of

thethethe

the

www

w

eights.eights.eights.

eights.

OneOneOne

One

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

heuristicheuristicheuristic

heuristic

isisis

is

tototo

to

initializeinitializeinitialize

initialize

thethethe

the

www

w

eightseightseights

eights

ofofof

of

aaa

a

fullyfullyfully

fully

connectedconnectedconnected

connected

laylaylay

lay

ererer

er

withwithwith

with

mmm

m

    

 

inputsinputsinputs

inputs

andandand

and

nnn

n

    

 

    

 

    

 

    

 

    

 

outputsoutputsoutputs

outputs

bybyby

by

samplingsamplingsampling

sampling

eacheacheach

each

weighweighweigh

weigh

ttt

t

fromfromfrom

from

UUU

U

(((

(

−−−

−
111

1

√√√

√

mmm

m

,,,

,
111

1

√√√

√

mmm

m

    

 

    

 

    

 

    

 

)))

)

,,,

,

whilewhilewhile

while

GlorotGlorotGlorot

Glorot

andandand

and

BengioBengioBengio

Bengio

    

 

    

 

    

 

    

 

    

 

(((

(

)))

)

suggestsuggestsuggest

suggest

usingusingusing

using

thethethe

the

201020102010

2010

normalizenormalizenormalize

normalize

ddd

d

initializationinitializationinitialization

initialization

WWW

W

i,ji,ji,j

i,j

    

 

∼∼∼

∼

−−−

−

UUU

U

(((

(
666

6

√√√

√

    

 

    

 

mmm

m

nnn

n

+++

+
,,,

,
666

6

√√√

√

    

 

    

 

mmm

m

nnn

n

+++

+
    

 

)))

)

...

.

(8.23)(8.23)(8.23)

(8.23)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThisThisThis

This

latterlatterlatter

latter

heuristicheuristicheuristic

heuristic

isisis

is

designeddesigneddesigned

designed

tototo

to

compromisecompromisecompromise

compromise

bbb

b

etetet

et

www

w

eeneeneen

een

thethethe

the

goalgoalgoal

goal

ofofof

of

initializinginitializinginitializing

initializing

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

allallall

all

laylaylay

lay

ersersers

ers

tototo

to

hahaha

ha

veveve

ve

thethethe

the

samesamesame

same

activactivactiv

activ

ationationation

ation

vvv

v

ariancearianceariance

ariance

andandand

and

thethethe

the

goalgoalgoal

goal

ofofof

of

initializinginitializinginitializing

initializing

allallall

all

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

lalala

la

yyy

y

ersersers

ers

tototo

to

hahaha

ha

veveve

ve

thethethe

the

samesamesame

same

gradiengradiengradien

gradien

ttt

t

vvv

v

ariance.ariance.ariance.

ariance.

TheTheThe

The

formformform

form

ulaulaula

ula

isisis

is

derivderivderiv

deriv

ededed

ed

usingusingusing

using

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

assumptionassumptionassumption

assumption

thatthatthat

that

thethethe

the

netwnetwnetw

netw

orkorkork

ork

consistsconsistsconsists

consists

onlyonlyonly

only

ofofof

of

aaa

a

chainchainchain

chain

ofofof

of

matrixmatrixmatrix

matrix

multiplications,multiplications,multiplications,

multiplications,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withwithwith

with

nonono

no

nonlinearities.nonlinearities.nonlinearities.

nonlinearities.

RealRealReal

Real

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

obobob

ob

viouslyviouslyviously

viously

violateviolateviolate

violate

thisthisthis

this

assumption,assumption,assumption,

assumption,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

butbutbut

but

manymanymany

many

strategiesstrategiesstrategies

strategies

designeddesigneddesigned

designed

forforfor

for

thethethe

the

linearlinearlinear

linear

momomo

mo

deldeldel

del

ppp

p

erformerformerform

erform

reasonablyreasonablyreasonably

reasonably

wellwellwell

well

ononon

on

itsitsits

its

    

 

nonlinearnonlinearnonlinear

nonlinear

counterparts.counterparts.counterparts.

counterparts.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

SaxeSaxeSaxe

Saxe

201320132013

2013

etetet

et

al.al.al.

al.

(((

(

)))

)

recommendrecommendrecommend

recommend

initializinginitializinginitializing

initializing

tototo

to

randomrandomrandom

random

orthogonalorthogonalorthogonal

orthogonal

matrices,matrices,matrices,

matrices,

withwithwith

with

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

carefullycarefullycarefully

carefully

ccc

c

hosenhosenhosen

hosen

scalingscalingscaling

scaling

ororor

or

factorfactorfactor

factor

gaingaingain

gain

ggg

g

    

 

    

 

    

 

    

 

    

 

thatthatthat

that

accounaccounaccoun

accoun

tststs

ts

forforfor

for

thethethe

the

nonlinearitnonlinearitnonlinearit

nonlinearit

yyy

y

appliedappliedapplied

applied

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

atatat

at

eacheacheach

each

laylaylay

lay

er.er.er.

er.

TheyTheyThey

They

derivederivederive

derive

specicspecicspecic

specic

vvv

v

aluesaluesalues

alues

ofofof

of

thethethe

the

scalingscalingscaling

scaling

factorfactorfactor

factor

forforfor

for

differentdifferentdifferent

different

ttt

t

ypypyp

yp

eseses

es

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

nonlinearnonlinearnonlinear

nonlinear

activactivactiv

activ

ationationation

ation

functions.functions.functions.

functions.

ThisThisThis

This

initializationinitializationinitialization

initialization

schemeschemescheme

scheme

isisis

is

alsoalsoalso

also

motivmotivmotiv

motiv

atedatedated

ated

bybyby

by

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

momomo

mo

deldeldel

del

ofofof

of

aaa

a

deepdeepdeep

deep

netnetnet

net

workworkwork

work

asasas

as

aaa

a

sequencesequencesequence

sequence

ofofof

of

matrixmatrixmatrix

matrix

multipliesmultipliesmultiplies

multiplies

withoutwithoutwithout

without

nonlinearities.nonlinearities.nonlinearities.

nonlinearities.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

UnderUnderUnder

Under

sucsucsuc

suc

hhh

h

aaa

a

momomo

mo

del,del,del,

del,

thisthisthis

this

initializationinitializationinitialization

initialization

scscsc

sc

hemehemeheme

heme

guaranguaranguaran

guaran

teesteestees

tees

thatthatthat

that

thethethe

the

totaltotaltotal

total

numnumnum

num

bbb

b

ererer

er

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

trainingtrainingtraining

training

iterationsiterationsiterations

iterations

requiredrequiredrequired

required

tototo

to

reacreacreac

reac

hhh

h

convconvconv

conv

ergenceergenceergence

ergence

isisis

is

indepindepindep

indep

endentendentendent

endent

ofofof

of

depth.depth.depth.

depth.

    

 

    

 

    

 

IncreasingIncreasingIncreasing

Increasing

thethethe

the

scalingscalingscaling

scaling

factorfactorfactor

factor

ggg

g

    

 

    

 

    

 

    

 

    

 

    

 

pushespushespushes

pushes

thethethe

the

netwnetwnetw

netw

orkorkork

ork

towtowtow

tow

ardardard

ard

thethethe

the

regimeregimeregime

regime

wherewherewhere

where

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

activactivactiv

activ

ationsationsations

ations

increaseincreaseincrease

increase

ininin

in

normnormnorm

norm

asasas

as

theytheythey

they

propagatepropagatepropagate

propagate

forwardforwardforward

forward

throughthroughthrough

through

thethethe

the

netnetnet

net

www

w

orkorkork

ork

andandand

and

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

tststs

ts

increaseincreaseincrease

increase

ininin

in

normnormnorm

norm

asasas

as

theytheythey

they

propagatepropagatepropagate

propagate

backwbackwbackw

backw

ard.ard.ard.

ard.

(((

(

)))

)

showshowshow

show

ededed

ed

SussilloSussilloSussillo

Sussillo

201420142014

2014

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thatthatthat

that

settingsettingsetting

setting

thethethe

the

gaingaingain

gain

factorfactorfactor

factor

correctlycorrectlycorrectly

correctly

isisis

is

sufficientsufficientsufficient

sufficient

tototo

to

traintraintrain

train

netwnetwnetw

netw

orksorksorks

orks

asasas

as

deepdeepdeep

deep

asasas

as

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

1,0001,0001,000

1,000

lalala

la

yyy

y

ers,ers,ers,

ers,

withoutwithoutwithout

without

needingneedingneeding

needing

tototo

to

useuseuse

use

orthogonalorthogonalorthogonal

orthogonal

initializations. Ainitializations. Ainitializations. A

initializations. A

keykeykey

key

insightinsightinsight

insight

ofofof

of

303303303

303



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thisthisthis

this

approachapproachapproach

approach

isisis

is

thatthatthat

that

ininin

in

feedforwfeedforwfeedforw

feedforw

ardardard

ard

netwnetwnetw

netw

orks,orks,orks,

orks,

activactivactiv

activ

ationsationsations

ations

andandand

and

gradientsgradientsgradients

gradients

cancancan

can

growgrowgrow

grow

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ororor

or

shrinkshrinkshrink

shrink

ononon

on

eaceaceac

eac

hhh

h

stepstepstep

step

ofofof

of

forwforwforw

forw

ardardard

ard

ororor

or

back-propagation,back-propagation,back-propagation,

back-propagation,

follofollofollo

follo

wingwingwing

wing

aaa

a

randomrandomrandom

random

www

w

alkalkalk

alk

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

ehaehaeha

eha

vior.vior.vior.

vior.

ThisThisThis

This

isisis

is

bbb

b

ecauseecauseecause

ecause

feedforwfeedforwfeedforw

feedforw

ardardard

ard

netwnetwnetw

netw

orksorksorks

orks

useuseuse

use

aaa

a

differentdifferentdifferent

different

www

w

eigheigheigh

eigh

ttt

t

matrixmatrixmatrix

matrix

atatat

at

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

eaceaceac

eac

hhh

h

laylaylay

lay

er.er.er.

er.

IfIfIf

If

thisthisthis

this

randomrandomrandom

random

www

w

alkalkalk

alk

isisis

is

tunedtunedtuned

tuned

tototo

to

preservepreservepreserve

preserve

norms,norms,norms,

norms,

thenthenthen

then

feedforwardfeedforwardfeedforward

feedforward

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

www

w

orksorksorks

orks

cancancan

can

mostlymostlymostly

mostly

avavav

av

oidoidoid

oid

thethethe

the

vvv

v

anishinganishinganishing

anishing

andandand

and

exploexploexplo

explo

dingdingding

ding

gradiengradiengradien

gradien

tststs

ts

problemproblemproblem

problem

thatthatthat

that

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

arisesarisesarises

arises

whenwhenwhen

when

thethethe

the

samesamesame

same

www

w

eigheigheigh

eigh

ttt

t

matrixmatrixmatrix

matrix

isisis

is

usedusedused

used

atatat

at

eaceaceac

eac

hhh

h

step,step,step,

step,

describdescribdescrib

describ

ededed

ed

ininin

in

Sec.Sec.Sec.

Sec.

...

.

8.2.58.2.58.2.5

8.2.5

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

UnfortunatelyUnfortunatelyUnfortunately

Unfortunately

,,,

,

thesethesethese

these

optimaloptimaloptimal

optimal

criteriacriteriacriteria

criteria

forforfor

for

initialinitialinitial

initial

weighweighweigh

weigh

tststs

ts

oftenoftenoften

often

dododo

do

notnotnot

not

leadleadlead

lead

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

optimaloptimaloptimal

optimal

ppp

p

erformance.erformance.erformance.

erformance.

ThisThisThis

This

maymaymay

may

bbb

b

eee

e

forforfor

for

threethreethree

three

differentdifferentdifferent

different

reasons.reasons.reasons.

reasons.

First,First,First,

First,

wewewe

we

maymaymay

may

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

eee

e

usingusingusing

using

thethethe

the

wrongwrongwrong

wrong

criteria—itcriteria—itcriteria—it

criteria—it

maymaymay

may

notnotnot

not

actuallyactuallyactually

actually

bbb

b

eee

e

bbb

b

enecialenecialenecial

enecial

tototo

to

preservpreservpreserv

preserv

eee

e

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

normnormnorm

norm

ofofof

of

aaa

a

signalsignalsignal

signal

throughoutthroughoutthroughout

throughout

thethethe

the

entireentireentire

entire

netnetnet

net

www

w

ork.ork.ork.

ork.

Second,Second,Second,

Second,

thethethe

the

proppropprop

prop

ertiesertieserties

erties

impimpimp

imp

osedosedosed

osed

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

atatat

at

initializationinitializationinitialization

initialization

maymaymay

may

notnotnot

not

ppp

p

ersistersistersist

ersist

afterafterafter

after

learninglearninglearning

learning

hashashas

has

bbb

b

egunegunegun

egun

tototo

to

propropro

pro

ceed.ceed.ceed.

ceed.

Third,Third,Third,

Third,

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

criteriacriteriacriteria

criteria

mightmightmight

might

succeedsucceedsucceed

succeed

atatat

at

improvingimprovingimproving

improving

thethethe

the

spspsp

sp

eedeedeed

eed

ofofof

of

optimizationoptimizationoptimization

optimization

butbutbut

but

inadverteninadverteninadverten

inadverten

tlytlytly

tly

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

increaseincreaseincrease

increase

generalizationgeneralizationgeneralization

generalization

error.error.error.

error.

InInIn

In

practice,practice,practice,

practice,

www

w

eee

e

usuallyusuallyusually

usually

needneedneed

need

tototo

to

treattreattreat

treat

thethethe

the

scalescalescale

scale

ofofof

of

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

eigheigheigh

eigh

tststs

ts

asasas

as

aaa

a

hyperparameterhyperparameterhyperparameter

hyperparameter

whosewhosewhose

whose

optimaloptimaloptimal

optimal

vvv

v

aluealuealue

alue

lieslieslies

lies

somewheresomewheresomewhere

somewhere

roughlyroughlyroughly

roughly

nearnearnear

near

butbutbut

but

    

 

    

 

    

 

    

 

    

 

    

 

notnotnot

not

exactlyexactlyexactly

exactly

equalequalequal

equal

tototo

to

thethethe

the

theoreticaltheoreticaltheoretical

theoretical

predictions.predictions.predictions.

predictions.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

OneOneOne

One

dradradra

dra

wbackwbackwback

wback

tototo

to

scalingscalingscaling

scaling

rulesrulesrules

rules

thatthatthat

that

setsetset

set

allallall

all

ofofof

of

thethethe

the

initialinitialinitial

initial

weighweighweigh

weigh

tststs

ts

tototo

to

hahaha

ha

veveve

ve

thethethe

the

samesamesame

same

    

 

    

 

    

 

standardstandardstandard

standard

deviation,deviation,deviation,

deviation,

suchsuchsuch

such

asasas

as
111

1

√√√

√

mmm

m

    

 

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

isisis

is

thatthatthat

that

everyeveryevery

every

individualindividualindividual

individual

weighweighweigh

weigh

ttt

t

bbb

b

ecomesecomesecomes

ecomes

extremelyextremelyextremely

extremely

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

smallsmallsmall

small

whenwhenwhen

when

thethethe

the

laylaylay

lay

ersersers

ers

bbb

b

ecomeecomeecome

ecome

large.large.large.

large.

(((

(

)))

)

introducedintroducedintroduced

introduced

ananan

an

alternativealternativealternative

alternative

MartensMartensMartens

Martens

201020102010

2010

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

initializationinitializationinitialization

initialization

schemeschemescheme

scheme

calledcalledcalled

called

spspsp

sp

arsearsearse

arse

initializationinitializationinitialization

initialization

ininin

in

whichwhichwhich

which

eaceaceac

eac

hhh

h

unitunitunit

unit

isisis

is

initializedinitializedinitialized

initialized

tototo

to

    

 

hahaha

ha

vvv

v

eee

e

exactlyexactlyexactly

exactly

kkk

k

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

non-zeronon-zeronon-zero

non-zero

weighweighweigh

weigh

ts.ts.ts.

ts.

TheTheThe

The

ideaideaidea

idea

isisis

is

tototo

to

keepkeepkeep

keep

thethethe

the

totaltotaltotal

total

amountamountamount

amount

ofofof

of

inputinputinput

input

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

unitunitunit

unit

indepindepindep

indep

endentendentendent

endent

fromfromfrom

from

thethethe

the

numnumnum

num

bbb

b

ererer

er

ofofof

of

inputsinputsinputs

inputs

mmm

m

    

 

    

 

    

 

withoutwithoutwithout

without

makingmakingmaking

making

thethethe

the

magnitudemagnitudemagnitude

magnitude

    

 

    

 

    

 

    

 

    

 

ofofof

of

individualindividualindividual

individual

weighweighweigh

weigh

ttt

t

elemenelemenelemen

elemen

tststs

ts

shrinkshrinkshrink

shrink

withwithwith

with

mmm

m

    

 

    

 

    

 

    

 

    

 

...

.

SparseSparseSparse

Sparse

initializationinitializationinitialization

initialization

helpshelpshelps

helps

tototo

to

achievachievachiev

achiev

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

moremoremore

more

diversitdiversitdiversit

diversit

yyy

y

amongamongamong

among

thethethe

the

unitsunitsunits

units

atatat

at

initializationinitializationinitialization

initialization

time. Howtime. Howtime. How

time. How

ever,ever,ever,

ever,

ititit

it

alsoalsoalso

also

impimpimp

imp

osesosesoses

oses

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

veryveryvery

very

strongstrongstrong

strong

priorpriorprior

prior

ononon

on

thethethe

the

weighweighweigh

weigh

tststs

ts

thatthatthat

that

areareare

are

chosenchosenchosen

chosen

tototo

to

hahaha

ha

veveve

ve

largelargelarge

large

GaussianGaussianGaussian

Gaussian

vvv

v

alues.alues.alues.

alues.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

BecauseBecauseBecause

Because

ititit

it

takestakestakes

takes

aaa

a

longlonglong

long

timetimetime

time

forforfor

for

gradientgradientgradient

gradient

descendescendescen

descen

ttt

t

tototo

to

shrinkshrinkshrink

shrink

“incorrect”“incorrect”“incorrect”

“incorrect”

largelargelarge

large

vvv

v

alues,alues,alues,

alues,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thisthisthis

this

initializationinitializationinitialization

initialization

scscsc

sc

hemehemeheme

heme

cancancan

can

causecausecause

cause

problemsproblemsproblems

problems

forforfor

for

unitsunitsunits

units

suchsuchsuch

such

asasas

as

maxoutmaxoutmaxout

maxout

unitsunitsunits

units

thatthatthat

that

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

hahaha

ha

vvv

v

eee

e

severalseveralseveral

several

lterslterslters

lters

thatthatthat

that

mmm

m

ustustust

ust

bbb

b

eee

e

carefullycarefullycarefully

carefully

cococo

co

ordinatedordinatedordinated

ordinated

withwithwith

with

eacheacheach

each

other.other.other.

other.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WhenWhenWhen

When

computationalcomputationalcomputational

computational

resourcesresourcesresources

resources

alloalloallo

allo

www

w

it,it,it,

it,

ititit

it

isisis

is

usuallyusuallyusually

usually

aaa

a

gogogo

go

ooo

o

ddd

d

ideaideaidea

idea

tototo

to

treattreattreat

treat

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

initialinitialinitial

initial

scalescalescale

scale

ofofof

of

thethethe

the

weighweighweigh

weigh

tststs

ts

forforfor

for

eaceaceac

eac

hhh

h

laylaylay

lay

ererer

er

asasas

as

aaa

a

hyperparameter,hyperparameter,hyperparameter,

hyperparameter,

andandand

and

tototo

to

ccc

c

hohoho

ho

oseoseose

ose

thesethesethese

these

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

scalesscalesscales

scales

usingusingusing

using

aaa

a

hyperparameterhyperparameterhyperparameter

hyperparameter

searchsearchsearch

search

algorithmalgorithmalgorithm

algorithm

describdescribdescrib

describ

ededed

ed

ininin

in

Sec.Sec.Sec.

Sec.

,,,

,

suchsuchsuch

such

11.4.211.4.211.4.2

11.4.2

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

asasas

as

randomrandomrandom

random

search.search.search.

search.

TheTheThe

The

choicechoicechoice

choice

ofofof

of

whetherwhetherwhether

whether

tototo

to

useuseuse

use

densedensedense

dense

ororor

or

sparsesparsesparse

sparse

initializationinitializationinitialization

initialization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

cancancan

can

alsoalsoalso

also

bbb

b

eee

e

mademademade

made

aaa

a

hhh

h

ypypyp

yp

erparameter.erparameter.erparameter.

erparameter.

AlternatelyAlternatelyAlternately

Alternately

,,,

,

oneoneone

one

cancancan

can

manmanman

man

uallyuallyually

ually

searchsearchsearch

search

forforfor

for

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

bbb

b

estestest

est

initialinitialinitial

initial

scales.scales.scales.

scales.

AAA

A

gogogo

go

ooo

o

ddd

d

rulerulerule

rule

ofofof

of

thumthumthum

thum

bbb

b

forforfor

for

choosingchoosingchoosing

choosing

thethethe

the

initialinitialinitial

initial

scalesscalesscales

scales

isisis

is

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

lololo

lo

okokok

ok

atatat

at

thethethe

the

rangerangerange

range

ororor

or

standardstandardstandard

standard

deviationdeviationdeviation

deviation

ofofof

of

activactivactiv

activ

ationsationsations

ations

ororor

or

gradientsgradientsgradients

gradients

ononon

on

aaa

a

singlesinglesingle

single

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

minibatcminibatcminibatc

minibatc

hhh

h

ofofof

of

data.data.data.

data.

IfIfIf

If

thethethe

the

www

w

eigheigheigh

eigh

tststs

ts

areareare

are

tototo

to

ooo

o

small,small,small,

small,

thethethe

the

rangerangerange

range

ofofof

of

activactivactiv

activ

ationsationsations

ations

acrossacrossacross

across

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

minibatcminibatcminibatc

minibatc

hhh

h

willwillwill

will

shrinkshrinkshrink

shrink

asasas

as

thethethe

the

activactivactiv

activ

ationsationsations

ations

propagatepropagatepropagate

propagate

forwardforwardforward

forward

throughthroughthrough

through

thethethe

the

netwnetwnetw

netw

ork.ork.ork.

ork.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ByByBy

By

repreprep

rep

eatedlyeatedlyeatedly

eatedly

identifyingidentifyingidentifying

identifying

thethethe

the

rstrstrst

rst

laylaylay

lay

ererer

er

withwithwith

with

unacceptablyunacceptablyunacceptably

unacceptably

smallsmallsmall

small

activactivactiv

activ

ationsationsations

ations

andandand

and

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

increasingincreasingincreasing

increasing

itsitsits

its

weighweighweigh

weigh

ts,ts,ts,

ts,

ititit

it

isisis

is

ppp

p

ossibleossibleossible

ossible

tototo

to

evevev

ev

entuallyentuallyentually

entually

obtainobtainobtain

obtain

aaa

a

netwnetwnetw

netw

orkorkork

ork

withwithwith

with

reasonablereasonablereasonable

reasonable

304304304

304



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

initialinitialinitial

initial

activactivactiv

activ

ationsationsations

ations

throughout.throughout.throughout.

throughout.

IfIfIf

If

learninglearninglearning

learning

isisis

is

stillstillstill

still

tototo

to

ooo

o

slowslowslow

slow

atatat

at

thisthisthis

this

ppp

p

oint,oint,oint,

oint,

ititit

it

cancancan

can

bbb

b

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

usefulusefuluseful

useful

tototo

to

lololo

lo

okokok

ok

atatat

at

thethethe

the

rangerangerange

range

ororor

or

standardstandardstandard

standard

deviationdeviationdeviation

deviation

ofofof

of

thethethe

the

gradientsgradientsgradients

gradients

asasas

as

wellwellwell

well

asasas

as

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

activactivactiv

activ

ations. Thisations. Thisations. This

ations. This

propropro

pro

cedurecedurecedure

cedure

cancancan

can

ininin

in

principleprincipleprinciple

principle

bebebe

be

automatedautomatedautomated

automated

andandand

and

isisis

is

generallygenerallygenerally

generally

lesslessless

less

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

computationallycomputationallycomputationally

computationally

costlycostlycostly

costly

thanthanthan

than

hyperparameterhyperparameterhyperparameter

hyperparameter

optimizationoptimizationoptimization

optimization

basedbasedbased

based

ononon

on

vvv

v

alidationalidationalidation

alidation

setsetset

set

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

errorerrorerror

error

bbb

b

ecauseecauseecause

ecause

ititit

it

isisis

is

basedbasedbased

based

ononon

on

feedbackfeedbackfeedback

feedback

fromfromfrom

from

thethethe

the

bbb

b

ehaehaeha

eha

viorviorvior

vior

ofofof

of

thethethe

the

initialinitialinitial

initial

momomo

mo

deldeldel

del

ononon

on

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

singlesinglesingle

single

batchbatchbatch

batch

ofofof

of

data,data,data,

data,

ratherratherrather

rather

thanthanthan

than

ononon

on

feedbackfeedbackfeedback

feedback

fromfromfrom

from

aaa

a

trainedtrainedtrained

trained

momomo

mo

deldeldel

del

ononon

on

thethethe

the

vvv

v

alidationalidationalidation

alidation

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

set.set.set.

set.

WhileWhileWhile

While

longlonglong

long

usedusedused

used

heuristicallyheuristicallyheuristically

heuristically

,,,

,

thisthisthis

this

protoprotoproto

proto

colcolcol

col

hashashas

has

recentlyrecentlyrecently

recently

bbb

b

eeneeneen

een

spspsp

sp

eciedeciedecied

ecied

moremoremore

more

    

 

    

 

    

 

    

 

    

 

    

 

    

 

formallyformallyformally

formally

andandand

and

studiedstudiedstudied

studied

bybyby

by

(((

(

).).).

).

MishkinMishkinMishkin

Mishkin

andandand

and

MatasMatasMatas

Matas

201520152015

2015

    

 

    

 

So far wSo far wSo far w

So far w

e hae hae ha

e ha

ve focused on theve focused on theve focused on the

ve focused on the

initialization of the winitialization of the winitialization of the w

initialization of the w

eights.eights.eights.

eights.

FFF

F

ortunatelyortunatelyortunately

ortunately

,,,

,

    

 

    

 

    

 

    

 

    

 

    

 

initializationinitializationinitialization

initialization

ofofof

of

otherotherother

other

parametersparametersparameters

parameters

isisis

is

typicallytypicallytypically

typically

easier.easier.easier.

easier.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

approacapproacapproac

approac

hhh

h

forforfor

for

settingsettingsetting

setting

thethethe

the

biasesbiasesbiases

biases

mustmustmust

must

bbb

b

eee

e

cococo

co

ordinatedordinatedordinated

ordinated

withwithwith

with

thethethe

the

approachapproachapproach

approach

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

forforfor

for

settingssettingssettings

settings

thethethe

the

weighweighweigh

weigh

ts.ts.ts.

ts.

SettingSettingSetting

Setting

thethethe

the

biasesbiasesbiases

biases

tototo

to

zerozerozero

zero

isisis

is

compatiblecompatiblecompatible

compatible

withwithwith

with

mostmostmost

most

www

w

eighteighteight

eight

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

initializationinitializationinitialization

initialization

schemes.schemes.schemes.

schemes.

ThereThereThere

There

areareare

are

aaa

a

fewfewfew

few

situationssituationssituations

situations

wherewherewhere

where

wewewe

we

mamama

ma

yyy

y

setsetset

set

somesomesome

some

biasesbiasesbiases

biases

tototo

to

    

 

non-zeronon-zeronon-zero

non-zero

vvv

v

alues:alues:alues:

alues:

•••

•

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

IfIfIf

If

aaa

a

biasbiasbias

bias

isisis

is

forforfor

for

ananan

an

outputoutputoutput

output

unit,unit,unit,

unit,

thenthenthen

then

ititit

it

isisis

is

oftenoftenoften

often

benecialbenecialbenecial

benecial

tototo

to

initializeinitializeinitialize

initialize

thethethe

the

biasbiasbias

bias

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

obtainobtainobtain

obtain

thethethe

the

righrighrigh

righ

ttt

t

marginalmarginalmarginal

marginal

statisticsstatisticsstatistics

statistics

ofofof

of

thethethe

the

output.output.output.

output.

TTT

T

ooo

o

dododo

do

this,this,this,

this,

www

w

eee

e

assumeassumeassume

assume

thatthatthat

that

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

initialinitialinitial

initial

www

w

eigheigheigh

eigh

tststs

ts

areareare

are

smallsmallsmall

small

enoughenoughenough

enough

thatthatthat

that

thethethe

the

outputoutputoutput

output

ofofof

of

thethethe

the

unitunitunit

unit

isisis

is

determineddetermineddetermined

determined

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

onlyonlyonly

only

bbb

b

yyy

y

thethethe

the

bias.bias.bias.

bias.

ThisThisThis

This

justiesjustiesjusties

justies

settingsettingsetting

setting

thethethe

the

biasbiasbias

bias

tototo

to

thethethe

the

invinvinv

inv

erseerseerse

erse

ofofof

of

thethethe

the

activactivactiv

activ

ationationation

ation

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

functionfunctionfunction

function

appliedappliedapplied

applied

tototo

to

thethethe

the

marginalmarginalmarginal

marginal

statisticsstatisticsstatistics

statistics

ofofof

of

thethethe

the

outputoutputoutput

output

ininin

in

thethethe

the

trainingtrainingtraining

training

set.set.set.

set.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FFF

F

ororor

or

example,example,example,

example,

ififif

if

thethethe

the

outputoutputoutput

output

isisis

is

aaa

a

distributiondistributiondistribution

distribution

ovovov

ov

ererer

er

classesclassesclasses

classes

andandand

and

thisthisthis

this

distributiondistributiondistribution

distribution

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

aaa

a

highlyhighlyhighly

highly

sksksk

sk

ewewew

ew

ededed

ed

distributiondistributiondistribution

distribution

withwithwith

with

thethethe

the

marginalmarginalmarginal

marginal

probabilityprobabilityprobability

probability

ofofof

of

classclassclass

class

iii

i

givgivgiv

giv

enenen

en

    

 

bbb

b

yyy

y

elementelementelement

element

ccc

c

iii

i

    

 

    

 

ofofof

of

somesomesome

some

vectorvectorvector

vector

ccc

c

    

 

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

thenthenthen

then

wewewe

we

cancancan

can

setsetset

set

thethethe

the

biasbiasbias

bias

vectorvectorvector

vector

bbb

b

    

 

bbb

b

yyy

y

solvingsolvingsolving

solving

    

 

thethethe

the

equationequationequation

equation

softmaxsoftmaxsoftmax

softmax

(((

(

bbb

b

) =) =) =

) =

ccc

c

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

ThisThisThis

This

appliesappliesapplies

applies

notnotnot

not

onlyonlyonly

only

tototo

to

classiersclassiersclassiers

classiers

butbutbut

but

alsoalsoalso

also

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

momomo

mo

delsdelsdels

dels

wewewe

we

willwillwill

will

encounterencounterencounter

encounter

ininin

in

PartPartPart

Part

,,,

,

suchsuchsuch

such

asasas

as

autoautoauto

auto

encoencoenco

enco

dersdersders

ders

andandand

and

BoltzmannBoltzmannBoltzmann

Boltzmann

III

I

III

I

III

I

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

macmacmac

mac

hines.hines.hines.

hines.

TheseTheseThese

These

momomo

mo

delsdelsdels

dels

havhavhav

hav

eee

e

laylaylay

lay

ersersers

ers

whosewhosewhose

whose

outputoutputoutput

output

shouldshouldshould

should

resembleresembleresemble

resemble

thethethe

the

inputinputinput

input

datadatadata

data

xxx

x

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

andandand

and

ititit

it

cancancan

can

bbb

b

eee

e

veryveryvery

very

helpfulhelpfulhelpful

helpful

tototo

to

initializeinitializeinitialize

initialize

thethethe

the

biasesbiasesbiases

biases

ofofof

of

suchsuchsuch

such

laylaylay

lay

ersersers

ers

tototo

to

    

 

    

 

    

 

    

 

    

 

matcmatcmatc

matc

hhh

h

thethethe

the

marginalmarginalmarginal

marginal

distributiondistributiondistribution

distribution

ooo

o

ververver

ver

...

.

xxx

x

•••

•

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

SometimesSometimesSometimes

Sometimes

www

w

e mae mae ma

e ma

yyy

y

www

w

antantant

ant

tototo

to

choose thechoose thechoose the

choose the

biasbiasbias

bias

tototo

to

aaa

a

vvv

v

oidoidoid

oid

causingcausingcausing

causing

too mtoo mtoo m

too m

uchuchuch

uch

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

saturationsaturationsaturation

saturation

atatat

at

initialization.initialization.initialization.

initialization.

FFF

F

ororor

or

example,example,example,

example,

www

w

eee

e

mamama

ma

yyy

y

setsetset

set

thethethe

the

biasbiasbias

bias

ofofof

of

aaa

a

ReLUReLUReLU

ReLU

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

hiddenhiddenhidden

hidden

unitunitunit

unit

tototo

to

0.10.10.1

0.1

ratherratherrather

rather

thanthanthan

than

000

0

tototo

to

avavav

av

oidoidoid

oid

saturatingsaturatingsaturating

saturating

thethethe

the

ReLUReLUReLU

ReLU

atatat

at

initialization.initialization.initialization.

initialization.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThisThisThis

This

approachapproachapproach

approach

isisis

is

notnotnot

not

compatiblecompatiblecompatible

compatible

withwithwith

with

weighweighweigh

weigh

ttt

t

initializationinitializationinitialization

initialization

schemesschemesschemes

schemes

thatthatthat

that

dododo

do

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

notnotnot

not

expexpexp

exp

ectectect

ect

strongstrongstrong

strong

inputinputinput

input

fromfromfrom

from

thethethe

the

biasesbiasesbiases

biases

though.though.though.

though.

FFF

F

ororor

or

example,example,example,

example,

ititit

it

isisis

is

notnotnot

not

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

recommendedrecommendedrecommended

recommended

forforfor

for

useuseuse

use

withwithwith

with

randomrandomrandom

random

walkwalkwalk

walk

initializationinitializationinitialization

initialization

(((

(

,,,

,

).).).

).

SussilloSussilloSussillo

Sussillo

201420142014

2014

•••

•

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

SometimesSometimesSometimes

Sometimes

aaa

a

unitunitunit

unit

controlscontrolscontrols

controls

whetherwhetherwhether

whether

otherotherother

other

unitsunitsunits

units

areareare

are

ableableable

able

tototo

to

participateparticipateparticipate

participate

ininin

in

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

function.function.function.

function.

InInIn

In

sucsucsuc

suc

hhh

h

situations,situations,situations,

situations,

wewewe

we

hahaha

ha

vvv

v

eee

e

aaa

a

unitunitunit

unit

withwithwith

with

outputoutputoutput

output

uuu

u

    

 

    

 

andandand

and

anotheranotheranother

another

unitunitunit

unit

    

 

hhh

h

∈∈∈

∈

[0[0[0

[0

,,,

,

    

 

    

 

    

 

    

 

1]1]1]

1]

,,,

,

thenthenthen

then

wewewe

we

cancancan

can

viewviewview

view

hhh

h

    

 

    

 

    

 

    

 

    

 

asasas

as

aaa

a

gategategate

gate

thatthatthat

that

determinesdeterminesdetermines

determines

whetherwhetherwhether

whether

    

 

uhuhuh

uh

≈≈≈

≈

    

 

111

1

ororor

or

    

 

uhuhuh

uh

≈≈≈

≈

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

000

0

...

.

InInIn

In

thesethesethese

these

situations,situations,situations,

situations,

wewewe

we

www

w

antantant

ant

tototo

to

setsetset

set

thethethe

the

biasbiasbias

bias

forforfor

for

hhh

h

    

 

sososo

so

thatthatthat

that

    

 

hhh

h

≈≈≈

≈

    

 

111

1

mostmostmost

most

305305305

305



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

ofofof

of

thethethe

the

timetimetime

time

atatat

at

initialization. Otherwiseinitialization. Otherwiseinitialization. Otherwise

initialization. Otherwise

uuu

u

    

 

    

 

    

 

    

 

    

 

    

 

dododo

do

eseses

es

notnotnot

not

hahaha

ha

vvv

v

eee

e

aaa

a

ccc

c

hancehancehance

hance

tototo

to

learn.learn.learn.

learn.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FFF

F

ororor

or

example,example,example,

example,

(((

(

)))

)

advocateadvocateadvocate

advocate

settingsettingsetting

setting

thethethe

the

biasbiasbias

bias

tototo

to

forforfor

for

thethethe

the

JozefowiczJozefowiczJozefowicz

Jozefowicz

etetet

et

al.al.al.

al.

201520152015

2015

111

1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

forgetforgetforget

forget

gategategate

gate

ofofof

of

thethethe

the

LSTMLSTMLSTM

LSTM

momomo

mo

del,del,del,

del,

describdescribdescrib

describ

ededed

ed

ininin

in

Sec.Sec.Sec.

Sec.

...

.

10.1010.1010.10

10.10

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AnotherAnotherAnother

Another

commoncommoncommon

common

ttt

t

ypypyp

yp

eee

e

ofofof

of

parameterparameterparameter

parameter

isisis

is

aaa

a

vvv

v

ariancearianceariance

ariance

ororor

or

precisionprecisionprecision

precision

parameter.parameter.parameter.

parameter.

FFF

F

ororor

or

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

example,example,example,

example,

wewewe

we

cancancan

can

ppp

p

erformerformerform

erform

linearlinearlinear

linear

regressionregressionregression

regression

withwithwith

with

aaa

a

conditionalconditionalconditional

conditional

vvv

v

ariancearianceariance

ariance

estimateestimateestimate

estimate

    

 

    

 

usingusingusing

using

thethethe

the

momomo

mo

deldeldel

del

    

 

    

 

    

 

    

 

ppp

p

yyy

y

yyy

y

(((

(

|||

|

NNN

N

xxx

x

) = ) = ) = 

) = 

(((

(

|||

|

www

w
TTT

T

    

 

    

 

    

 

    

 

xxx

x

+++

+

111

1

)))

)

b,b,b,

b,

/β/β/β

/β

(8.24)(8.24)(8.24)

(8.24)

wherewherewhere

where

βββ

β

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

aaa

a

precisionprecisionprecision

precision

parameter.parameter.parameter.

parameter.

WWW

W

eee

e

cancancan

can

usuallyusuallyusually

usually

initializeinitializeinitialize

initialize

vvv

v

ariancearianceariance

ariance

ororor

or

precisionprecisionprecision

precision

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

parametersparametersparameters

parameters

tototo

to

111

1

safelysafelysafely

safely

...

.

AnotherAnotherAnother

Another

approacapproacapproac

approac

hhh

h

isisis

is

tototo

to

assumeassumeassume

assume

thethethe

the

initialinitialinitial

initial

www

w

eigheigheigh

eigh

tststs

ts

areareare

are

closecloseclose

close

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

enoughenoughenough

enough

tototo

to

zerozerozero

zero

thatthatthat

that

thethethe

the

biasesbiasesbiases

biases

mamama

ma

yyy

y

bbb

b

eee

e

setsetset

set

whilewhilewhile

while

ignoringignoringignoring

ignoring

thethethe

the

effecteffecteffect

effect

ofofof

of

thethethe

the

weighweighweigh

weigh

ts,ts,ts,

ts,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thenthenthen

then

setsetset

set

thethethe

the

biasesbiasesbiases

biases

tototo

to

propropro

pro

duceduceduce

duce

thethethe

the

correctcorrectcorrect

correct

marginalmarginalmarginal

marginal

meanmeanmean

mean

ofofof

of

thethethe

the

output,output,output,

output,

andandand

and

setsetset

set

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

vvv

v

ariancearianceariance

ariance

parametersparametersparameters

parameters

tototo

to

thethethe

the

marginalmarginalmarginal

marginal

vvv

v

ariancearianceariance

ariance

ofofof

of

thethethe

the

outputoutputoutput

output

ininin

in

thethethe

the

trainingtrainingtraining

training

set.set.set.

set.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

BesidesBesidesBesides

Besides

thesethesethese

these

simplesimplesimple

simple

constantconstantconstant

constant

ororor

or

randomrandomrandom

random

methomethometho

metho

dsdsds

ds

ofofof

of

initializinginitializinginitializing

initializing

momomo

mo

deldeldel

del

parame-parame-parame-

parame-

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ters,ters,ters,

ters,

ititit

it

isisis

is

ppp

p

ossibleossibleossible

ossible

tototo

to

initializeinitializeinitialize

initialize

momomo

mo

deldeldel

del

parametersparametersparameters

parameters

usingusingusing

using

machmachmach

mach

ineineine

ine

learning.learning.learning.

learning.

AAA

A

commoncommoncommon

common

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

strategystrategystrategy

strategy

discusseddiscusseddiscussed

discussed

ininin

in

PartPartPart

Part

ofofof

of

thisthisthis

this

bbb

b

ooo

o

okokok

ok

isisis

is

tototo

to

initializeinitializeinitialize

initialize

aaa

a

supsupsup

sup

ervisedervisedervised

ervised

momomo

mo

deldeldel

del

withwithwith

with

III

I

III

I

III

I

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

parametersparametersparameters

parameters

learnedlearnedlearned

learned

bybyby

by

ananan

an

unsupunsupunsup

unsup

ervisedervisedervised

ervised

momomo

mo

deldeldel

del

trainedtrainedtrained

trained

ononon

on

thethethe

the

samesamesame

same

inputs.inputs.inputs.

inputs.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

OneOneOne

One

cancancan

can

alsoalsoalso

also

ppp

p

erformerformerform

erform

supsupsup

sup

ervisedervisedervised

ervised

trainingtrainingtraining

training

ononon

on

aaa

a

relatedrelatedrelated

related

task.task.task.

task.

EvenEvenEven

Even

ppp

p

erformingerformingerforming

erforming

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

supsupsup

sup

ervisedervisedervised

ervised

trainingtrainingtraining

training

ononon

on

ananan

an

unrelatedunrelatedunrelated

unrelated

tasktasktask

task

cancancan

can

sometimessometimessometimes

sometimes

yieldyieldyield

yield

ananan

an

initializationinitializationinitialization

initialization

thatthatthat

that

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

offersoffersoffers

offers

fasterfasterfaster

faster

convconvconv

conv

ergenceergenceergence

ergence

thanthanthan

than

aaa

a

randomrandomrandom

random

initialization.initialization.initialization.

initialization.

SomeSomeSome

Some

ofofof

of

thesethesethese

these

initializationinitializationinitialization

initialization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

strategiesstrategiesstrategies

strategies

maymaymay

may

yieldyieldyield

yield

fasterfasterfaster

faster

convconvconv

conv

ergenceergenceergence

ergence

andandand

and

bbb

b

etteretteretter

etter

generalizationgeneralizationgeneralization

generalization

bbb

b

ecauseecauseecause

ecause

theytheythey

they

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

encoencoenco

enco

dedede

de

informationinformationinformation

information

ababab

ab

outoutout

out

thethethe

the

distributiondistributiondistribution

distribution

ininin

in

thethethe

the

initialinitialinitial

initial

parametersparametersparameters

parameters

ofofof

of

thethethe

the

momomo

mo

del.del.del.

del.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

OthersOthersOthers

Others

apparentlyapparentlyapparently

apparently

ppp

p

erformerformerform

erform

wellwellwell

well

primarilyprimarilyprimarily

primarily

bbb

b

ecauseecauseecause

ecause

theytheythey

they

setsetset

set

thethethe

the

parametersparametersparameters

parameters

tototo

to

havhavhav

hav

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

righrighrigh

righ

ttt

t

scalescalescale

scale

ororor

or

setsetset

set

differendifferendifferen

differen

ttt

t

unitsunitsunits

units

tototo

to

computecomputecompute

compute

differentdifferentdifferent

different

functionsfunctionsfunctions

functions

fromfromfrom

from

eaceaceac

eac

hhh

h

other.other.other.

other.

    

 

    

 

    

 

    

 

    

 

8.58.58.5

8.5

AlgorithmsAlgorithmsAlgorithms

Algorithms

withwithwith

with

AAA

A

daptivdaptivdaptiv

daptiv

eee

e

LearningLearningLearning

Learning

RatesRatesRates

Rates

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

NeuralNeuralNeural

Neural

netnetnet

net

workworkwork

work

researcresearcresearc

researc

hershershers

hers

havhavhav

hav

eee

e

longlonglong

long

realizedrealizedrealized

realized

thatthatthat

that

thethethe

the

learninglearninglearning

learning

rateraterate

rate

www

w

asasas

as

reliablyreliablyreliably

reliably

oneoneone

one

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

thethethe

the

hyperparametershyperparametershyperparameters

hyperparameters

thatthatthat

that

isisis

is

thethethe

the

mostmostmost

most

difficultdifficultdifficult

difficult

tototo

to

setsetset

set

bbb

b

ecauseecauseecause

ecause

ititit

it

hashashas

has

aaa

a

signicantsignicantsignicant

signicant

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

impactimpactimpact

impact

ononon

on

momomo

mo

deldeldel

del

ppp

p

erformance.erformance.erformance.

erformance.

AsAsAs

As

wewewe

we

hahaha

ha

vvv

v

eee

e

discusseddiscusseddiscussed

discussed

ininin

in

Sec.Sec.Sec.

Sec.

andandand

and

Sec.Sec.Sec.

Sec.

,,,

,

thethethe

the

4.34.34.3

4.3

8.28.28.2

8.2

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

costcostcost

cost

isisis

is

oftenoftenoften

often

highlyhighlyhighly

highly

sensitivsensitivsensitiv

sensitiv

eee

e

tototo

to

somesomesome

some

directionsdirectionsdirections

directions

ininin

in

parameterparameterparameter

parameter

spacespacespace

space

andandand

and

insensitivinsensitivinsensitiv

insensitiv

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

others.others.others.

others.

TheTheThe

The

momentummomentummomentum

momentum

algorithmalgorithmalgorithm

algorithm

cancancan

can

mitigatemitigatemitigate

mitigate

thesethesethese

these

issuesissuesissues

issues

somewhat,somewhat,somewhat,

somewhat,

butbutbut

but

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

dododo

do

eseses

es

sososo

so

atatat

at

thethethe

the

expexpexp

exp

enseenseense

ense

ofofof

of

ininin

in

trotrotro

tro

ducingducingducing

ducing

anotheranotheranother

another

hyperparameter.hyperparameter.hyperparameter.

hyperparameter.

InInIn

In

thethethe

the

facefaceface

face

ofofof

of

this,this,this,

this,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ititit

it

isisis

is

naturalnaturalnatural

natural

tototo

to

askaskask

ask

ififif

if

theretherethere

there

isisis

is

anotheranotheranother

another

wawawa

wa

yyy

y

...

.

IfIfIf

If

www

w

eee

e

bbb

b

elievelieveliev

eliev

eee

e

thatthatthat

that

thethethe

the

directionsdirectionsdirections

directions

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

sensitivitsensitivitsensitivit

sensitivit

yyy

y

areareare

are

somewhatsomewhatsomewhat

somewhat

axis-aligned,axis-aligned,axis-aligned,

axis-aligned,

ititit

it

cancancan

can

makemakemake

make

sensesensesense

sense

tototo

to

useuseuse

use

aaa

a

separateseparateseparate

separate

learninglearninglearning

learning

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

rateraterate

rate

forforfor

for

eaceaceac

eac

hhh

h

parameter,parameter,parameter,

parameter,

andandand

and

automaticallyautomaticallyautomatically

automatically

adaptadaptadapt

adapt

thesethesethese

these

learninglearninglearning

learning

ratesratesrates

rates

throughoutthroughoutthroughout

throughout

    

 

    

 

    

 

thethethe

the

coursecoursecourse

course

ofofof

of

learning.learning.learning.

learning.

306306306

306



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

delta-bar-deltadelta-bar-deltadelta-bar-delta

delta-bar-delta

algorithmalgorithmalgorithm

algorithm

(((

(

,,,

,

)))

)

isisis

is

ananan

an

earlyearlyearly

early

heuristicheuristicheuristic

heuristic

approacapproacapproac

approac

hhh

h

JacobsJacobsJacobs

Jacobs

198819881988

1988

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

adaptingadaptingadapting

adapting

individualindividualindividual

individual

learninglearninglearning

learning

ratesratesrates

rates

forforfor

for

momomo

mo

deldeldel

del

parametersparametersparameters

parameters

duringduringduring

during

training.training.training.

training.

TheTheThe

The

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

approacapproacapproac

approac

hhh

h

isisis

is

basedbasedbased

based

ononon

on

aaa

a

simplesimplesimple

simple

idea:idea:idea:

idea:

ififif

if

thethethe

the

partialpartialpartial

partial

derivderivderiv

deriv

ativativativ

ativ

eee

e

ofofof

of

thethethe

the

loss,loss,loss,

loss,

withwithwith

with

resprespresp

resp

ectectect

ect

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

aaa

a

givengivengiven

given

momomo

mo

deldeldel

del

parameter,parameter,parameter,

parameter,

remainsremainsremains

remains

thethethe

the

samesamesame

same

sign,sign,sign,

sign,

thenthenthen

then

thethethe

the

learninglearninglearning

learning

rateraterate

rate

shouldshouldshould

should

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

increase.increase.increase.

increase.

IfIfIf

If

thethethe

the

partialpartialpartial

partial

derivderivderiv

deriv

ativeativeative

ative

withwithwith

with

resprespresp

resp

ectectect

ect

tototo

to

thatthatthat

that

parameterparameterparameter

parameter

changeschangeschanges

changes

sign,sign,sign,

sign,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thenthenthen

then

thethethe

the

learninglearninglearning

learning

rateraterate

rate

shouldshouldshould

should

decrease. Ofdecrease. Ofdecrease. Of

decrease. Of

course,course,course,

course,

thisthisthis

this

kindkindkind

kind

ofofof

of

rulerulerule

rule

cancancan

can

onlyonlyonly

only

bbb

b

eee

e

    

 

    

 

    

 

    

 

appliedappliedapplied

applied

tototo

to

fullfullfull

full

batchbatchbatch

batch

optimization.optimization.optimization.

optimization.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

MoreMoreMore

More

recentlyrecentlyrecently

recently

,,,

,

aaa

a

numnumnum

num

bbb

b

ererer

er

ofofof

of

incremenincremenincremen

incremen

taltaltal

tal

(or(or(or

(or

mini-batch-based)mini-batch-based)mini-batch-based)

mini-batch-based)

methodsmethodsmethods

methods

hahaha

ha

veveve

ve

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

eeneeneen

een

introducedintroducedintroduced

introduced

thatthatthat

that

adaptadaptadapt

adapt

thethethe

the

learninglearninglearning

learning

ratesratesrates

rates

ofofof

of

momomo

mo

deldeldel

del

parameters.parameters.parameters.

parameters.

ThisThisThis

This

sectionsectionsection

section

    

 

    

 

    

 

    

 

    

 

    

 

    

 

willwillwill

will

brieybrieybriey

briey

reviewreviewreview

review

aaa

a

fewfewfew

few

ofofof

of

thesethesethese

these

algorithms.algorithms.algorithms.

algorithms.

    

 

8.5.18.5.18.5.1

8.5.1

AAA

A

daGraddaGraddaGrad

daGrad

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

AdaGradAdaGradAdaGrad

AdaGrad

algorithm,algorithm,algorithm,

algorithm,

shoshosho

sho

wnwnwn

wn

ininin

in

AlgorithmAlgorithmAlgorithm

Algorithm

,,,

,

individuallyindividuallyindividually

individually

adaptsadaptsadapts

adapts

thethethe

the

learninglearninglearning

learning

8.48.48.4

8.4

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ratesratesrates

rates

ofofof

of

allallall

all

momomo

mo

deldeldel

del

parametersparametersparameters

parameters

bbb

b

yyy

y

scalingscalingscaling

scaling

themthemthem

them

invinvinv

inv

erselyerselyersely

ersely

proppropprop

prop

ortionalortionalortional

ortional

tototo

to

thethethe

the

squaresquaresquare

square

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

rororo

ro

ototot

ot

ofofof

of

thethethe

the

sumsumsum

sum

ofofof

of

allallall

all

ofofof

of

theirtheirtheir

their

historicalhistoricalhistorical

historical

squaredsquaredsquared

squared

vvv

v

aluesaluesalues

alues

(((

(

DucDucDuc

Duc

hihihi

hi

201120112011

2011

etetet

et

al.al.al.

al.

,,,

,

).).).

).

TheTheThe

The

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

parametersparametersparameters

parameters

withwithwith

with

thethethe

the

largestlargestlargest

largest

partialpartialpartial

partial

derivderivderiv

deriv

ativeativeative

ative

ofofof

of

thethethe

the

losslossloss

loss

havhavhav

hav

eee

e

aaa

a

correspcorrespcorresp

corresp

ondinglyondinglyondingly

ondingly

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

rapidrapidrapid

rapid

decreasedecreasedecrease

decrease

ininin

in

theirtheirtheir

their

learninglearninglearning

learning

rate,rate,rate,

rate,

whilewhilewhile

while

parametersparametersparameters

parameters

withwithwith

with

smallsmallsmall

small

partialpartialpartial

partial

derivderivderiv

deriv

ativesativesatives

atives

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

hahaha

ha

vvv

v

eee

e

aaa

a

relativrelativrelativ

relativ

elyelyely

ely

smallsmallsmall

small

decreasedecreasedecrease

decrease

ininin

in

theirtheirtheir

their

learninglearninglearning

learning

rate.rate.rate.

rate.

TheTheThe

The

netnetnet

net

effecteffecteffect

effect

isisis

is

greatergreatergreater

greater

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

progressprogressprogress

progress

ininin

in

thethethe

the

moremoremore

more

gengengen

gen

tlytlytly

tly

slopslopslop

slop

ededed

ed

directionsdirectionsdirections

directions

ofofof

of

parameterparameterparameter

parameter

space.space.space.

space.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

thethethe

the

contextcontextcontext

context

ofofof

of

conconcon

con

vexvexvex

vex

optimization,optimization,optimization,

optimization,

thethethe

the

AAA

A

daGraddaGraddaGrad

daGrad

algorithmalgorithmalgorithm

algorithm

enjoysenjoysenjoys

enjoys

somesomesome

some

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

desirabledesirabledesirable

desirable

theoreticaltheoreticaltheoretical

theoretical

proppropprop

prop

erties.erties.erties.

erties.

HoHoHo

Ho

wevwevwev

wev

er,er,er,

er,

empiricallyempiricallyempirically

empirically

ititit

it

hashashas

has

bbb

b

eeneeneen

een

foundfoundfound

found

that—forthat—forthat—for

that—for

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

trainingtrainingtraining

training

deepdeepdeep

deep

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

momomo

mo

dels—thedels—thedels—the

dels—the

accumaccumaccum

accum

ulationulationulation

ulation

ofofof

of

squaredsquaredsquared

squared

gradientsgradientsgradients

gradients

fromfromfrom

from

    

 

    

 

    

 

thethethe

the

bbb

b

eginningeginningeginning

eginning

ofofof

of

trainingtrainingtraining

training

    

 

    

 

    

 

    

 

    

 

    

 

    

 

cancancan

can

resultresultresult

result

ininin

in

aaa

a

prematureprematurepremature

premature

andandand

and

excessivexcessivexcessiv

excessiv

eee

e

decreasedecreasedecrease

decrease

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

thethethe

the

effectiveeffectiveeffective

effective

learninglearninglearning

learning

rate. Arate. Arate. A

rate. A

daGraddaGraddaGrad

daGrad

ppp

p

erformserformserforms

erforms

wellwellwell

well

forforfor

for

somesomesome

some

butbutbut

but

notnotnot

not

allallall

all

deepdeepdeep

deep

    

 

learninglearninglearning

learning

momomo

mo

dels.dels.dels.

dels.

    

 

8.5.28.5.28.5.2

8.5.2

RMSPropRMSPropRMSProp

RMSProp

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

RMSPropRMSPropRMSProp

RMSProp

algorithmalgorithmalgorithm

algorithm

(((

(

HinHinHin

Hin

tontonton

ton

201220122012

2012

,,,

,

)))

)

momomo

mo

diesdiesdies

dies

AdaGradAdaGradAdaGrad

AdaGrad

tototo

to

ppp

p

erformerformerform

erform

betterbetterbetter

better

ininin

in

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

non-connon-connon-con

non-con

vvv

v

exexex

ex

settingsettingsetting

setting

bybyby

by

ccc

c

hanginghanginghanging

hanging

thethethe

the

gradiengradiengradien

gradien

ttt

t

accumulationaccumulationaccumulation

accumulation

intointointo

into

ananan

an

expexpexp

exp

onentiallyonentiallyonentially

onentially

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

eigheigheigh

eigh

tedtedted

ted

movingmovingmoving

moving

aaa

a

vvv

v

erage.erage.erage.

erage.

AdaGradAdaGradAdaGrad

AdaGrad

isisis

is

designeddesigneddesigned

designed

tototo

to

convconvconv

conv

ergeergeerge

erge

rapidlyrapidlyrapidly

rapidly

whenwhenwhen

when

appliedappliedapplied

applied

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

aaa

a

convconvconv

conv

exexex

ex

function.function.function.

function.

WhenWhenWhen

When

appliedappliedapplied

applied

tototo

to

aaa

a

non-convnon-convnon-conv

non-conv

exexex

ex

functionfunctionfunction

function

tototo

to

traintraintrain

train

aaa

a

neuralneuralneural

neural

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

www

w

ork,ork,ork,

ork,

thethethe

the

learninglearninglearning

learning

tratratra

tra

jectoryjectoryjectory

jectory

maymaymay

may

passpasspass

pass

throughthroughthrough

through

manymanymany

many

differendifferendifferen

differen

ttt

t

structuresstructuresstructures

structures

andandand

and

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

evevev

ev

enenen

en

tuallytuallytually

tually

arrivearrivearrive

arrive

atatat

at

aaa

a

regionregionregion

region

thatthatthat

that

isisis

is

aaa

a

lololo

lo

callycallycally

cally

conconcon

con

vvv

v

exexex

ex

bbb

b

owl.owl.owl.

owl.

AdaGradAdaGradAdaGrad

AdaGrad

shrinksshrinksshrinks

shrinks

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

learninglearninglearning

learning

rateraterate

rate

accordingaccordingaccording

according

tototo

to

thethethe

the

entireentireentire

entire

historyhistoryhistory

history

ofofof

of

thethethe

the

squaredsquaredsquared

squared

gradientgradientgradient

gradient

andandand

and

mamama

ma

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

hahaha

ha

vvv

v

eee

e

mademademade

made

thethethe

the

learninglearninglearning

learning

rateraterate

rate

tototo

to

ooo

o

smallsmallsmall

small

bbb

b

eforeeforeefore

efore

arrivingarrivingarriving

arriving

atatat

at

suchsuchsuch

such

aaa

a

convconvconv

conv

exexex

ex

structure.structure.structure.

structure.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

RMSPropRMSPropRMSProp

RMSProp

usesusesuses

uses

ananan

an

expexpexp

exp

onenonenonen

onen

tiallytiallytially

tially

decadecadeca

deca

yingyingying

ying

aaa

a

vvv

v

erageerageerage

erage

tototo

to

discarddiscarddiscard

discard

historyhistoryhistory

history

fromfromfrom

from

thethethe

the

307307307

307



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

AlgorithmAlgorithmAlgorithm

Algorithm

8.48.48.4

8.4

TheTheThe

The

AAA

A

daGraddaGraddaGrad

daGrad

algorithmalgorithmalgorithm

algorithm

    

 

    

 

    

 

    

 

Require:Require:Require:

Require:

GlobalGlobalGlobal

Global

learninglearninglearning

learning

rateraterate

rate





    

 

    

 

    

 

Require:Require:Require:

Require:

InitialInitialInitial

Initial

parameterparameterparameter

parameter

θθθ

θ

    

 

    

 

    

 

    

 

    

 

Require:Require:Require:

Require:

SmallSmallSmall

Small

constantconstantconstant

constant

,,,

,

ppp

p

erhapserhapserhaps

erhaps

δδδ

δ

101010

10
−−−

−

777

7

    

 

    

 

    

 

,,,

,

forforfor

for

nnn

n

umericalumericalumerical

umerical

stabilitystabilitystability

stability

    

 

    

 

    

 

    

 

    

 

InitializeInitializeInitialize

Initialize

gradientgradientgradient

gradient

accumaccumaccum

accum

ulationulationulation

ulation

vvv

v

ariableariableariable

ariable

rrr

r

= = = 

= 

000

0

    

 

    

 

    

 

    

 

    

 

whilewhilewhile

while

dododo

do

stoppingstoppingstopping

stopping

criterioncriterioncriterion

criterion

notnotnot

not

metmetmet

met

    

 

    

 

    

 

SampleSampleSample

Sample

aaa

a

minibatchminibatchminibatch

minibatch

ofofof

of

mmm

m

    

 

    

 

    

 

    

 

examplesexamplesexamples

examples

fromfromfrom

from

thethethe

the

trainingtrainingtraining

training

setsetset

set

{{{

{

xxx

x
(1)(1)(1)

(1)

    

 

    

 

    

 

    

 

    

 

,,,

,

...

.

...

.

...

.

,,,

,

xxx

x
(((

(

)))

)

mmm

m

}}}

}

withwithwith

with

    

 

    

 

correspcorrespcorresp

corresp

ondingondingonding

onding

targetstargetstargets

targets

yyy

y
(((

(

)))

)

iii

i

...

.

    

 

    

 

    

 

ComputeComputeCompute

Compute

gradient:gradient:gradient:

gradient:

ggg

g

←←←

←
111

1

mmm

m

∇∇∇

∇
θθθ

θ

PPP

P
iii

i

LLL

L

fff

f

(((

(

(((

(

xxx

x
(((

(

)))

)

iii

i

    

 

    

 

;;;

;

)))

)

θθθ

θ

,,,

,

yyy

y
(((

(

)))

)

iii

i

)))

)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AAA

A

ccumccumccum

ccum

ulateulateulate

ulate

squaredsquaredsquared

squared

gradiengradiengradien

gradien

t:t:t:

t:

rrr

r

rrr

r

ggg

g

ggg

g

←←←

←

+++

+





    

 

    

 

ComputeComputeCompute

Compute

upupup

up

date:date:date:

date:

∆∆∆

∆

    

 

    

 

θθθ

θ

←←←

←

−−−

−




δδδ

δ

+++

+

√√√

√

rrr

r

    

 





ggg

g

    

 

    

 

    

 

    

 

    

 

...

.

(Division(Division(Division

(Division

andandand

and

squaresquaresquare

square

rororo

ro

ototot

ot

appliedappliedapplied

applied

elemenelemenelemen

elemen

t-wise)t-wise)t-wise)

t-wise)

    

 

    

 

    

 

    

 

    

 

    

 

ApplyApplyApply

Apply

upupup

up

date:date:date:

date:

θθθ

θ

θθθ

θ

θθθ

θ

←←←

←

+++

+

∆∆∆

∆

    

 

endendend

end

whilewhilewhile

while

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

extremeextremeextreme

extreme

pastpastpast

past

sososo

so

thatthatthat

that

ititit

it

cancancan

can

convconvconv

conv

ergeergeerge

erge

rapidlyrapidlyrapidly

rapidly

afterafterafter

after

ndingndingnding

nding

aaa

a

conconcon

con

vexvexvex

vex

bbb

b

owl,owl,owl,

owl,

asasas

as

ififif

if

ititit

it

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

ereereere

ere

ananan

an

instanceinstanceinstance

instance

ofofof

of

thethethe

the

AdaGradAdaGradAdaGrad

AdaGrad

algorithmalgorithmalgorithm

algorithm

initializedinitializedinitialized

initialized

withinwithinwithin

within

thatthatthat

that

bbb

b

owl.owl.owl.

owl.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

RMSPropRMSPropRMSProp

RMSProp

isisis

is

shownshownshown

shown

ininin

in

itsitsits

its

standardstandardstandard

standard

formformform

form

ininin

in

AlgorithmAlgorithmAlgorithm

Algorithm

andandand

and

combinedcombinedcombined

combined

withwithwith

with

8.58.58.5

8.5

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

NesteroNesteroNestero

Nestero

vvv

v

momentummomentummomentum

momentum

ininin

in

AlgorithmAlgorithmAlgorithm

Algorithm

...

.

ComparedComparedCompared

Compared

tototo

to

AdaGrad,AdaGrad,AdaGrad,

AdaGrad,

thethethe

the

useuseuse

use

ofofof

of

thethethe

the

8.68.68.6

8.6

    

 

    

 

    

 

    

 

    

 

momomo

mo

vingvingving

ving

aaa

a

verageverageverage

verage

introducesintroducesintroduces

introduces

aaa

a

newnewnew

new

hhh

h

ypypyp

yp

erparameter,erparameter,erparameter,

erparameter,

ρρρ

ρ

    

 

    

 

    

 

    

 

    

 

,,,

,

thatthatthat

that

controlscontrolscontrols

controls

thethethe

the

lengthlengthlength

length

scalescalescale

scale

    

 

    

 

    

 

ofofof

of

thethethe

the

momomo

mo

vingvingving

ving

avavav

av

erage.erage.erage.

erage.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

EmpiricallyEmpiricallyEmpirically

Empirically

,,,

,

RMSPropRMSPropRMSProp

RMSProp

hashashas

has

bbb

b

eeneeneen

een

shownshownshown

shown

tototo

to

bbb

b

eee

e

ananan

an

effectiveeffectiveeffective

effective

andandand

and

practicalpracticalpractical

practical

op-op-op-

op-

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

timizationtimizationtimization

timization

algorithmalgorithmalgorithm

algorithm

forforfor

for

deepdeepdeep

deep

neuralneuralneural

neural

netnetnet

net

worworwor

wor

ks.ks.ks.

ks.

ItItIt

It

isisis

is

currentlycurrentlycurrently

currently

oneoneone

one

ofofof

of

thethethe

the

go-togo-togo-to

go-to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

optimizationoptimizationoptimization

optimization

methomethometho

metho

dsdsds

ds

bbb

b

eingeingeing

eing

employemployemploy

employ

ededed

ed

routinelyroutinelyroutinely

routinely

bybyby

by

deepdeepdeep

deep

learninglearninglearning

learning

practitioners.practitioners.practitioners.

practitioners.

    

 

8.5.38.5.38.5.3

8.5.3

AAA

A

damdamdam

dam

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AAA

A

damdamdam

dam

(((

(

,,,

,

)))

)

isisis

is

yetyetyet

yet

anotheranotheranother

another

adaptiveadaptiveadaptive

adaptive

learninglearninglearning

learning

rateraterate

rate

optimizationoptimizationoptimization

optimization

KingmaKingmaKingma

Kingma

andandand

and

BaBaBa

Ba

201420142014

2014

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

algorithmalgorithmalgorithm

algorithm

andandand

and

isisis

is

presenpresenpresen

presen

tedtedted

ted

ininin

in

AlgorithmAlgorithmAlgorithm

Algorithm

...

.

TheTheThe

The

namenamename

name

“Adam”“Adam”“Adam”

“Adam”

derivesderivesderives

derives

fromfromfrom

from

8.78.78.7

8.7

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

phrasephrasephrase

phrase

“adaptive“adaptive“adaptive

“adaptive

moments.”moments.”moments.”

moments.”

InInIn

In

thethethe

the

contextcontextcontext

context

ofofof

of

thethethe

the

earlierearlierearlier

earlier

algorithms,algorithms,algorithms,

algorithms,

ititit

it

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

erhapserhapserhaps

erhaps

bbb

b

estestest

est

seenseenseen

seen

asasas

as

aaa

a

vvv

v

ariantariantariant

ariant

ononon

on

thethethe

the

combinationcombinationcombination

combination

ofofof

of

RMSPropRMSPropRMSProp

RMSProp

andandand

and

momenmomenmomen

momen

tumtumtum

tum

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withwithwith

with

aaa

a

fewfewfew

few

importantimportantimportant

important

distinctions.distinctions.distinctions.

distinctions.

First,First,First,

First,

ininin

in

Adam,Adam,Adam,

Adam,

momenmomenmomen

momen

tumtumtum

tum

isisis

is

incorpincorpincorp

incorp

oratedoratedorated

orated

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

directlydirectlydirectly

directly

asasas

as

ananan

an

estimateestimateestimate

estimate

ofofof

of

thethethe

the

rstrstrst

rst

orderorderorder

order

momenmomenmomen

momen

ttt

t

(with(with(with

(with

expexpexp

exp

onenonenonen

onen

tialtialtial

tial

weighweighweigh

weigh

ting)ting)ting)

ting)

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

gradient.gradient.gradient.

gradient.

TheTheThe

The

mostmostmost

most

straightforwstraightforwstraightforw

straightforw

ardardard

ard

wawawa

wa

yyy

y

tototo

to

addaddadd

add

momentummomentummomentum

momentum

tototo

to

RMSPropRMSPropRMSProp

RMSProp

isisis

is

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

applyapplyapply

apply

momentummomentummomentum

momentum

tototo

to

thethethe

the

rescaledrescaledrescaled

rescaled

gradiengradiengradien

gradien

ts.ts.ts.

ts.

TheTheThe

The

useuseuse

use

ofofof

of

momentummomentummomentum

momentum

ininin

in

combinationcombinationcombination

combination

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withwithwith

with

rescalingrescalingrescaling

rescaling

dododo

do

eseses

es

notnotnot

not

havhavhav

hav

eee

e

aaa

a

clearclearclear

clear

theoreticaltheoreticaltheoretical

theoretical

motivmotivmotiv

motiv

ation.ation.ation.

ation.

Second,Second,Second,

Second,

AdamAdamAdam

Adam

includesincludesincludes

includes

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

biasbiasbias

bias

correctionscorrectionscorrections

corrections

tototo

to

thethethe

the

estimatesestimatesestimates

estimates

ofofof

of

bbb

b

othothoth

oth

thethethe

the

rst-orderrst-orderrst-order

rst-order

momenmomenmomen

momen

tststs

ts

(the(the(the

(the

momentummomentummomentum

momentum

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

term)term)term)

term)

andandand

and

thethethe

the

(uncen(uncen(uncen

(uncen

tered)tered)tered)

tered)

second-ordersecond-ordersecond-order

second-order

momenmomenmomen

momen

tststs

ts

tototo

to

accountaccountaccount

account

forforfor

for

theirtheirtheir

their

initializationinitializationinitialization

initialization

308308308

308



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

AlgorithmAlgorithmAlgorithm

Algorithm

8.58.58.5

8.5

TheTheThe

The

RMSPropRMSPropRMSProp

RMSProp

algorithmalgorithmalgorithm

algorithm

    

 

    

 

    

 

    

 

    

 

    

 

    

 

Require:Require:Require:

Require:

GlobalGlobalGlobal

Global

learninglearninglearning

learning

rateraterate

rate

,,,

,

decaydecaydecay

decay

rateraterate

rate

...

.





ρρρ

ρ

    

 

    

 

    

 

Require:Require:Require:

Require:

InitialInitialInitial

Initial

parameterparameterparameter

parameter

θθθ

θ

Require:Require:Require:

Require:

    

 

SmallSmallSmall

Small

constanconstanconstan

constan

ttt

t

δδδ

δ

    

 

, usually, usually, usually

, usually

101010

10
−−−

−

666

6

    

 

    

 

    

 

    

 

, used, used, used

, used

tototo

to

stabilizestabilizestabilize

stabilize

division bdivision bdivision b

division b

yyy

y

smallsmallsmall

small

nnn

n

umumum

um

bbb

b

ers.ers.ers.

ers.

    

 

    

 

    

 

    

 

InitializeInitializeInitialize

Initialize

accumulationaccumulationaccumulation

accumulation

vvv

v

ariablesariablesariables

ariables

rrr

r

= 0= 0= 0

= 0

    

 

    

 

    

 

    

 

    

 

whilewhilewhile

while

dododo

do

stoppingstoppingstopping

stopping

criterioncriterioncriterion

criterion

notnotnot

not

metmetmet

met

    

 

    

 

    

 

SampleSampleSample

Sample

aaa

a

minibatchminibatchminibatch

minibatch

ofofof

of

mmm

m

    

 

    

 

    

 

    

 

examplesexamplesexamples

examples

fromfromfrom

from

thethethe

the

trainingtrainingtraining

training

setsetset

set

{{{

{

xxx

x
(1)(1)(1)

(1)

    

 

    

 

    

 

    

 

    

 

,,,

,

...

.

...

.

...

.

,,,

,

xxx

x
(((

(

)))

)

mmm

m

}}}

}

withwithwith

with

    

 

    

 

correspcorrespcorresp

corresp

ondingondingonding

onding

targetstargetstargets

targets

yyy

y
(((

(

)))

)

iii

i

...

.

    

 

    

 

    

 

ComputeComputeCompute

Compute

gradient:gradient:gradient:

gradient:

ggg

g

←←←

←
111

1

mmm

m

∇∇∇

∇
θθθ

θ

PPP

P
iii

i

LLL

L

fff

f

(((

(

(((

(

xxx

x
(((

(

)))

)

iii

i

    

 

    

 

;;;

;

)))

)

θθθ

θ

,,,

,

yyy

y
(((

(

)))

)

iii

i

)))

)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AAA

A

ccumccumccum

ccum

ulateulateulate

ulate

squaredsquaredsquared

squared

gradiengradiengradien

gradien

t:t:t:

t:

rrr

r

rrr

r

ggg

g

ggg

g

←←←

←

ρρρ

ρ

+++

+

(1(1(1

(1

)))

)

−−−

−

ρρρ

ρ





    

 

    

 

    

 

ComputeComputeCompute

Compute

parameterparameterparameter

parameter

upupup

up

date:date:date:

date:

∆∆∆

∆

θθθ

θ

===

=

−−−

−




√√√

√

δδδ

δ

+++

+

rrr

r





ggg

g

    

 

...

.

(((

(
111

1

√√√

√

δδδ

δ

+++

+

rrr

r

    

 

appliedappliedapplied

applied

element-wise)element-wise)element-wise)

element-wise)

    

 

    

 

    

 

    

 

    

 

    

 

ApplyApplyApply

Apply

upupup

up

date:date:date:

date:

θθθ

θ

θθθ

θ

θθθ

θ

←←←

←

+++

+

∆∆∆

∆

    

 

endendend

end

whilewhilewhile

while

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

atatat

at

thethethe

the

originoriginorigin

origin

(see(see(see

(see

AlgorithmAlgorithmAlgorithm

Algorithm

).).).

).

RMSPropRMSPropRMSProp

RMSProp

alsoalsoalso

also

incorpincorpincorp

incorp

oratesoratesorates

orates

ananan

an

estimateestimateestimate

estimate

ofofof

of

thethethe

the

8.78.78.7

8.7

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

(uncen(uncen(uncen

(uncen

tered)tered)tered)

tered)

second-ordersecond-ordersecond-order

second-order

moment,moment,moment,

moment,

hohoho

ho

www

w

evevev

ev

ererer

er

ititit

it

lackslackslacks

lacks

thethethe

the

correctioncorrectioncorrection

correction

factor.factor.factor.

factor.

ThThTh

Th

us,us,us,

us,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

unlikunlikunlik

unlik

eee

e

ininin

in

Adam,Adam,Adam,

Adam,

thethethe

the

RMSPropRMSPropRMSProp

RMSProp

second-ordersecond-ordersecond-order

second-order

momentmomentmoment

moment

estimateestimateestimate

estimate

maymaymay

may

havhavhav

hav

eee

e

highhighhigh

high

biasbiasbias

bias

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

earlyearlyearly

early

ininin

in

training.training.training.

training.

AAA

A

damdamdam

dam

isisis

is

generallygenerallygenerally

generally

regardedregardedregarded

regarded

asasas

as

bbb

b

eingeingeing

eing

fairlyfairlyfairly

fairly

robustrobustrobust

robust

tototo

to

thethethe

the

choicechoicechoice

choice

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

hyperparameters,hyperparameters,hyperparameters,

hyperparameters,

thoughthoughthough

though

thethethe

the

learninglearninglearning

learning

rateraterate

rate

sometimessometimessometimes

sometimes

needsneedsneeds

needs

tototo

to

bbb

b

eee

e

changedchangedchanged

changed

fromfromfrom

from

    

 

    

 

thethethe

the

suggestedsuggestedsuggested

suggested

default.default.default.

default.

    

 

    

 

    

 

    

 

    

 

8.5.48.5.48.5.4

8.5.4

ChoChoCho

Cho

osingosingosing

osing

thethethe

the

RighRighRigh

Righ

ttt

t

OptimizationOptimizationOptimization

Optimization

AlgorithmAlgorithmAlgorithm

Algorithm

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

thisthisthis

this

section,section,section,

section,

wewewe

we

discusseddiscusseddiscussed

discussed

aaa

a

seriesseriesseries

series

ofofof

of

relatedrelatedrelated

related

algorithmsalgorithmsalgorithms

algorithms

thatthatthat

that

eacheacheach

each

seekseekseek

seek

tototo

to

addressaddressaddress

address

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

challengechallengechallenge

challenge

ofofof

of

optimizingoptimizingoptimizing

optimizing

deepdeepdeep

deep

momomo

mo

delsdelsdels

dels

bbb

b

yyy

y

adaptingadaptingadapting

adapting

thethethe

the

learninglearninglearning

learning

rateraterate

rate

forforfor

for

eacheacheach

each

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

momomo

mo

deldeldel

del

parameter.parameter.parameter.

parameter.

AAA

A

ttt

t

thisthisthis

this

ppp

p

oint,oint,oint,

oint,

aaa

a

naturalnaturalnatural

natural

questionquestionquestion

question

is:is:is:

is:

whicwhicwhic

whic

hhh

h

algorithmalgorithmalgorithm

algorithm

shouldshouldshould

should

oneoneone

one

ccc

c

hohoho

ho

ose?ose?ose?

ose?

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

UnfortunatelyUnfortunatelyUnfortunately

Unfortunately

,,,

,

theretherethere

there

isisis

is

currencurrencurren

curren

tlytlytly

tly

nonono

no

consensusconsensusconsensus

consensus

ononon

on

thisthisthis

this

ppp

p

oinoinoin

oin

t.t.t.

t.

(((

(

)))

)

SchaulSchaulSchaul

Schaul

etetet

et

al.al.al.

al.

201420142014

2014

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

presenpresenpresen

presen

tedtedted

ted

aaa

a

vvv

v

aluablealuablealuable

aluable

comparisoncomparisoncomparison

comparison

ofofof

of

aaa

a

largelargelarge

large

numnumnum

num

bbb

b

ererer

er

ofofof

of

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

acrossacrossacross

across

aaa

a

widewidewide

wide

rangerangerange

range

ofofof

of

learninglearninglearning

learning

tasks.tasks.tasks.

tasks.

WhileWhileWhile

While

thethethe

the

resultsresultsresults

results

suggestsuggestsuggest

suggest

thatthatthat

that

thethethe

the

familyfamilyfamily

family

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

algorithmsalgorithmsalgorithms

algorithms

withwithwith

with

adaptiveadaptiveadaptive

adaptive

learninglearninglearning

learning

ratesratesrates

rates

(represented(represented(represented

(represented

bbb

b

yyy

y

RMSPropRMSPropRMSProp

RMSProp

andandand

and

AAA

A

daDelta)daDelta)daDelta)

daDelta)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

erformederformederformed

erformed

fairlyfairlyfairly

fairly

robustlyrobustlyrobustly

robustly

,,,

,

nonono

no

singlesinglesingle

single

bbb

b

estestest

est

algorithmalgorithmalgorithm

algorithm

hashashas

has

emerged.emerged.emerged.

emerged.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

CurrenCurrenCurren

Curren

tlytlytly

tly

,,,

,

thethethe

the

mostmostmost

most

ppp

p

opularopularopular

opular

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

activelyactivelyactively

actively

ininin

in

useuseuse

use

includeincludeinclude

include

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

SGD,SGD,SGD,

SGD,

SGDSGDSGD

SGD

withwithwith

with

momentum,momentum,momentum,

momentum,

RMSProp,RMSProp,RMSProp,

RMSProp,

RMSPropRMSPropRMSProp

RMSProp

withwithwith

with

momenmomenmomen

momen

tum,tum,tum,

tum,

AdaDeltaAdaDeltaAdaDelta

AdaDelta

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

Adam.Adam.Adam.

Adam.

TheTheThe

The

choicechoicechoice

choice

ofofof

of

whichwhichwhich

which

algorithmalgorithmalgorithm

algorithm

tototo

to

use,use,use,

use,

atatat

at

thisthisthis

this

ppp

p

oinoinoin

oin

t,t,t,

t,

seemsseemsseems

seems

tototo

to

depdepdep

dep

endendend

end

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

largelylargelylargely

largely

ononon

on

thethethe

the

user’suser’suser’s

user’s

familiarityfamiliarityfamiliarity

familiarity

withwithwith

with

thethethe

the

algorithmalgorithmalgorithm

algorithm

(for(for(for

(for

easeeaseease

ease

ofofof

of

hyperparameterhyperparameterhyperparameter

hyperparameter

tuning).tuning).tuning).

tuning).

309309309

309



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

AlgorithmAlgorithmAlgorithm

Algorithm

8.68.68.6

8.6

RMSPropRMSPropRMSProp

RMSProp

algorithmalgorithmalgorithm

algorithm

withwithwith

with

NesteroNesteroNestero

Nestero

vvv

v

momentummomentummomentum

momentum

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

Require:Require:Require:

Require:

GlobalGlobalGlobal

Global

learninglearninglearning

learning

rateraterate

rate

,,,

,

decaydecaydecay

decay

rateraterate

rate

,,,

,

momentummomentummomentum

momentum

cococo

co

efficientefficientefficient

efficient

...

.





ρρρ

ρ

ααα

α

    

 

    

 

    

 

    

 

    

 

    

 

Require:Require:Require:

Require:

InitialInitialInitial

Initial

parameterparameterparameter

parameter

,,,

,

initialinitialinitial

initial

velocityvelocityvelocity

velocity

...

.

θθθ

θ

vvv

v

    

 

    

 

    

 

    

 

InitializeInitializeInitialize

Initialize

accumulationaccumulationaccumulation

accumulation

vvv

v

ariableariableariable

ariable

rrr

r

= = = 

= 

000

0

    

 

    

 

    

 

    

 

    

 

whilewhilewhile

while

dododo

do

stoppingstoppingstopping

stopping

criterioncriterioncriterion

criterion

notnotnot

not

metmetmet

met

    

 

    

 

    

 

SampleSampleSample

Sample

aaa

a

minibatchminibatchminibatch

minibatch

ofofof

of

mmm

m

    

 

    

 

    

 

    

 

examplesexamplesexamples

examples

fromfromfrom

from

thethethe

the

trainingtrainingtraining

training

setsetset

set

{{{

{

xxx

x
(1)(1)(1)

(1)

    

 

    

 

    

 

    

 

    

 

,,,

,

...

.

...

.

...

.

,,,

,

xxx

x
(((

(

)))

)

mmm

m

}}}

}

withwithwith

with

    

 

    

 

correspcorrespcorresp

corresp

ondingondingonding

onding

targetstargetstargets

targets

yyy

y
(((

(

)))

)

iii

i

...

.

    

 

    

 

ComputeComputeCompute

Compute

interiminteriminterim

interim

upupup

up

date:date:date:

date:

˜̃̃

˜

    

 

    

 

    

 

    

 

θθθ

θ

θθθ

θ

vvv

v

←←←

←

+++

+

ααα

α

    

 

    

 

    

 

ComputeComputeCompute

Compute

gradient:gradient:gradient:

gradient:

ggg

g

←←←

←
111

1

mmm

m

∇∇∇

∇
˜̃̃

˜

θθθ

θ

PPP

P
iii

i

LLL

L

fff

f

(((

(

(((

(

xxx

x
(((

(

)))

)

iii

i

;;;

;

˜̃̃

˜

    

 

θθθ

θ

yyy

y

)))

)

,,,

,
(((

(

)))

)

iii

i

)))

)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AAA

A

ccumccumccum

ccum

ulateulateulate

ulate

gradient:gradient:gradient:

gradient:

rrr

r

rrr

r

ggg

g

ggg

g

←←←

←

ρρρ

ρ

+++

+

(1(1(1

(1

)))

)

−−−

−

ρρρ

ρ





    

 

    

 

    

 

    

 

    

 

    

 

ComputeComputeCompute

Compute

velocityvelocityvelocity

velocity

upupup

up

date:date:date:

date:

vvv

v

vvv

v

←←←

←

ααα

α

−−−

−




√√√

√

rrr

r

    

 

    

 





ggg

g

...

.

(((

(
111

1

√√√

√

rrr

r

    

 

appliedappliedapplied

applied

element-wise)element-wise)element-wise)

element-wise)

    

 

    

 

    

 

    

 

    

 

    

 

ApplyApplyApply

Apply

upupup

up

date:date:date:

date:

θθθ

θ

θθθ

θ

vvv

v

←←←

←

+++

+

    

 

endendend

end

whilewhilewhile

while

    

 

    

 

    

 

8.68.68.6

8.6

ApproApproAppro

Appro

ximateximateximate

ximate

Second-OrderSecond-OrderSecond-Order

Second-Order

MethoMethoMetho

Metho

dsdsds

ds

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

thisthisthis

this

sectionsectionsection

section

www

w

eee

e

discussdiscussdiscuss

discuss

thethethe

the

applicationapplicationapplication

application

ofofof

of

second-ordersecond-ordersecond-order

second-order

methomethometho

metho

dsdsds

ds

tototo

to

thethethe

the

trainingtrainingtraining

training

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

deepdeepdeep

deep

netnetnet

net

www

w

orks.orks.orks.

orks.

SeeSeeSee

See

(((

(

)))

)

forforfor

for

ananan

an

earlierearlierearlier

earlier

treatmenttreatmenttreatment

treatment

ofofof

of

thisthisthis

this

subsubsub

sub

ject.ject.ject.

ject.

LeCunLeCunLeCun

LeCun

etetet

et

al.al.al.

al.

1998a1998a1998a

1998a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FFF

F

ororor

or

simplicitysimplicitysimplicity

simplicity

ofofof

of

expexpexp

exp

osition,osition,osition,

osition,

thethethe

the

onlyonlyonly

only

obobob

ob

jectivjectivjectiv

jectiv

eee

e

functionfunctionfunction

function

www

w

eee

e

examineexamineexamine

examine

isisis

is

thethethe

the

empiricalempiricalempirical

empirical

risk:risk:risk:

risk:

JJJ

J

(((

(

) = ) = ) = 

) = 

θθθ

θ

EEE

E

xxx

x

,,,

,

yyy

y

∼∼∼

∼

ˆ̂̂

ˆ

ppp

p
datadatadata

data

(((

(

)))

)

xxx

x

,y,y,y

,y

    

 

    

 

[[[

[

(((

(

(((

(

;;;

;

)))

)

)] =)] =)] =

)] =

LLL

L

fff

f

xxx

x

θθθ

θ

,,,

,

yyy

y
111

1

mmm

m mmm

m

XXX

X

iii

i

=1=1=1

=1
LLL

L

fff

f

(((

(

(((

(

xxx

x
(((

(

)))

)

iii

i

    

 

    

 

;;;

;

)))

)

θθθ

θ

,,,

,

yyy

y
(((

(

)))

)

iii

i

    

 

)))

)

...

.

(8.25)(8.25)(8.25)

(8.25)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

HoHoHo

Ho

www

w

evevev

ev

ererer

er

thethethe

the

methomethometho

metho

dsdsds

ds

www

w

eee

e

discussdiscussdiscuss

discuss

hereherehere

here

extendextendextend

extend

readilyreadilyreadily

readily

tototo

to

moremoremore

more

generalgeneralgeneral

general

obobob

ob

jectivjectivjectiv

jectiv

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

functionsfunctionsfunctions

functions

that,that,that,

that,

forforfor

for

instance,instance,instance,

instance,

includeincludeinclude

include

parameterparameterparameter

parameter

regularizationregularizationregularization

regularization

termstermsterms

terms

suchsuchsuch

such

asasas

as

thosethosethose

those

    

 

    

 

    

 

discusseddiscusseddiscussed

discussed

ininin

in

ChapterChapterChapter

Chapter

...

.

777

7

    

 

    

 

8.6.18.6.18.6.1

8.6.1

Newton’sNewton’sNewton’s

Newton’s

MethoMethoMetho

Metho

ddd

d

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

Sec.Sec.Sec.

Sec.

,,,

,

wewewe

we

introducedintroducedintroduced

introduced

second-ordersecond-ordersecond-order

second-order

gradientgradientgradient

gradient

methomethometho

metho

ds.ds.ds.

ds.

InInIn

In

contrastcontrastcontrast

contrast

tototo

to

rst-rst-rst-

rst-

4.34.34.3

4.3

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

orderorderorder

order

methomethometho

metho

ds,ds,ds,

ds,

second-ordersecond-ordersecond-order

second-order

methomethometho

metho

dsdsds

ds

makemakemake

make

useuseuse

use

ofofof

of

secondsecondsecond

second

derivderivderiv

deriv

ativesativesatives

atives

tototo

to

improvimprovimprov

improv

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

optimization.optimization.optimization.

optimization.

TheTheThe

The

mostmostmost

most

widelywidelywidely

widely

usedusedused

used

second-ordersecond-ordersecond-order

second-order

methomethometho

metho

ddd

d

isisis

is

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

d.d.d.

d.

WWW

W

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

nonono

no

www

w

describdescribdescrib

describ

eee

e

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

ininin

in

moremoremore

more

detail,detail,detail,

detail,

withwithwith

with

emphasisemphasisemphasis

emphasis

ononon

on

itsitsits

its

applicationapplicationapplication

application

tototo

to

    

 

    

 

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

training.training.training.

training.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

isisis

is

ananan

an

optimizationoptimizationoptimization

optimization

scscsc

sc

hemehemeheme

heme

basedbasedbased

based

ononon

on

usingusingusing

using

aaa

a

second-ordersecond-ordersecond-order

second-order

TTT

T

ay-ay-ay-

ay-

    

 

    

 

    

 

    

 

lorlorlor

lor

seriesseriesseries

series

expansionexpansionexpansion

expansion

tototo

to

approximateapproximateapproximate

approximate

JJJ

J

(((

(

θθθ

θ

    

 

    

 

    

 

)))

)

nearnearnear

near

somesomesome

some

ppp

p

oinoinoin

oin

ttt

t

θθθ

θ

000

0

    

 

    

 

,,,

,

ignoringignoringignoring

ignoring

derivderivderiv

deriv

ativativativ

ativ

eseses

es

310310310

310



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

AlgorithmAlgorithmAlgorithm

Algorithm

8.78.78.7

8.7

TheTheThe

The

AAA

A

damdamdam

dam

algorithmalgorithmalgorithm

algorithm

    

 

    

 

    

 

    

 

    

 

    

 

Require:Require:Require:

Require:

StepStepStep

Step

sizesizesize

size

(Suggested(Suggested(Suggested

(Suggested

default:default:default:

default:

)))

)





000

0

001001001

001

...

.

Require:Require:Require:

Require:

    

 

    

 

    

 

    

 

ExpExpExp

Exp

onenonenonen

onen

tialtialtial

tial

decadecadeca

deca

yyy

y

ratesratesrates

rates

forforfor

for

momenmomenmomen

momen

t estimates,t estimates,t estimates,

t estimates,

ρρρ

ρ

111

1

andandand

and

ρρρ

ρ

222

2

    

 

ininin

in

[0[0[0

[0

,,,

,

1)1)1)

1)

...

.

    

 

    

 

    

 

    

 

    

 

(Suggested(Suggested(Suggested

(Suggested

defaults:defaults:defaults:

defaults:

andandand

and

resprespresp

resp

ectively)ectively)ectively)

ectively)

000

0

999

9

...

.

000

0

999999999

999

...

.

Require:Require:Require:

Require:

    

 

SmallSmallSmall

Small

constantconstantconstant

constant

δδδ

δ

    

 

    

 

    

 

    

 

    

 

usedusedused

used

forforfor

for

numericalnumericalnumerical

numerical

stabilization.stabilization.stabilization.

stabilization.

(Suggested(Suggested(Suggested

(Suggested

default:default:default:

default:

101010

10
−−−

−

888

8

)))

)

    

 

    

 

    

 

Require:Require:Require:

Require:

InitialInitialInitial

Initial

parametersparametersparameters

parameters

θθθ

θ

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InitializeInitializeInitialize

Initialize

1st1st1st

1st

andandand

and

2nd2nd2nd

2nd

momenmomenmomen

momen

ttt

t

vvv

v

ariablesariablesariables

ariables

,,,

,

sss

s

= = = 

= 

000

0

rrr

r

= = = 

= 

000

0

    

 

    

 

    

 

    

 

InitializeInitializeInitialize

Initialize

timetimetime

time

stepstepstep

step

ttt

t

= 0= 0= 0

= 0

    

 

    

 

    

 

    

 

    

 

whilewhilewhile

while

dododo

do

stoppingstoppingstopping

stopping

criterioncriterioncriterion

criterion

notnotnot

not

metmetmet

met

    

 

    

 

    

 

SampleSampleSample

Sample

aaa

a

minibatchminibatchminibatch

minibatch

ofofof

of

mmm

m

    

 

    

 

    

 

    

 

examplesexamplesexamples

examples

fromfromfrom

from

thethethe

the

trainingtrainingtraining

training

setsetset

set

{{{

{

xxx

x
(1)(1)(1)

(1)

    

 

    

 

    

 

    

 

    

 

,,,

,

...

.

...

.

...

.

,,,

,

xxx

x
(((

(

)))

)

mmm

m

}}}

}

withwithwith

with

    

 

    

 

correspcorrespcorresp

corresp

ondingondingonding

onding

targetstargetstargets

targets

yyy

y
(((

(

)))

)

iii

i

...

.

    

 

    

 

    

 

ComputeComputeCompute

Compute

gradient:gradient:gradient:

gradient:

ggg

g

←←←

←
111

1

mmm

m

∇∇∇

∇
θθθ

θ

PPP

P
iii

i

LLL

L

fff

f

(((

(

(((

(

xxx

x
(((

(

)))

)

iii

i

    

 

    

 

;;;

;

)))

)

θθθ

θ

,,,

,

yyy

y
(((

(

)))

)

iii

i

)))

)

    

 

    

 

    

 

    

 

ttt

t

ttt

t

←←←

←

+++

+

111

1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

UpUpUp

Up

datedatedate

date

biasedbiasedbiased

biased

rstrstrst

rst

momentmomentmoment

moment

estimate:estimate:estimate:

estimate:

sss

s

←←←

←

ρρρ

ρ
111

1

    

 

    

 

    

 

    

 

sss

s

+++

+

(1(1(1

(1

−−−

−

ρρρ

ρ
111

1

)))

)

ggg

g

    

 

    

 

    

 

    

 

    

 

    

 

    

 

UpUpUp

Up

datedatedate

date

biasedbiasedbiased

biased

secondsecondsecond

second

momentmomentmoment

moment

estimate:estimate:estimate:

estimate:

rrr

r

←←←

←

ρρρ

ρ
222

2

    

 

    

 

    

 

rrr

r

+++

+

(1(1(1

(1

−−−

−

ρρρ

ρ
222

2

    

 

    

 

)))

)

ggg

g

ggg

g





    

 

    

 

    

 

    

 

CorrectCorrectCorrect

Correct

biasbiasbias

bias

ininin

in

rstrstrst

rst

momenmomenmomen

momen

t:t:t:

t:

ˆ̂̂

ˆ

    

 

sss

s

←←←

←
sss

s

111

1

−−−

−

ρρρ

ρ
ttt

t

111

1

    

 

    

 

    

 

    

 

CorrectCorrectCorrect

Correct

biasbiasbias

bias

ininin

in

secondsecondsecond

second

momenmomenmomen

momen

t:t:t:

t:

ˆ̂̂

ˆ

    

 

rrr

r

←←←

←
rrr

r

111

1

−−−

−

ρρρ

ρ
ttt

t

222

2

    

 

    

 

    

 

ComputeComputeCompute

Compute

upupup

up

date:date:date:

date:

∆∆∆

∆

= = = 

= 

θθθ

θ

−−−

−




ˆ̂̂

ˆ

sss

s

√√√

√

ˆ̂̂

ˆ

rrr

r

+++

+

δδδ

δ

    

 

    

 

(op(op(op

(op

erationserationserations

erations

appliedappliedapplied

applied

elemenelemenelemen

elemen

t-wise)t-wise)t-wise)

t-wise)

    

 

    

 

    

 

    

 

    

 

    

 

ApplyApplyApply

Apply

upupup

up

date:date:date:

date:

θθθ

θ

θθθ

θ

θθθ

θ

←←←

←

+++

+

∆∆∆

∆

    

 

endendend

end

whilewhilewhile

while

    

 

    

 

ofofof

of

higherhigherhigher

higher

order:order:order:

order:

    

 

JJJ

J

JJJ

J

(((

(

) ) ) 

) 

θθθ

θ

≈≈≈

≈

(((

(

θθθ

θ
000

0

    

 

    

 

    

 

)))

)

+++

+

(((

(

θθθ

θ

θθθ

θ

−−−

−
000

0

)))

)
>>>

>

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

000

0

    

 

)))

)

+++

+
111

1

222

2

    

 

    

 

(((

(

θθθ

θ

θθθ

θ

−−−

−
000

0

)))

)
>>>

>

    

 

    

 

HHH

H

θθθ

θ

θθθ

θ

(((

(

−−−

−
000

0

    

 

)))

)

,,,

,

(8.26)(8.26)(8.26)

(8.26)

wherewherewhere

where

HHH

H

    

 

    

 

    

 

isisis

is

thethethe

the

HessianHessianHessian

Hessian

ofofof

of

JJJ

J

    

 

    

 

withwithwith

with

respectrespectrespect

respect

tototo

to

θθθ

θ

    

 

evevev

ev

aluatedaluatedaluated

aluated

atatat

at

θθθ

θ

000

0

    

 

    

 

    

 

    

 

    

 

...

.

IfIfIf

If

wewewe

we

thenthenthen

then

solvsolvsolv

solv

eee

e

forforfor

for

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

criticalcriticalcritical

critical

ppp

p

oinoinoin

oin

ttt

t

ofofof

of

thisthisthis

this

function,function,function,

function,

wewewe

we

obtainobtainobtain

obtain

thethethe

the

NewtonNewtonNewton

Newton

parameterparameterparameter

parameter

upupup

up

datedatedate

date

rule:rule:rule:

rule:

θθθ

θ
∗∗∗

∗

= = = 

= 

θθθ

θ

000

0

    

 

−−−

−

HHH

H
−−−

−

111

1

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

000

0

    

 

)))

)

(8.27)(8.27)(8.27)

(8.27)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThThTh

Th

ususus

us

forforfor

for

aaa

a

lololo

lo

callycallycally

cally

quadraticquadraticquadratic

quadratic

functionfunctionfunction

function

(with(with(with

(with

ppp

p

ositiveositiveositive

ositive

denitedenitedenite

denite

HHH

H

    

 

    

 

),),),

),

bbb

b

yyy

y

rescalingrescalingrescaling

rescaling

    

 

    

 

thethethe

the

gradiengradiengradien

gradien

ttt

t

bybyby

by

HHH

H
−−−

−

111

1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

jumpsjumpsjumps

jumps

directlydirectlydirectly

directly

tototo

to

thethethe

the

minimum. Ifminimum. Ifminimum. If

minimum. If

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

obobob

ob

jectivjectivjectiv

jectiv

eee

e

functionfunctionfunction

function

isisis

is

convconvconv

conv

exexex

ex

butbutbut

but

notnotnot

not

quadraticquadraticquadratic

quadratic

(there(there(there

(there

areareare

are

higher-orderhigher-orderhigher-order

higher-order

terms),terms),terms),

terms),

thisthisthis

this

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

upupup

up

datedatedate

date

cancancan

can

bbb

b

eee

e

iterated,iterated,iterated,

iterated,

yieldingyieldingyielding

yielding

thethethe

the

trainingtrainingtraining

training

algorithmalgorithmalgorithm

algorithm

assoassoasso

asso

ciatedciatedciated

ciated

withwithwith

with

Newton’sNewton’sNewton’s

Newton’s

    

 

    

 

    

 

    

 

methomethometho

metho

d,d,d,

d,

givengivengiven

given

ininin

in

AlgorithmAlgorithmAlgorithm

Algorithm

...

.

8.88.88.8

8.8

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FFF

F

ororor

or

surfacessurfacessurfaces

surfaces

thatthatthat

that

areareare

are

notnotnot

not

quadratic,quadratic,quadratic,

quadratic,

asasas

as

longlonglong

long

asasas

as

thethethe

the

HessianHessianHessian

Hessian

remainsremainsremains

remains

ppp

p

ositiveositiveositive

ositive

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

denite,denite,denite,

denite,

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

cancancan

can

bbb

b

eee

e

appliedappliedapplied

applied

iterativelyiterativelyiteratively

iteratively

...

.

ThisThisThis

This

impliesimpliesimplies

implies

aaa

a

twtwtw

tw

o-stepo-stepo-step

o-step

311311311

311



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

AlgorithmAlgorithmAlgorithm

Algorithm

8.88.88.8

8.8

    

 

    

 

    

 

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

withwithwith

with

obobob

ob

jectivjectivjectiv

jectiv

eee

e

JJJ

J

(((

(

θθθ

θ

    

 

)))

)

===

=

111

1

mmm

m

PPP

P
mmm

m

iii

i

=1=1=1

=1

LLL

L

fff

f

(((

(

(((

(

xxx

x
(((

(

)))

)

iii

i

    

 

    

 

;;;

;

)))

)

θθθ

θ

,,,

,

yyy

y
(((

(

)))

)

iii

i

)))

)

...

.

    

 

    

 

    

 

Require:Require:Require:

Require:

InitialInitialInitial

Initial

parameterparameterparameter

parameter

θθθ

θ

000

0

    

 

    

 

    

 

    

 

    

 

Require:Require:Require:

Require:

TTT

T

rainingrainingraining

raining

setsetset

set

ofofof

of

examplesexamplesexamples

examples

mmm

m

    

 

    

 

    

 

    

 

    

 

whilewhilewhile

while

dododo

do

stoppingstoppingstopping

stopping

criterioncriterioncriterion

criterion

notnotnot

not

metmetmet

met

    

 

    

 

    

 

ComputeComputeCompute

Compute

gradient:gradient:gradient:

gradient:

ggg

g

←←←

←
111

1

mmm

m

∇∇∇

∇
θθθ

θ

PPP

P
iii

i

LLL

L

fff

f

(((

(

(((

(

xxx

x
(((

(

)))

)

iii

i

    

 

    

 

;;;

;

)))

)

θθθ

θ

,,,

,

yyy

y
(((

(

)))

)

iii

i

)))

)

    

 

    

 

    

 

ComputeComputeCompute

Compute

Hessian:Hessian:Hessian:

Hessian:

HHH

H

←←←

←
111

1

mmm

m

∇∇∇

∇
222

2

θθθ

θ

PPP

P
iii

i

LLL

L

fff

f

(((

(

(((

(

xxx

x
(((

(

)))

)

iii

i

    

 

    

 

;;;

;

)))

)

θθθ

θ

,,,

,

yyy

y
(((

(

)))

)

iii

i

)))

)

    

 

    

 

    

 

ComputeComputeCompute

Compute

HessianHessianHessian

Hessian

ininin

in

vvv

v

erse:erse:erse:

erse:

HHH

H
−−−

−

111

1

    

 

    

 

    

 

ComputeComputeCompute

Compute

upupup

up

date:date:date:

date:

∆∆∆

∆

= = = 

= 

θθθ

θ

−−−

−

HHH

H
−−−

−

111

1

ggg

g

    

 

    

 

    

 

    

 

    

 

ApplyApplyApply

Apply

upupup

up

date:date:date:

date:

θθθ

θ

θθθ

θ

θθθ

θ

= = = 

= 

+++

+

∆∆∆

∆

    

 

endendend

end

whilewhilewhile

while

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

iterativiterativiterativ

iterativ

eee

e

propropro

pro

cedure.cedure.cedure.

cedure.

First,First,First,

First,

upupup

up

datedatedate

date

ororor

or

computecomputecompute

compute

thethethe

the

ininin

in

vvv

v

erseerseerse

erse

HessianHessianHessian

Hessian

(i.e.(i.e.(i.e.

(i.e.

bybyby

by

upupup

up

datingdatingdating

dating

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

quadraticquadraticquadratic

quadratic

approximation).approximation).approximation).

approximation).

Second,Second,Second,

Second,

upupup

up

datedatedate

date

thethethe

the

parametersparametersparameters

parameters

accordingaccordingaccording

according

tototo

to

Eq.Eq.Eq.

Eq.

8.278.278.27

8.27

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

Sec.Sec.Sec.

Sec.

,,,

,

wewewe

we

discusseddiscusseddiscussed

discussed

howhowhow

how

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

isisis

is

appropriateappropriateappropriate

appropriate

onlyonlyonly

only

whenwhenwhen

when

8.2.38.2.38.2.3

8.2.3

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

HessianHessianHessian

Hessian

isisis

is

ppp

p

ositiveositiveositive

ositive

denite.denite.denite.

denite.

InInIn

In

deepdeepdeep

deep

learning,learning,learning,

learning,

thethethe

the

surfacesurfacesurface

surface

ofofof

of

thethethe

the

obobob

ob

jectivejectivejective

jective

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

functionfunctionfunction

function

isisis

is

typicallytypicallytypically

typically

non-connon-connon-con

non-con

vexvexvex

vex

withwithwith

with

manymanymany

many

features,features,features,

features,

sucsucsuc

suc

hhh

h

asasas

as

saddlesaddlesaddle

saddle

ppp

p

oints,oints,oints,

oints,

thatthatthat

that

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

areareare

are

problematicproblematicproblematic

problematic

forforfor

for

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

d. Ifd. Ifd. If

d. If

thethethe

the

eigenveigenveigenv

eigenv

aluesaluesalues

alues

ofofof

of

thethethe

the

HessianHessianHessian

Hessian

areareare

are

notnotnot

not

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

allallall

all

ppp

p

ositive,ositive,ositive,

ositive,

forforfor

for

example,example,example,

example,

nearnearnear

near

aaa

a

saddlesaddlesaddle

saddle

ppp

p

oint,oint,oint,

oint,

thenthenthen

then

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

cancancan

can

actuallyactuallyactually

actually

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

causecausecause

cause

upupup

up

datesdatesdates

dates

tototo

to

movmovmov

mov

eee

e

ininin

in

thethethe

the

wrongwrongwrong

wrong

direction.direction.direction.

direction.

ThisThisThis

This

situationsituationsituation

situation

cancancan

can

bbb

b

eee

e

avavav

av

oidedoidedoided

oided

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

yyy

y

regularizingregularizingregularizing

regularizing

thethethe

the

Hessian.Hessian.Hessian.

Hessian.

CommonCommonCommon

Common

regularizationregularizationregularization

regularization

strategiesstrategiesstrategies

strategies

includeincludeinclude

include

addingaddingadding

adding

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

constanconstanconstan

constan

t,t,t,

t,

,,,

,

alongalongalong

along

thethethe

the

diagonaldiagonaldiagonal

diagonal

ofofof

of

thethethe

the

Hessian.Hessian.Hessian.

Hessian.

TheTheThe

The

regularizedregularizedregularized

regularized

upupup

up

datedatedate

date

bbb

b

ecomesecomesecomes

ecomes

ααα

α

θθθ

θ
∗∗∗

∗

= = = 

= 

θθθ

θ

000

0

    

 

    

 

−−−

−

[[[

[

(((

(

(((

(

HHH

H

fff

f

θθθ

θ
000

0

    

 

    

 

))))))

))

+++

+

]]]

]

ααα

α

III

I
−−−

−

111

1

∇∇∇

∇
θθθ

θ

fff

f

(((

(

θθθ

θ

000

0

    

 

)))

)

...

.

(8.28)(8.28)(8.28)

(8.28)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThisThisThis

This

regularizationregularizationregularization

regularization

strategystrategystrategy

strategy

isisis

is

usedusedused

used

ininin

in

approximationsapproximationsapproximations

approximations

tototo

to

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

d,d,d,

d,

sucsucsuc

suc

hhh

h

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

asasas

as

thethethe

the

LevenLevenLeven

Leven

bbb

b

erg–Marquardterg–Marquardterg–Marquardt

erg–Marquardt

algorithmalgorithmalgorithm

algorithm

(((

(

LevenLevenLeven

Leven

bbb

b

ergergerg

erg

194419441944

1944

MarquardtMarquardtMarquardt

Marquardt

196319631963

1963

,,,

,

;;;

;

,,,

,

),),),

),

andandand

and

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

orksorksorks

orks

fairlyfairlyfairly

fairly

www

w

ellellell

ell

asasas

as

longlonglong

long

asasas

as

thethethe

the

negativenegativenegative

negative

eigenveigenveigenv

eigenv

aluesaluesalues

alues

ofofof

of

thethethe

the

HessianHessianHessian

Hessian

areareare

are

stillstillstill

still

relativelyrelativelyrelatively

relatively

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

closecloseclose

close

tototo

to

zero.zero.zero.

zero.

InInIn

In

casescasescases

cases

wherewherewhere

where

theretherethere

there

areareare

are

moremoremore

more

extremeextremeextreme

extreme

directionsdirectionsdirections

directions

ofofof

of

curvcurvcurv

curv

ature,ature,ature,

ature,

thethethe

the

    

 

vvv

v

aluealuealue

alue

ofofof

of

ααα

α

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

ouldouldould

ould

havhavhav

hav

eee

e

tototo

to

bbb

b

eee

e

sufficiensufficiensufficien

sufficien

tlytlytly

tly

largelargelarge

large

tototo

to

offsetoffsetoffset

offset

thethethe

the

negativnegativnegativ

negativ

eee

e

eigeneigeneigen

eigen

vvv

v

alues.alues.alues.

alues.

    

 

HoHoHo

Ho

www

w

evevev

ev

er,er,er,

er,

asasas

as

ααα

α

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

increasesincreasesincreases

increases

ininin

in

size,size,size,

size,

thethethe

the

HessianHessianHessian

Hessian

bbb

b

ecomesecomesecomes

ecomes

dominateddominateddominated

dominated

bbb

b

yyy

y

thethethe

the

ααα

α

III

I

diagonaldiagonaldiagonal

diagonal

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

thethethe

the

directiondirectiondirection

direction

chosenchosenchosen

chosen

bbb

b

yyy

y

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

convconvconv

conv

ergesergeserges

erges

tototo

to

thethethe

the

standardstandardstandard

standard

gradientgradientgradient

gradient

    

 

divideddivideddivided

divided

bybyby

by

ααα

α

    

 

    

 

    

 

    

 

    

 

. When. When. When

. When

strongstrongstrong

strong

negativenegativenegative

negative

curvcurvcurv

curv

atureatureature

ature

isisis

is

present,present,present,

present,

ααα

α

    

 

    

 

    

 

    

 

mamama

ma

yyy

y

needneedneed

need

tototo

to

bbb

b

eee

e

sososo

so

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

largelargelarge

large

thatthatthat

that

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

wouldwouldwould

would

makemakemake

make

smallersmallersmaller

smaller

stepsstepssteps

steps

thanthanthan

than

gradientgradientgradient

gradient

descentdescentdescent

descent

withwithwith

with

    

 

    

 

    

 

    

 

aaa

a

proppropprop

prop

erlyerlyerly

erly

ccc

c

hosenhosenhosen

hosen

learninglearninglearning

learning

rate.rate.rate.

rate.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

BeyBeyBey

Bey

ondondond

ond

thethethe

the

ccc

c

hallengeshallengeshallenges

hallenges

createdcreatedcreated

created

bybyby

by

certaincertaincertain

certain

featuresfeaturesfeatures

features

ofofof

of

thethethe

the

obobob

ob

jectivejectivejective

jective

function,function,function,

function,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

sucsucsuc

suc

hhh

h

asasas

as

saddlesaddlesaddle

saddle

ppp

p

oinoinoin

oin

ts,ts,ts,

ts,

thethethe

the

applicationapplicationapplication

application

ofofof

of

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

forforfor

for

trainingtrainingtraining

training

largelargelarge

large

neuralneuralneural

neural

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

www

w

orksorksorks

orks

isisis

is

limitedlimitedlimited

limited

bbb

b

yyy

y

thethethe

the

signicantsignicantsignicant

signicant

computationalcomputationalcomputational

computational

burdenburdenburden

burden

ititit

it

impimpimp

imp

oses.oses.oses.

oses.

TheTheThe

The

312312312

312



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

nnn

n

umumum

um

bbb

b

ererer

er

ofofof

of

elemenelemenelemen

elemen

tststs

ts

ininin

in

thethethe

the

HessianHessianHessian

Hessian

isisis

is

squaredsquaredsquared

squared

ininin

in

thethethe

the

numnumnum

num

bbb

b

ererer

er

ofofof

of

parameters,parameters,parameters,

parameters,

sososo

so

withwithwith

with

kkk

k

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

parametersparametersparameters

parameters

(and(and(and

(and

forforfor

for

eveneveneven

even

vvv

v

eryeryery

ery

smallsmallsmall

small

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

thethethe

the

numnumnum

num

bbb

b

ererer

er

ofofof

of

parametersparametersparameters

parameters

kkk

k

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

cancancan

can

bbb

b

eee

e

ininin

in

thethethe

the

millions),millions),millions),

millions),

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

wouldwouldwould

would

requirerequirerequire

require

thethethe

the

invinvinv

inv

ersionersionersion

ersion

ofofof

of

aaa

a

    

 

    

 

kkk

k

kkk

k

×××

×

    

 

    

 

    

 

matrix—withmatrix—withmatrix—with

matrix—with

computationalcomputationalcomputational

computational

complexitycomplexitycomplexity

complexity

ofofof

of

OOO

O

(((

(

kkk

k
333

3

    

 

    

 

    

 

    

 

)))

)

...

.

Also,Also,Also,

Also,

sincesincesince

since

thethethe

the

parametersparametersparameters

parameters

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

willwillwill

will

changechangechange

change

withwithwith

with

everyeveryevery

every

upupup

up

date,date,date,

date,

thethethe

the

invinvinv

inv

erseerseerse

erse

HessianHessianHessian

Hessian

hashashas

has

tototo

to

bbb

b

eee

e

computedcomputedcomputed

computed

    

 

atatat

at

evevev

ev

eryeryery

ery

    

 

trainingtrainingtraining

training

iterationiterationiteration

iteration

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

AsAsAs

As

aaa

a

consequence,consequence,consequence,

consequence,

onlyonlyonly

only

netwnetwnetw

netw

orksorksorks

orks

aaa

a

withwithwith

with

veryveryvery

very

smallsmallsmall

small

numnumnum

num

bbb

b

ererer

er

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

parametersparametersparameters

parameters

cancancan

can

bbb

b

eee

e

practicallypracticallypractically

practically

trainedtrainedtrained

trained

viaviavia

via

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

d.d.d.

d.

InInIn

In

thethethe

the

remainderremainderremainder

remainder

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

thisthisthis

this

section, wsection, wsection, w

section, w

eee

e

willwillwill

will

discussdiscussdiscuss

discuss

alternativalternativalternativ

alternativ

eseses

es

thatthatthat

that

attemptattemptattempt

attempt

tototo

to

gaingaingain

gain

somesomesome

some

ofofof

of

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

advadvadv

adv

ananan

an

tagestagestages

tages

ofofof

of

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

whilewhilewhile

while

side-steppingside-steppingside-stepping

side-stepping

thethethe

the

computationalcomputationalcomputational

computational

hhh

h

urdles.urdles.urdles.

urdles.

    

 

    

 

8.6.28.6.28.6.2

8.6.2

ConjugateConjugateConjugate

Conjugate

GradienGradienGradien

Gradien

tststs

ts

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ConjugateConjugateConjugate

Conjugate

gradientsgradientsgradients

gradients

isisis

is

aaa

a

methomethometho

metho

ddd

d

tototo

to

efficientlyefficientlyefficiently

efficiently

avavav

av

oidoidoid

oid

thethethe

the

calculationcalculationcalculation

calculation

ofofof

of

thethethe

the

invinvinv

inv

erseerseerse

erse

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

HessianHessianHessian

Hessian

bybyby

by

iterativelyiterativelyiteratively

iteratively

descendingdescendingdescending

descending

ccc

c

onjugateonjugateonjugate

onjugate

dirdirdir

dir

eee

e

ctionsctionsctions

ctions

...

.

TheTheThe

The

inspirationinspirationinspiration

inspiration

forforfor

for

thisthisthis

this

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

approacapproacapproac

approac

hhh

h

followsfollowsfollows

follows

fromfromfrom

from

aaa

a

carefulcarefulcareful

careful

studystudystudy

study

ofofof

of

thethethe

the

www

w

eaknesseaknesseakness

eakness

ofofof

of

thethethe

the

methomethometho

metho

ddd

d

ofofof

of

steepsteepsteep

steep

estestest

est

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

descendescendescen

descen

ttt

t

(see(see(see

(see

Sec.Sec.Sec.

Sec.

forforfor

for

details),details),details),

details),

wherewherewhere

where

linelineline

line

searcsearcsearc

searc

hesheshes

hes

areareare

are

appliedappliedapplied

applied

iterativelyiterativelyiteratively

iteratively

ininin

in

4.34.34.3

4.3

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

directiondirectiondirection

direction

assoassoasso

asso

ciatedciatedciated

ciated

withwithwith

with

thethethe

the

gradient.gradient.gradient.

gradient.

Fig.Fig.Fig.

Fig.

illustratesillustratesillustrates

illustrates

howhowhow

how

thethethe

the

methomethometho

metho

ddd

d

ofofof

of

8.68.68.6

8.6

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

steepsteepsteep

steep

estestest

est

descent,descent,descent,

descent,

whenwhenwhen

when

appliedappliedapplied

applied

ininin

in

aaa

a

quadraticquadraticquadratic

quadratic

bbb

b

owl,owl,owl,

owl,

progressesprogressesprogresses

progresses

ininin

in

aaa

a

ratherratherrather

rather

ineffectiveineffectiveineffective

ineffective

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bacbacbac

bac

k-and-forth,k-and-forth,k-and-forth,

k-and-forth,

zig-zagzig-zagzig-zag

zig-zag

pattern.pattern.pattern.

pattern.

ThisThisThis

This

happhapphapp

happ

ensensens

ens

bbb

b

ecauseecauseecause

ecause

eacheacheach

each

linelineline

line

searcsearcsearc

searc

hhh

h

direction,direction,direction,

direction,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

whenwhenwhen

when

givengivengiven

given

bbb

b

yyy

y

thethethe

the

gradient,gradient,gradient,

gradient,

isisis

is

guaranteedguaranteedguaranteed

guaranteed

tototo

to

bbb

b

eee

e

orthogonalorthogonalorthogonal

orthogonal

tototo

to

thethethe

the

previouspreviousprevious

previous

linelineline

line

    

 

searcsearcsearc

searc

hhh

h

direction.direction.direction.

direction.

    

 

    

 

    

 

    

 

    

 

LetLetLet

Let

thethethe

the

previouspreviousprevious

previous

searcsearcsearc

searc

hhh

h

directiondirectiondirection

direction

bbb

b

eee

e

ddd

d

ttt

t

−−−

−

111

1

    

 

    

 

    

 

    

 

    

 

    

 

...

.

AtAtAt

At

thethethe

the

minimminimminim

minim

um,um,um,

um,

wherewherewhere

where

thethethe

the

linelineline

line

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

searcsearcsearc

searc

hhh

h

terminates,terminates,terminates,

terminates,

thethethe

the

directionaldirectionaldirectional

directional

derivderivderiv

deriv

ativeativeative

ative

isisis

is

zerozerozero

zero

ininin

in

directiondirectiondirection

direction

ddd

d

ttt

t

−−−

−

111

1

:::

:

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

)))

)

···

·

ddd

d

ttt

t

−−−

−

111

1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

===

=

000

0

...

.

SinceSinceSince

Since

thethethe

the

gradientgradientgradient

gradient

atatat

at

thisthisthis

this

ppp

p

oinoinoin

oin

ttt

t

denesdenesdenes

denes

thethethe

the

currentcurrentcurrent

current

searchsearchsearch

search

direction,direction,direction,

direction,

ddd

d

ttt

t

===

=

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

    

 

    

 

    

 

    

 

    

 

    

 

) ) ) 

) 

willwillwill

will

havhavhav

hav

eee

e

nonono

no

contributioncontributioncontribution

contribution

ininin

in

thethethe

the

directiondirectiondirection

direction

ddd

d

ttt

t

−−−

−

111

1

    

 

...

.

ThusThusThus

Thus

ddd

d

ttt

t

    

 

isisis

is

orthogonalorthogonalorthogonal

orthogonal

tototo

to

ddd

d

ttt

t

−−−

−

111

1

    

 

    

 

...

.

This relationshipThis relationshipThis relationship

This relationship

betwbetwbetw

betw

eeneeneen

een

ddd

d

ttt

t

−−−

−

111

1

andandand

and

ddd

d

ttt

t

    

 

    

 

    

 

    

 

isisis

is

illustrated inillustrated inillustrated in

illustrated in

Fig.Fig.Fig.

Fig.

forforfor

for

8.68.68.6

8.6

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

mmm

m

ultipleultipleultiple

ultiple

iterationsiterationsiterations

iterations

ofofof

of

steepsteepsteep

steep

estestest

est

descendescendescen

descen

t.t.t.

t.

AsAsAs

As

demonstrateddemonstrateddemonstrated

demonstrated

ininin

in

thethethe

the

gure,gure,gure,

gure,

thethethe

the

ccc

c

hoicehoicehoice

hoice

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

orthogonalorthogonalorthogonal

orthogonal

directionsdirectionsdirections

directions

ofofof

of

descentdescentdescent

descent

dododo

do

notnotnot

not

preservepreservepreserve

preserve

thethethe

the

minimumminimumminimum

minimum

alongalongalong

along

thethethe

the

previouspreviousprevious

previous

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

searcsearcsearc

searc

hhh

h

directions.directions.directions.

directions.

ThisThisThis

This

givgivgiv

giv

eseses

es

riseriserise

rise

tototo

to

thethethe

the

zig-zagzig-zagzig-zag

zig-zag

patternpatternpattern

pattern

ofofof

of

progress,progress,progress,

progress,

wherewherewhere

where

bybyby

by

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

descendingdescendingdescending

descending

tototo

to

thethethe

the

minimumminimumminimum

minimum

ininin

in

thethethe

the

currentcurrentcurrent

current

gradiengradiengradien

gradien

ttt

t

direction,direction,direction,

direction,

wewewe

we

mustmustmust

must

re-minimizere-minimizere-minimize

re-minimize

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

obobob

ob

jectivjectivjectiv

jectiv

eee

e

ininin

in

thethethe

the

previouspreviousprevious

previous

gradientgradientgradient

gradient

direction.direction.direction.

direction.

Thus,Thus,Thus,

Thus,

bbb

b

yyy

y

follofollofollo

follo

wingwingwing

wing

thethethe

the

gradientgradientgradient

gradient

atatat

at

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

endendend

end

ofofof

of

eacheacheach

each

linelineline

line

searcsearcsearc

searc

hhh

h

wewewe

we

are,are,are,

are,

ininin

in

aaa

a

sense,sense,sense,

sense,

undoingundoingundoing

undoing

progressprogressprogress

progress

www

w

eee

e

havhavhav

hav

eee

e

alreadyalreadyalready

already

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

mademademade

made

ininin

in

thethethe

the

directiondirectiondirection

direction

ofofof

of

thethethe

the

previouspreviousprevious

previous

linelineline

line

search.search.search.

search.

TheTheThe

The

methodmethodmethod

method

ofofof

of

conjugateconjugateconjugate

conjugate

gradientsgradientsgradients

gradients

    

 

    

 

    

 

    

 

seeksseeksseeks

seeks

tototo

to

addressaddressaddress

address

thisthisthis

this

problem.problem.problem.

problem.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

thethethe

the

methomethometho

metho

ddd

d

ofofof

of

conjugateconjugateconjugate

conjugate

gradients,gradients,gradients,

gradients,

www

w

eee

e

seekseekseek

seek

tototo

to

ndndnd

nd

aaa

a

searchsearchsearch

search

directiondirectiondirection

direction

thatthatthat

that

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ccc

c

onjugateonjugateonjugate

onjugate

tototo

to

thethethe

the

previouspreviousprevious

previous

linelineline

line

searchsearchsearch

search

direction,direction,direction,

direction,

i.e.i.e.i.e.

i.e.

ititit

it

willwillwill

will

notnotnot

not

undoundoundo

undo

progressprogressprogress

progress

mademademade

made

    

 

    

 

    

 

    

 

ininin

in

thatthatthat

that

direction. Atdirection. Atdirection. At

direction. At

trainingtrainingtraining

training

iterationiterationiteration

iteration

ttt

t

    

 

    

 

    

 

    

 

,,,

,

thethethe

the

nextnextnext

next

searchsearchsearch

search

directiondirectiondirection

direction

ddd

d

ttt

t

    

 

taktaktak

tak

eseses

es

thethethe

the

form:form:form:

form:

ddd

d

ttt

t

= = = 

= 

∇∇∇

∇
θθθ

θ

    

 

    

 

JJJ

J

βββ

β

(((

(

)))

)

+++

+

θθθ

θ

ttt

t

ddd

d

ttt

t

−−−

−

111

1

(8.29)(8.29)(8.29)

(8.29)

313313313

313



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

−30−30−30

−30

−20−20−20

−20

−10−10−10

−10

000

0

101010

10

202020

20
−30−30−30

−30−20−20−20

−20−10−10−10

−10000

0101010

10202020

20

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FigureFigureFigure

Figure

8.6:8.6:8.6:

8.6:

TheTheThe

The

methomethometho

metho

ddd

d

ofofof

of

steepsteepsteep

steep

estestest

est

descentdescentdescent

descent

appliedappliedapplied

applied

tototo

to

aaa

a

quadraticquadraticquadratic

quadratic

costcostcost

cost

surface.surface.surface.

surface.

TheTheThe

The

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

methomethometho

metho

ddd

d

ofofof

of

steepsteepsteep

steep

estestest

est

descentdescentdescent

descent

ininin

in

volvvolvvolv

volv

eseses

es

jumpingjumpingjumping

jumping

tototo

to

thethethe

the

ppp

p

ointointoint

oint

ofofof

of

lowlowlow

low

estestest

est

costcostcost

cost

alongalongalong

along

thethethe

the

linelineline

line

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

deneddeneddened

dened

bbb

b

yyy

y

thethethe

the

gradientgradientgradient

gradient

atatat

at

thethethe

the

initialinitialinitial

initial

ppp

p

ointointoint

oint

ononon

on

eacheacheach

each

step.step.step.

step.

ThisThisThis

This

resolvesresolvesresolves

resolves

somesomesome

some

ofofof

of

thethethe

the

problemsproblemsproblems

problems

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

seenseenseen

seen

withwithwith

with

usingusingusing

using

aaa

a

xedxedxed

xed

learninglearninglearning

learning

rateraterate

rate

ininin

in

Fig.Fig.Fig.

Fig.

,,,

,

butbutbut

but

eveneveneven

even

withwithwith

with

thethethe

the

optimaloptimaloptimal

optimal

stepstepstep

step

sizesizesize

size

thethethe

the

4.64.64.6

4.6

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

algorithmalgorithmalgorithm

algorithm

stillstillstill

still

makesmakesmakes

makes

back-and-forthback-and-forthback-and-forth

back-and-forth

progressprogressprogress

progress

tototo

to

www

w

ardardard

ard

thethethe

the

optimum.optimum.optimum.

optimum.

ByByBy

By

denition,denition,denition,

denition,

atatat

at

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

minimumminimumminimum

minimum

ofofof

of

thethethe

the

obobob

ob

jectivjectivjectiv

jectiv

eee

e

alongalongalong

along

aaa

a

givengivengiven

given

direction,direction,direction,

direction,

thethethe

the

gradientgradientgradient

gradient

atatat

at

thethethe

the

nalnalnal

nal

ppp

p

ointointoint

oint

isisis

is

    

 

    

 

    

 

orthogonalorthogonalorthogonal

orthogonal

tototo

to

thatthatthat

that

direction.direction.direction.

direction.

www

w

ereereere

ere

βββ

β

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

aaa

a

cococo

co

efficientefficientefficient

efficient

whosewhosewhose

whose

magnitudemagnitudemagnitude

magnitude

controlscontrolscontrols

controls

hohoho

ho

www

w

mucmucmuc

muc

hhh

h

ofofof

of

thethethe

the

direction,direction,direction,

direction,

ddd

d

ttt

t

−−−

−

111

1

,,,

,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

eee

e

shouldshouldshould

should

addaddadd

add

backbackback

back

tototo

to

thethethe

the

currencurrencurren

curren

ttt

t

searchsearchsearch

search

direction.direction.direction.

direction.

    

 

    

 

TTT

T

www

w

ooo

o

directions,directions,directions,

directions,

ddd

d

ttt

t

    

 

andandand

and

ddd

d

ttt

t

−−−

−

111

1

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

areareare

are

deneddeneddened

dened

asasas

as

conjugateconjugateconjugate

conjugate

ififif

if

ddd

d
>>>

>

ttt

t

HHH

H

ddd

d

(((

(

)))

)

JJJ

J

ttt

t

−−−

−

111

1

= 0= 0= 0

= 0

...

.

ddd

d
>>>

>

ttt

t

HHH

H

ddd

d

ttt

t

−−−

−

111

1

    

 

= 0= 0= 0

= 0

(8.30)(8.30)(8.30)

(8.30)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

straightforwstraightforwstraightforw

straightforw

ardardard

ard

wawawa

wa

yyy

y

tototo

to

impimpimp

imp

oseoseose

ose

conjugacyconjugacyconjugacy

conjugacy

wouldwouldwould

would

ininin

in

vvv

v

olvolvolv

olv

eee

e

calculationcalculationcalculation

calculation

ofofof

of

thethethe

the

    

 

eigeneigeneigen

eigen

vvv

v

ectorsectorsectors

ectors

ofofof

of

HHH

H

    

 

tototo

to

choosechoosechoose

choose

βββ

β

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

whicwhicwhic

whic

hhh

h

www

w

ouldouldould

ould

notnotnot

not

satisfysatisfysatisfy

satisfy

ourourour

our

goalgoalgoal

goal

ofofof

of

developingdevelopingdeveloping

developing

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

methomethometho

metho

ddd

d

thatthatthat

that

isisis

is

moremoremore

more

computationallycomputationallycomputationally

computationally

viableviableviable

viable

thanthanthan

than

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

forforfor

for

largelargelarge

large

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

problems. Canproblems. Canproblems. Can

problems. Can

wewewe

we

calculatecalculatecalculate

calculate

thethethe

the

conjugateconjugateconjugate

conjugate

directionsdirectionsdirections

directions

withoutwithoutwithout

without

resortingresortingresorting

resorting

tototo

to

thesethesethese

these

    

 

    

 

    

 

    

 

    

 

    

 

    

 

calculations?calculations?calculations?

calculations?

FFF

F

ortunatelyortunatelyortunately

ortunately

thethethe

the

answeransweranswer

answer

tototo

to

thatthatthat

that

isisis

is

yes.yes.yes.

yes.

    

 

    

 

    

 

    

 

    

 

    

 

TTT

T

www

w

ooo

o

ppp

p

opularopularopular

opular

methomethometho

metho

dsdsds

ds

forforfor

for

computingcomputingcomputing

computing

thethethe

the

βββ

β

ttt

t

are:are:are:

are:

1. Fletc1. Fletc1. Fletc

1. Fletc

her-Reevher-Reevher-Reev

her-Reev

es:es:es:

es:

βββ

β

ttt

t

===

=

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

ttt

t

)))

)
>>>

>

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

ttt

t

)))

)

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

ttt

t

−−−

−

111

1

)))

)
>>>

>

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

ttt

t

−−−

−

111

1

)))

)
(8.31)(8.31)(8.31)

(8.31)

2. P2. P2. P

2. P

olak-Ribière:olak-Ribière:olak-Ribière:

olak-Ribière:

βββ

β

ttt

t

===

=

(((

(

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

ttt

t

    

 

    

 

)))

)

−−−

−

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

ttt

t

−−−

−

111

1

))))))

))
>>>

>

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

ttt

t

)))

)

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

ttt

t

−−−

−

111

1

)))

)
>>>

>

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

ttt

t

−−−

−

111

1

)))

)
(8.32)(8.32)(8.32)

(8.32)

314314314

314



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FFF

F

ororor

or

aaa

a

quadraticquadraticquadratic

quadratic

surface,surface,surface,

surface,

thethethe

the

conjugateconjugateconjugate

conjugate

directionsdirectionsdirections

directions

ensureensureensure

ensure

thatthatthat

that

thethethe

the

gradientgradientgradient

gradient

alongalongalong

along

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

previouspreviousprevious

previous

directiondirectiondirection

direction

dododo

do

eseses

es

notnotnot

not

increaseincreaseincrease

increase

ininin

in

magnitude.magnitude.magnitude.

magnitude.

WWW

W

eee

e

thereforethereforetherefore

therefore

staystaystay

stay

atatat

at

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

minimminimminim

minim

umumum

um

alongalongalong

along

thethethe

the

previouspreviousprevious

previous

directions.directions.directions.

directions.

AsAsAs

As

aaa

a

consequence,consequence,consequence,

consequence,

ininin

in

aaa

a

kkk

k

-dimensional-dimensional-dimensional

-dimensional

    

 

    

 

    

 

    

 

    

 

parameterparameterparameter

parameter

space,space,space,

space,

conjugateconjugateconjugate

conjugate

gradientsgradientsgradients

gradients

onlyonlyonly

only

requiresrequiresrequires

requires

kkk

k

    

 

    

 

    

 

    

 

linelineline

line

searchessearchessearches

searches

tototo

to

acacac

ac

hievehievehieve

hieve

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

minimminimminim

minim

um.um.um.

um.

TheTheThe

The

conjugateconjugateconjugate

conjugate

gradientgradientgradient

gradient

algorithmalgorithmalgorithm

algorithm

isisis

is

givengivengiven

given

ininin

in

AlgorithmAlgorithmAlgorithm

Algorithm

...

.

8.98.98.9

8.9

    

 

    

 

    

 

    

 

AlgorithmAlgorithmAlgorithm

Algorithm

8.98.98.9

8.9

ConjugateConjugateConjugate

Conjugate

gradiengradiengradien

gradien

ttt

t

methomethometho

metho

ddd

d

    

 

    

 

    

 

Require:Require:Require:

Require:

InitialInitialInitial

Initial

parametersparametersparameters

parameters

θθθ

θ

000

0

    

 

    

 

    

 

    

 

    

 

Require:Require:Require:

Require:

TTT

T

rainingrainingraining

raining

setsetset

set

ofofof

of

examplesexamplesexamples

examples

mmm

m

    

 

InitializeInitializeInitialize

Initialize

ρρρ

ρ

000

0

= = = 

= 

000

0

    

 

InitializeInitializeInitialize

Initialize

ggg

g

000

0

= 0= 0= 0

= 0

    

 

    

 

InitializeInitializeInitialize

Initialize

ttt

t

= 1= 1= 1

= 1

    

 

    

 

    

 

    

 

    

 

whilewhilewhile

while

dododo

do

stoppingstoppingstopping

stopping

criterioncriterioncriterion

criterion

notnotnot

not

metmetmet

met

    

 

    

 

    

 

InitializeInitializeInitialize

Initialize

thethethe

the

gradiengradiengradien

gradien

ttt

t

ggg

g

ttt

t

= = = 

= 

000

0

    

 

    

 

ComputeComputeCompute

Compute

gradient:gradient:gradient:

gradient:

ggg

g

ttt

t

←←←

←
111

1

mmm

m

∇∇∇

∇
θθθ

θ

PPP

P
iii

i

LLL

L

fff

f

(((

(

(((

(

xxx

x
(((

(

)))

)

iii

i

    

 

    

 

;;;

;

)))

)

θθθ

θ

,,,

,

yyy

y
(((

(

)))

)

iii

i

)))

)

    

 

ComputeComputeCompute

Compute

βββ

β

ttt

t

===

=
(((

(

ggg

g

ttt

t

−−−

−

ggg

g

ttt

t

−−−

−

111

1

)))

)
>>>

>

ggg

g

ttt

t

ggg

g
>>>

>

ttt

t

−−−

−

111

1

ggg

g

ttt

t

−−−

−

111

1

(P(P(P

(P

olak-Ribière)olak-Ribière)olak-Ribière)

olak-Ribière)

    

 

    

 

    

 

    

 

(Nonlinear(Nonlinear(Nonlinear

(Nonlinear

conjugateconjugateconjugate

conjugate

gradiengradiengradien

gradien

t:t:t:

t:

optionallyoptionallyoptionally

optionally

resetresetreset

reset

βββ

β

ttt

t

    

 

    

 

    

 

    

 

tototo

to

zero,zero,zero,

zero,

forforfor

for

exampleexampleexample

example

ififif

if

ttt

t

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

multiplemultiplemultiple

multiple

ofofof

of

somesomesome

some

constantconstantconstant

constant

,,,

,

sucsucsuc

suc

hhh

h

asasas

as

)))

)

kkk

k

kkk

k

= 5= 5= 5

= 5

    

 

    

 

    

 

ComputeComputeCompute

Compute

searchsearchsearch

search

direction:direction:direction:

direction:

ρρρ

ρ

ttt

t

= = = 

= 

−−−

−

ggg

g
ttt

t

    

 

+++

+

βββ

β

ttt

t

ρρρ

ρ

ttt

t

−−−

−

111

1

    

 

    

 

    

 

    

 

    

 

PPP

P

erformerformerform

erform

linelineline

line

searcsearcsearc

searc

hhh

h

tototo

to

nd:nd:nd:

nd:




∗∗∗

∗

= argmin= argmin= argmin

= argmin




111

1

mmm

m

PPP

P
mmm

m

iii

i

=1=1=1

=1

LLL

L

fff

f

(((

(

(((

(

xxx

x
(((

(

)))

)

iii

i

    

 

;;;

;

θθθ

θ

ttt

t

    

 

+++

+





ρρρ

ρ

ttt

t

    

 

)))

)

,,,

,

yyy

y
(((

(

)))

)

iii

i

)))

)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

(On(On(On

(On

aaa

a

trulytrulytruly

truly

quadraticquadraticquadratic

quadratic

costcostcost

cost

function,function,function,

function,

analyticallyanalyticallyanalytically

analytically

solvesolvesolve

solve

forforfor

for




∗∗∗

∗

    

 

ratherratherrather

rather

thanthanthan

than

    

 

    

 

    

 

explicitlyexplicitlyexplicitly

explicitly

searchingsearchingsearching

searching

forforfor

for

it)it)it)

it)

    

 

    

 

ApplyApplyApply

Apply

upupup

up

date:date:date:

date:

θθθ

θ

ttt

t

+1+1+1

+1

= = = 

= 

θθθ

θ

ttt

t

    

 

+++

+




∗∗∗

∗

ρρρ

ρ

ttt

t

    

 

    

 

    

 

    

 

ttt

t

ttt

t

←←←

←

+++

+

111

1

    

 

endendend

end

whilewhilewhile

while

    

 

    

 

NonlinearNonlinearNonlinear

Nonlinear

ConjugateConjugateConjugate

Conjugate

Gradients:Gradients:Gradients:

Gradients:

    

 

    

 

    

 

    

 

    

 

    

 

    

 

SoSoSo

So

farfarfar

far

wewewe

we

havhavhav

hav

eee

e

discusseddiscusseddiscussed

discussed

thethethe

the

methomethometho

metho

ddd

d

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

conjugateconjugateconjugate

conjugate

gradientsgradientsgradients

gradients

asasas

as

ititit

it

isisis

is

appliedappliedapplied

applied

tototo

to

quadraticquadraticquadratic

quadratic

obobob

ob

jectivjectivjectiv

jectiv

eee

e

functions. Offunctions. Offunctions. Of

functions. Of

course,course,course,

course,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ourourour

our

primaryprimaryprimary

primary

interestinterestinterest

interest

ininin

in

thisthisthis

this

chapterchapterchapter

chapter

isisis

is

tototo

to

exploreexploreexplore

explore

optimizationoptimizationoptimization

optimization

methomethometho

metho

dsdsds

ds

forforfor

for

trainingtrainingtraining

training

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

andandand

and

otherotherother

other

relatedrelatedrelated

related

deepdeepdeep

deep

learninglearninglearning

learning

momomo

mo

delsdelsdels

dels

wherewherewhere

where

thethethe

the

correspcorrespcorresp

corresp

ondingondingonding

onding

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

obobob

ob

jectivjectivjectiv

jectiv

eee

e

functionfunctionfunction

function

isisis

is

farfarfar

far

fromfromfrom

from

quadratic.quadratic.quadratic.

quadratic.

PerhapsPerhapsPerhaps

Perhaps

surprisinglysurprisinglysurprisingly

surprisingly

,,,

,

thethethe

the

methomethometho

metho

ddd

d

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

conjugateconjugateconjugate

conjugate

gradientsgradientsgradients

gradients

isisis

is

stillstillstill

still

applicableapplicableapplicable

applicable

ininin

in

thisthisthis

this

setting,setting,setting,

setting,

thoughthoughthough

though

withwithwith

with

somesomesome

some

momomo

mo

dication.dication.dication.

dication.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WithoutWithoutWithout

Without

anyanyany

any

assuranceassuranceassurance

assurance

thatthatthat

that

thethethe

the

obobob

ob

jectivjectivjectiv

jectiv

eee

e

isisis

is

quadratic,quadratic,quadratic,

quadratic,

thethethe

the

conjugateconjugateconjugate

conjugate

directionsdirectionsdirections

directions

areareare

are

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

nonono

no

longerlongerlonger

longer

assuredassuredassured

assured

tototo

to

remainremainremain

remain

atatat

at

thethethe

the

minimminimminim

minim

umumum

um

ofofof

of

thethethe

the

obobob

ob

jectivjectivjectiv

jectiv

eee

e

forforfor

for

previouspreviousprevious

previous

directions.directions.directions.

directions.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AsAsAs

As

aaa

a

result,result,result,

result,

thethethe

the

nonlinenonlinenonline

nonline

ararar

ar

ccc

c

onjugateonjugateonjugate

onjugate

grgrgr

gr

adientsadientsadients

adients

algorithmalgorithmalgorithm

algorithm

includesincludesincludes

includes

ooo

o

ccasionalccasionalccasional

ccasional

resetsresetsresets

resets

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

wherewherewhere

where

thethethe

the

methomethometho

metho

ddd

d

ofofof

of

conjugateconjugateconjugate

conjugate

gradientsgradientsgradients

gradients

isisis

is

restartedrestartedrestarted

restarted

withwithwith

with

linelineline

line

searchsearchsearch

search

alongalongalong

along

thethethe

the

    

 

unalteredunalteredunaltered

unaltered

gradient.gradient.gradient.

gradient.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

PractitionersPractitionersPractitioners

Practitioners

repreprep

rep

ortortort

ort

reasonablereasonablereasonable

reasonable

resultsresultsresults

results

ininin

in

applicationsapplicationsapplications

applications

ofofof

of

thethethe

the

nonlinearnonlinearnonlinear

nonlinear

conjugateconjugateconjugate

conjugate

315315315

315



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

tststs

ts

algorithmalgorithmalgorithm

algorithm

tototo

to

trainingtrainingtraining

training

neuralneuralneural

neural

netwnetwnetw

netw

orks,orks,orks,

orks,

thoughthoughthough

though

ititit

it

isisis

is

oftenoftenoften

often

bbb

b

enecialenecialenecial

enecial

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

initializeinitializeinitialize

initialize

thethethe

the

optimizationoptimizationoptimization

optimization

withwithwith

with

aaa

a

fewfewfew

few

iterationsiterationsiterations

iterations

ofofof

of

stochasticstochasticstochastic

stochastic

gradiengradiengradien

gradien

ttt

t

descentdescentdescent

descent

bbb

b

eforeeforeefore

efore

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

commencingcommencingcommencing

commencing

nonlinearnonlinearnonlinear

nonlinear

conjugateconjugateconjugate

conjugate

gradients.gradients.gradients.

gradients.

Also,Also,Also,

Also,

whilewhilewhile

while

thethethe

the

(nonlinear)(nonlinear)(nonlinear)

(nonlinear)

conjugateconjugateconjugate

conjugate

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

tststs

ts

algorithmalgorithmalgorithm

algorithm

hashashas

has

traditionallytraditionallytraditionally

traditionally

bbb

b

eeneeneen

een

castcastcast

cast

asasas

as

aaa

a

batchbatchbatch

batch

methomethometho

metho

d,d,d,

d,

minibatcminibatcminibatc

minibatc

hhh

h

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

vvv

v

ersionsersionsersions

ersions

havhavhav

hav

eee

e

bbb

b

eeneeneen

een

usedusedused

used

successfullysuccessfullysuccessfully

successfully

forforfor

for

thethethe

the

trainingtrainingtraining

training

ofofof

of

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

(((

(

,,,

,

LeLeLe

Le

etetet

et

al.al.al.

al.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

201120112011

2011

). A). A). A

). A

daptationsdaptationsdaptations

daptations

ofofof

of

conjugateconjugateconjugate

conjugate

gradientsgradientsgradients

gradients

spspsp

sp

ecicallyecicallyecically

ecically

forforfor

for

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

havhavhav

hav

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

eeneeneen

een

proppropprop

prop

osedosedosed

osed

earlier,earlier,earlier,

earlier,

suchsuchsuch

such

asasas

as

thethethe

the

scaledscaledscaled

scaled

conjugateconjugateconjugate

conjugate

gradiengradiengradien

gradien

tststs

ts

algorithmalgorithmalgorithm

algorithm

(((

(

,,,

,

MollerMollerMoller

Moller

199319931993

1993

).).).

).

    

 

8.6.38.6.38.6.3

8.6.3

BFBFBF

BF

GSGSGS

GS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

BrBrBr

Br

oyden–Fletcher–Goldfarb–Shannooyden–Fletcher–Goldfarb–Shannooyden–Fletcher–Goldfarb–Shanno

oyden–Fletcher–Goldfarb–Shanno

(BFGS)(BFGS)(BFGS)

(BFGS)

algorithmalgorithmalgorithm

algorithm

attemptsattemptsattempts

attempts

tototo

to

bringbringbring

bring

somesomesome

some

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

thethethe

the

advadvadv

adv

antagesantagesantages

antages

ofofof

of

Newton’sNewton’sNewton’s

Newton’s

methomethometho

metho

ddd

d

withoutwithoutwithout

without

thethethe

the

computationalcomputationalcomputational

computational

burden.burden.burden.

burden.

InInIn

In

thatthatthat

that

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

resprespresp

resp

ect,ect,ect,

ect,

BFGSBFGSBFGS

BFGS

isisis

is

similarsimilarsimilar

similar

tototo

to

CG.CG.CG.

CG.

HowHowHow

How

evevev

ev

er,er,er,

er,

BFGSBFGSBFGS

BFGS

taktaktak

tak

eseses

es

aaa

a

moremoremore

more

directdirectdirect

direct

approachapproachapproach

approach

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

approximationapproximationapproximation

approximation

ofofof

of

Newton’sNewton’sNewton’s

Newton’s

upupup

up

date.date.date.

date.

RecallRecallRecall

Recall

thatthatthat

that

Newton’sNewton’sNewton’s

Newton’s

upupup

up

datedatedate

date

isisis

is

givengivengiven

given

bbb

b

yyy

y

θθθ

θ
∗∗∗

∗

= = = 

= 

θθθ

θ

000

0

    

 

−−−

−

HHH

H
−−−

−

111

1

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

000

0

    

 

)))

)

,,,

,

(8.33)(8.33)(8.33)

(8.33)

wherewherewhere

where

HHH

H

    

 

    

 

    

 

isisis

is

thethethe

the

HessianHessianHessian

Hessian

ofofof

of

JJJ

J

    

 

    

 

withwithwith

with

resprespresp

resp

ectectect

ect

tototo

to

θθθ

θ

    

 

evevev

ev

aluatedaluatedaluated

aluated

atatat

at

θθθ

θ

000

0

    

 

    

 

...

.

TheTheThe

The

primaryprimaryprimary

primary

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

computationalcomputationalcomputational

computational

difficultdifficultdifficult

difficult

yyy

y

ininin

in

applyingapplyingapplying

applying

Newton’sNewton’sNewton’s

Newton’s

upupup

up

datedatedate

date

isisis

is

thethethe

the

calculationcalculationcalculation

calculation

ofofof

of

thethethe

the

    

 

ininin

in

vvv

v

erseerseerse

erse

HessianHessianHessian

Hessian

HHH

H
−−−

−

111

1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

TheTheThe

The

approacapproacapproac

approac

hhh

h

adoptedadoptedadopted

adopted

bybyby

by

quasi-Newtonquasi-Newtonquasi-Newton

quasi-Newton

methomethometho

metho

dsdsds

ds

(of(of(of

(of

whichwhichwhich

which

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

BFGSBFGSBFGS

BFGS

algorithmalgorithmalgorithm

algorithm

isisis

is

thethethe

the

mostmostmost

most

prominent)prominent)prominent)

prominent)

isisis

is

tototo

to

approximateapproximateapproximate

approximate

thethethe

the

invinvinv

inv

erseerseerse

erse

withwithwith

with

    

 

aaa

a

matrixmatrixmatrix

matrix

MMM

M

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thatthatthat

that

isisis

is

iterativiterativiterativ

iterativ

elyelyely

ely

renedrenedrened

rened

bybyby

by

lololo

lo

www

w

rankrankrank

rank

upupup

up

datesdatesdates

dates

tototo

to

bbb

b

ecomeecomeecome

ecome

aaa

a

bbb

b

etteretteretter

etter

    

 

    

 

approapproappro

appro

ximationximationximation

ximation

ofofof

of

HHH

H
−−−

−

111

1

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FFF

F

romromrom

rom

Newton’sNewton’sNewton’s

Newton’s

upupup

up

date,date,date,

date,

ininin

in

Eq.Eq.Eq.

Eq.

,,,

,

www

w

eee

e

cancancan

can

seeseesee

see

thatthatthat

that

thethethe

the

parametersparametersparameters

parameters

atatat

at

learninglearninglearning

learning

8.338.338.33

8.33

stepsstepssteps

steps

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

areareare

are

relatedrelatedrelated

related

viaviavia

via

thethethe

the

secansecansecan

secan

ttt

t

conditionconditioncondition

condition

(also(also(also

(also

knownknownknown

known

asasas

as

thethethe

the

quasi-Newtonquasi-Newtonquasi-Newton

quasi-Newton

condition):condition):condition):

condition):

θθθ

θ

ttt

t

+1+1+1

+1

    

 

−−−

−

θθθ

θ
ttt

t

= = = 

= 

−−−

−

HHH

H
−−−

−

111

1

(((

(

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

ttt

t

+1+1+1

+1

    

 

    

 

)))

)

−−−

−

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

ttt

t

    

 

))))))

))

(8.34)(8.34)(8.34)

(8.34)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

Eq.Eq.Eq.

Eq.

holdsholdsholds

holds

preciselypreciselyprecisely

precisely

ininin

in

thethethe

the

quadraticquadraticquadratic

quadratic

case,case,case,

case,

ororor

or

approapproappro

appro

ximatelyximatelyximately

ximately

otherwise.otherwise.otherwise.

otherwise.

TheTheThe

The

8.348.348.34

8.34

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

approapproappro

appro

ximationximationximation

ximation

tototo

to

thethethe

the

HessianHessianHessian

Hessian

invinvinv

inv

erseerseerse

erse

usedusedused

used

ininin

in

thethethe

the

BFGSBFGSBFGS

BFGS

propropro

pro

cedurecedurecedure

cedure

isisis

is

constructedconstructedconstructed

constructed

    

 

    

 

    

 

    

 

    

 

    

 

sososo

so

asasas

as

tototo

to

satisfysatisfysatisfy

satisfy

thisthisthis

this

condition,condition,condition,

condition,

withwithwith

with

MMM

M

    

 

    

 

ininin

in

placeplaceplace

place

ofofof

of

HHH

H
−−−

−

111

1

    

 

...

.

SpSpSp

Sp

ecicallyecicallyecically

ecically

,,,

,

MMM

M

    

 

isisis

is

upupup

up

dateddateddated

dated

    

 

accordingaccordingaccording

according

to:to:to:

to:

MMM

M

ttt

t

= = = 

= 

MMM

M

ttt

t

−−−

−

111

1

+++

+





    

 

111

1

+++

+
φφφ

φ
>>>

>

MMM

M

ttt

t

−−−

−

111

1

φφφ

φ

∆∆∆

∆
>>>

>

φφφ

φ




φφφ

φ
>>>

>

φφφ

φ

∆∆∆

∆
>>>

>

φφφ

φ

−−−

−





∆∆∆

∆

φφφ

φ
>>>

>

MMM

M

ttt

t

−−−

−

111

1

    

 

+++

+

MMM

M

ttt

t

−−−

−

111

1

φφφ

φ

∆∆∆

∆
>>>

>

∆∆∆

∆
>>>

>

φφφ

φ




    

 

,,,

,

(8.35)(8.35)(8.35)

(8.35)

wherewherewhere

where

ggg

g

ttt

t

===

=

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

ttt

t

)))

)

,,,

,

φφφ

φ

===

=

ggg

g

ttt

t

    

 

−−−

−

ggg

g

ttt

t

−−−

−

111

1

andandand

and

∆∆∆

∆

===

=

θθθ

θ

ttt

t

    

 

−−−

−

θθθ

θ

ttt

t

−−−

−

111

1

    

 

    

 

    

 

    

 

    

 

...

.

Eq.Eq.Eq.

Eq.

showsshowsshows

shows

thatthatthat

that

thethethe

the

8.358.358.35

8.35

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

BFBFBF

BF

GSGSGS

GS

propropro

pro

cedurecedurecedure

cedure

iterativelyiterativelyiteratively

iteratively

renesrenesrenes

renes

thethethe

the

approapproappro

appro

ximationximationximation

ximation

ofofof

of

thethethe

the

invinvinv

inv

erseerseerse

erse

ofofof

of

thethethe

the

HessianHessianHessian

Hessian

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withwithwith

with

rankrankrank

rank

upupup

up

datesdatesdates

dates

ofofof

of

rankrankrank

rank

one.one.one.

one.

ThisThisThis

This

meanmeanmean

mean

thatthatthat

that

ififif

if

    

 

    

 

θθθ

θ

∈∈∈

∈

RRR

R
nnn

n

    

 

    

 

    

 

,,,

,

thenthenthen

then

thethethe

the

computationalcomputationalcomputational

computational

316316316

316



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

complexitcomplexitcomplexit

complexit

yyy

y

ofofof

of

thethethe

the

upupup

up

datedatedate

date

isisis

is

OOO

O

(((

(

nnn

n
222

2

    

 

    

 

    

 

    

 

    

 

    

 

    

 

)))

)

...

.

TheTheThe

The

derivderivderiv

deriv

ationationation

ation

ofofof

of

thethethe

the

BFGSBFGSBFGS

BFGS

approximationapproximationapproximation

approximation

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

givgivgiv

giv

enenen

en

ininin

in

manmanman

man

yyy

y

textbtextbtextb

textb

ooo

o

oksoksoks

oks

ononon

on

optimization,optimization,optimization,

optimization,

includingincludingincluding

including

(((

(

).).).

).

LuenbergerLuenbergerLuenberger

Luenberger

198419841984

1984

    

 

    

 

    

 

    

 

OnceOnceOnce

Once

thethethe

the

invinvinv

inv

erseerseerse

erse

HessianHessianHessian

Hessian

approapproappro

appro

ximationximationximation

ximation

MMM

M

ttt

t

    

 

    

 

    

 

    

 

    

 

isisis

is

updated,updated,updated,

updated,

thethethe

the

directiondirectiondirection

direction

ofofof

of

descentdescentdescent

descent

ρρρ

ρ

ttt

t

    

 

    

 

isisis

is

determineddetermineddetermined

determined

bybyby

by

ρρρ

ρ

ttt

t

===

=

MMM

M

ttt

t

ggg

g

ttt

t

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

AAA

A

linelineline

line

searcsearcsearc

searc

hhh

h

isisis

is

ppp

p

erformederformederformed

erformed

ininin

in

thisthisthis

this

directiondirectiondirection

direction

tototo

to

    

 

    

 

    

 

    

 

    

 

determinedeterminedetermine

determine

thethethe

the

sizesizesize

size

ofofof

of

thethethe

the

step,step,step,

step,




∗∗∗

∗

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

takentakentaken

taken

ininin

in

thisthisthis

this

direction.direction.direction.

direction.

TheTheThe

The

nalnalnal

nal

upupup

up

datedatedate

date

tototo

to

thethethe

the

    

 

    

 

    

 

parametersparametersparameters

parameters

isisis

is

givgivgiv

giv

enenen

en

by:by:by:

by:

θθθ

θ

ttt

t

+1+1+1

+1

= = = 

= 

θθθ

θ

ttt

t

    

 

+++

+




∗∗∗

∗

ρρρ

ρ

ttt

t

    

 

...

.

(8.36)(8.36)(8.36)

(8.36)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

completecompletecomplete

complete

BFBFBF

BF

GSGSGS

GS

algorithmalgorithmalgorithm

algorithm

isisis

is

presentedpresentedpresented

presented

ininin

in

AlgorithmAlgorithmAlgorithm

Algorithm

...

.

8.108.108.10

8.10

    

 

    

 

    

 

AlgorithmAlgorithmAlgorithm

Algorithm

8.108.108.10

8.10

BFGSBFGSBFGS

BFGS

methomethometho

metho

ddd

d

    

 

    

 

    

 

Require:Require:Require:

Require:

InitialInitialInitial

Initial

parametersparametersparameters

parameters

θθθ

θ

000

0

    

 

    

 

    

 

InitializeInitializeInitialize

Initialize

invinvinv

inv

erseerseerse

erse

HessianHessianHessian

Hessian

MMM

M

000

0

= = = 

= 

III

I

    

 

    

 

    

 

    

 

    

 

whilewhilewhile

while

dododo

do

stoppingstoppingstopping

stopping

criterioncriterioncriterion

criterion

notnotnot

not

metmetmet

met

    

 

    

 

ComputeComputeCompute

Compute

gradient:gradient:gradient:

gradient:

ggg

g

ttt

t

= = = 

= 

∇∇∇

∇
θθθ

θ

JJJ

J

(((

(

θθθ

θ

ttt

t

)))

)

    

 

    

 

ComputeComputeCompute

Compute

φφφ

φ

ggg

g

= = = 

= 

ttt

t

    

 

−−−

−

ggg

g

ttt

t

−−−

−

111

1

    

 

    

 

,,,

,

∆∆∆

∆

= = = 

= 

θθθ

θ

ttt

t

    

 

−−−

−

θθθ

θ

ttt

t

−−−

−

111

1

    

 

ApproApproAppro

Appro

xxx

x

HHH

H
−−−

−

111

1

    

 

:::

:

MMM

M

ttt

t

= = = 

= 

MMM

M

ttt

t

−−−

−

111

1

+++

+





    

 

111

1

+++

+
φφφ

φ
>>>

>

MMM

M

ttt

t

−−−

−

111

1

φφφ

φ

∆∆∆

∆

>>>

>

φφφ

φ




φφφ

φ
>>>

>

φφφ

φ

∆∆∆

∆

>>>

>

φφφ

φ

−−−

−




∆∆∆

∆

φφφ

φ
>>>

>

MMM

M

ttt

t

−−−

−

111

1

+++

+

MMM

M

ttt

t

−−−

−

111

1

φφφ

φ

∆∆∆

∆
>>>

>

∆∆∆

∆

>>>

>

φφφ

φ





    

 

    

 

    

 

ComputeComputeCompute

Compute

searchsearchsearch

search

direction:direction:direction:

direction:

ρρρ

ρ

ttt

t

= = = 

= 

MMM

M

ttt

t

ggg

g

ttt

t

    

 

    

 

    

 

    

 

    

 

PPP

P

erformerformerform

erform

linelineline

line

searcsearcsearc

searc

hhh

h

tototo

to

nd:nd:nd:

nd:




∗∗∗

∗

= argmin= argmin= argmin

= argmin





JJJ

J

(((

(

θθθ

θ

ttt

t

    

 

+++

+





ρρρ

ρ

ttt

t

)))

)

    

 

    

 

ApplyApplyApply

Apply

upupup

up

date:date:date:

date:

θθθ

θ

ttt

t

+1+1+1

+1

= = = 

= 

θθθ

θ

ttt

t

    

 

+++

+




∗∗∗

∗

ρρρ

ρ

ttt

t

    

 

endendend

end

whilewhilewhile

while

***

*

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

LikLikLik

Lik

eee

e

thethethe

the

methomethometho

metho

ddd

d

ofofof

of

conjugateconjugateconjugate

conjugate

gradients,gradients,gradients,

gradients,

thethethe

the

BFGSBFGSBFGS

BFGS

algorithmalgorithmalgorithm

algorithm

iteratesiteratesiterates

iterates

aaa

a

seriesseriesseries

series

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

linelineline

line

searchessearchessearches

searches

withwithwith

with

thethethe

the

directiondirectiondirection

direction

incorpincorpincorp

incorp

oratingoratingorating

orating

second-ordersecond-ordersecond-order

second-order

information.information.information.

information.

HoHoHo

Ho

wevwevwev

wev

ererer

er

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

unlikunlikunlik

unlik

eee

e

conjugateconjugateconjugate

conjugate

gradients,gradients,gradients,

gradients,

thethethe

the

successsuccesssuccess

success

ofofof

of

thethethe

the

approachapproachapproach

approach

isisis

is

notnotnot

not

heavilyheavilyheavily

heavily

depdepdep

dep

endentendentendent

endent

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ononon

on

thethethe

the

linelineline

line

searchsearchsearch

search

ndingndingnding

nding

aaa

a

ppp

p

ointointoint

oint

vvv

v

eryeryery

ery

closecloseclose

close

tototo

to

thethethe

the

truetruetrue

true

minimumminimumminimum

minimum

alongalongalong

along

thethethe

the

line.line.line.

line.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThThTh

Th

us,us,us,

us,

relativerelativerelative

relative

tototo

to

conjugateconjugateconjugate

conjugate

gradiengradiengradien

gradien

ts,ts,ts,

ts,

BFGSBFGSBFGS

BFGS

hashashas

has

thethethe

the

advadvadv

adv

ananan

an

tagetagetage

tage

thatthatthat

that

ititit

it

cancancan

can

spspsp

sp

endendend

end

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

lesslessless

less

timetimetime

time

reningreningrening

rening

eacheacheach

each

linelineline

line

search.search.search.

search.

OnOnOn

On

thethethe

the

otherotherother

other

hand,hand,hand,

hand,

thethethe

the

BFGSBFGSBFGS

BFGS

algorithmalgorithmalgorithm

algorithm

mustmustmust

must

    

 

    

 

    

 

    

 

storestorestore

store

thethethe

the

invinvinv

inv

erseerseerse

erse

HessianHessianHessian

Hessian

matrix,matrix,matrix,

matrix,

MMM

M

    

 

    

 

,,,

,

thatthatthat

that

requiresrequiresrequires

requires

OOO

O

(((

(

nnn

n
222

2

    

 

    

 

    

 

)))

)

memorymemorymemory

memory

,,,

,

makingmakingmaking

making

BFGSBFGSBFGS

BFGS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

impracticalimpracticalimpractical

impractical

forforfor

for

mostmostmost

most

momomo

mo

dernderndern

dern

deepdeepdeep

deep

learninglearninglearning

learning

momomo

mo

delsdelsdels

dels

thatthatthat

that

typicallytypicallytypically

typically

hahaha

ha

vvv

v

eee

e

millionsmillionsmillions

millions

ofofof

of

parameters.parameters.parameters.

parameters.

Limited Memory BFLimited Memory BFLimited Memory BF

Limited Memory BF

GS (or L-BFGS (or L-BFGS (or L-BF

GS (or L-BF

GS)GS)GS)

GS)

    

 

    

 

The memoryThe memoryThe memory

The memory

costs ofcosts ofcosts of

costs of

the BFthe BFthe BF

the BF

GSGSGS

GS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

algorithmalgorithmalgorithm

algorithm

cancancan

can

bbb

b

eee

e

signicantlysignicantlysignicantly

signicantly

decreaseddecreaseddecreased

decreased

bybyby

by

aaa

a

voidingvoidingvoiding

voiding

storingstoringstoring

storing

thethethe

the

completecompletecomplete

complete

invinvinv

inv

erseerseerse

erse

    

 

HessianHessianHessian

Hessian

approximationapproximationapproximation

approximation

MMM

M

    

 

    

 

    

 

    

 

...

.

AlternativAlternativAlternativ

Alternativ

elyelyely

ely

,,,

,

bbb

b

yyy

y

replacingreplacingreplacing

replacing

thethethe

the

MMM

M

ttt

t

−−−

−

111

1

    

 

    

 

    

 

ininin

in

Eq.Eq.Eq.

Eq.

withwithwith

with

8.358.358.35

8.35

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ananan

an

identitidentitidentit

identit

yyy

y

matrix,matrix,matrix,

matrix,

thethethe

the

BFBFBF

BF

GSGSGS

GS

searchsearchsearch

search

directiondirectiondirection

direction

upupup

up

datedatedate

date

formformform

form

ulaulaula

ula

bbb

b

ecomes:ecomes:ecomes:

ecomes:

ρρρ

ρ

ttt

t

= = = 

= 

−−−

−

ggg

g
ttt

t

    

 

    

 

    

 

    

 

+++

+

+++

+

bbb

b

∆∆∆

∆

aaa

a

,,,

,

φφφ

φ

(8.37)(8.37)(8.37)

(8.37)

317317317

317



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

wherewherewhere

where

thethethe

the

scalarsscalarsscalars

scalars

andandand

and

areareare

are

givengivengiven

given

bbb

b

y:y:y:

y:

aaa

a

bbb

b

    

 

aaa

a

= = = 

= 

−−−

−





    

 

111

1

+++

+
φφφ

φ
>>>

>

φφφ

φ

∆∆∆

∆
>>>

>

φφφ

φ




∆∆∆

∆
>>>

>

ggg

g

ttt

t

∆∆∆

∆
>>>

>

φφφ

φ
+++

+
φφφ

φ
>>>

>

ggg

g

ttt

t

∆∆∆

∆
>>>

>

φφφ

φ
(8.38)(8.38)(8.38)

(8.38)

    

 

bbb

b

===

=
∆∆∆

∆
>>>

>

ggg

g

ttt

t

∆∆∆

∆
>>>

>

φφφ

φ
(8.39)(8.39)(8.39)

(8.39)

withwithwith

with

φφφ

φ

andandand

and

∆∆∆

∆

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

asasas

as

deneddeneddened

dened

ababab

ab

ovovov

ov

e. Ife. Ife. If

e. If

usedusedused

used

withwithwith

with

exactexactexact

exact

linelineline

line

searches,searches,searches,

searches,

thethethe

the

directionsdirectionsdirections

directions

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

deneddeneddened

dened

bbb

b

yyy

y

Eq.Eq.Eq.

Eq.

areareare

are

mmm

m

utuallyutuallyutually

utually

conjugate.conjugate.conjugate.

conjugate.

HoHoHo

Ho

www

w

ever, unlikever, unlikever, unlik

ever, unlik

eee

e

thethethe

the

methomethometho

metho

ddd

d

ofofof

of

8.378.378.37

8.37

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

conjugateconjugateconjugate

conjugate

gradients,gradients,gradients,

gradients,

thisthisthis

this

propropro

pro

cedurecedurecedure

cedure

remainsremainsremains

remains

wellwellwell

well

bbb

b

ehaehaeha

eha

vvv

v

ededed

ed

whenwhenwhen

when

thethethe

the

minimminimminim

minim

umumum

um

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

linelineline

line

searchsearchsearch

search

isisis

is

reachedreachedreached

reached

onlyonlyonly

only

approapproappro

appro

ximatelyximatelyximately

ximately

...

.

ThisThisThis

This

strategystrategystrategy

strategy

cancancan

can

bbb

b

eee

e

generalizedgeneralizedgeneralized

generalized

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

includeincludeinclude

include

moremoremore

more

informationinformationinformation

information

ababab

ab

outoutout

out

thethethe

the

HessianHessianHessian

Hessian

bbb

b

yyy

y

storingstoringstoring

storing

previouspreviousprevious

previous

vvv

v

aluesaluesalues

alues

ofofof

of

φφφ

φ

andandand

and

∆∆∆

∆

...

.

    

 

    

 

    

 

    

 

8.78.78.7

8.7

OptimizationOptimizationOptimization

Optimization

StrategiesStrategiesStrategies

Strategies

andandand

and

Meta-AlgorithmsMeta-AlgorithmsMeta-Algorithms

Meta-Algorithms

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ManManMan

Man

yyy

y

optimizationoptimizationoptimization

optimization

tectectec

tec

hniqueshniqueshniques

hniques

areareare

are

notnotnot

not

exactlyexactlyexactly

exactly

algorithms, butalgorithms, butalgorithms, but

algorithms, but

ratherratherrather

rather

generalgeneralgeneral

general

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

templatestemplatestemplates

templates

thatthatthat

that

cancancan

can

bbb

b

eee

e

spspsp

sp

ecializedecializedecialized

ecialized

tototo

to

yieldyieldyield

yield

algorithms,algorithms,algorithms,

algorithms,

ororor

or

subroutinessubroutinessubroutines

subroutines

thatthatthat

that

cancancan

can

bbb

b

eee

e

    

 

    

 

    

 

    

 

incorpincorpincorp

incorp

oratedoratedorated

orated

intointointo

into

manmanman

man

yyy

y

differentdifferentdifferent

different

algorithms.algorithms.algorithms.

algorithms.

    

 

    

 

8.7.18.7.18.7.1

8.7.1

BatcBatcBatc

Batc

hhh

h

NormalizationNormalizationNormalization

Normalization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

BatcBatcBatc

Batc

hhh

h

normalizationnormalizationnormalization

normalization

(((

(

,,,

,

)))

)

isisis

is

oneoneone

one

ofofof

of

thethethe

the

mostmostmost

most

excitingexcitingexciting

exciting

recenrecenrecen

recen

ttt

t

IoffeIoffeIoffe

Ioffe

andandand

and

SzegedySzegedySzegedy

Szegedy

201520152015

2015

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

innoinnoinno

inno

vvv

v

ationsationsations

ations

ininin

in

optimizingoptimizingoptimizing

optimizing

deepdeepdeep

deep

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

andandand

and

ititit

it

isisis

is

actuallyactuallyactually

actually

notnotnot

not

ananan

an

optimizationoptimizationoptimization

optimization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

algorithmalgorithmalgorithm

algorithm

atatat

at

all.all.all.

all.

Instead,Instead,Instead,

Instead,

ititit

it

isisis

is

aaa

a

methomethometho

metho

ddd

d

ofofof

of

adaptivadaptivadaptiv

adaptiv

eee

e

reparametrization,reparametrization,reparametrization,

reparametrization,

motivmotivmotiv

motiv

atedatedated

ated

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

yyy

y

thethethe

the

difficultdifficultdifficult

difficult

yyy

y

ofofof

of

trainingtrainingtraining

training

veryveryvery

very

deepdeepdeep

deep

momomo

mo

dels.dels.dels.

dels.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

VVV

V

eryeryery

ery

deepdeepdeep

deep

momomo

mo

delsdelsdels

dels

ininin

in

volvvolvvolv

volv

eee

e

thethethe

the

compcompcomp

comp

ositionositionosition

osition

ofofof

of

severalseveralseveral

several

functionsfunctionsfunctions

functions

ororor

or

laylaylay

lay

ers.ers.ers.

ers.

TheTheThe

The

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

gradiengradiengradien

gradien

ttt

t

tellstellstells

tells

howhowhow

how

tototo

to

upupup

up

datedatedate

date

eacheacheach

each

parameter,parameter,parameter,

parameter,

underunderunder

under

thethethe

the

assumptionassumptionassumption

assumption

thatthatthat

that

thethethe

the

otherotherother

other

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

lalala

la

yyy

y

ersersers

ers

dododo

do

notnotnot

not

change.change.change.

change.

InInIn

In

practice,practice,practice,

practice,

www

w

eee

e

upupup

up

datedatedate

date

allallall

all

ofofof

of

thethethe

the

laylaylay

lay

ersersers

ers

simultaneouslysimultaneouslysimultaneously

simultaneously

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WhenWhenWhen

When

wewewe

we

makmakmak

mak

eee

e

thethethe

the

upupup

up

date,date,date,

date,

unexpunexpunexp

unexp

ectedectedected

ected

resultsresultsresults

results

cancancan

can

happhapphapp

happ

enenen

en

bbb

b

ecauseecauseecause

ecause

manmanman

man

yyy

y

functionsfunctionsfunctions

functions

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

compcompcomp

comp

osedosedosed

osed

togethertogethertogether

together

areareare

are

changedchangedchanged

changed

simsimsim

sim

ultaneouslyultaneouslyultaneously

ultaneously

,,,

,

usingusingusing

using

upupup

up

datesdatesdates

dates

thatthatthat

that

werewerewere

were

computedcomputedcomputed

computed

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

underunderunder

under

thethethe

the

assumptionassumptionassumption

assumption

thatthatthat

that

thethethe

the

otherotherother

other

functionsfunctionsfunctions

functions

remainremainremain

remain

constant.constant.constant.

constant.

AsAsAs

As

aaa

a

simplesimplesimple

simple

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

example,example,example,

example,

suppsuppsupp

supp

oseoseose

ose

wewewe

we

havhavhav

hav

eee

e

aaa

a

deepdeepdeep

deep

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

thatthatthat

that

hashashas

has

onlyonlyonly

only

oneoneone

one

unitunitunit

unit

ppp

p

ererer

er

laylaylay

lay

ererer

er

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

dododo

do

eseses

es

notnotnot

not

useuseuse

use

ananan

an

activactivactiv

activ

ationationation

ation

functionfunctionfunction

function

atatat

at

eaceaceac

eac

hhh

h

hiddenhiddenhidden

hidden

laylaylay

lay

er:er:er:

er:

ˆ̂̂

ˆ

yyy

y

===

=

xwxwxw

xw

111

1

www

w

222

2

www

w

333

3

    

 

    

 

    

 

...

.

...

.

...

.

www

w

lll

l

...

.

Here,Here,Here,

Here,

www

w

iii

i

    

 

    

 

    

 

    

 

    

 

propropro

pro

videsvidesvides

vides

thethethe

the

weighweighweigh

weigh

ttt

t

usedusedused

used

bybyby

by

laylaylay

lay

ererer

er

iii

i

    

 

    

 

    

 

    

 

...

.

TheTheThe

The

outputoutputoutput

output

ofofof

of

laylaylay

lay

ererer

er

iii

i

isisis

is

hhh

h

iii

i

===

=

hhh

h

iii

i

−−−

−

111

1

www

w

iii

i

...

.

    

 

TheTheThe

The

outputoutputoutput

output

ˆ̂̂

ˆ

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

aaa

a

linearlinearlinear

linear

functionfunctionfunction

function

ofofof

of

thethethe

the

inputinputinput

input

xxx

x

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

butbutbut

but

aaa

a

nonlinearnonlinearnonlinear

nonlinear

functionfunctionfunction

function

ofofof

of

thethethe

the

www

w

eigheigheigh

eigh

tststs

ts

www

w

iii

i

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

SupposeSupposeSuppose

Suppose

ourourour

our

costcostcost

cost

functionfunctionfunction

function

hashashas

has

putputput

put

aaa

a

gradiengradiengradien

gradien

ttt

t

ofofof

of

ononon

on

111

1

ˆ̂̂

ˆ

yyy

y

    

 

    

 

    

 

    

 

,,,

,

sososo

so

wewewe

we

wishwishwish

wish

tototo

to

decreasedecreasedecrease

decrease

ˆ̂̂

ˆ

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

slighslighsligh

sligh

tlytlytly

tly

...

.

TheTheThe

The

bacbacbac

bac

k-propagationk-propagationk-propagation

k-propagation

algorithmalgorithmalgorithm

algorithm

cancancan

can

thenthenthen

then

computecomputecompute

compute

aaa

a

gradientgradientgradient

gradient

ggg

g

===

=

∇∇∇

∇
www

w

ˆ̂̂

ˆ

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

ConsiderConsiderConsider

Consider

whatwhatwhat

what

happhapphapp

happ

ensensens

ens

whenwhenwhen

when

wewewe

we

makmakmak

mak

eee

e

ananan

an

upupup

up

datedatedate

date

    

 

    

 

    

 

    

 

www

w

www

w

ggg

g

←←←

←

−−−

−





    

 

...

.

TheTheThe

The

318318318

318



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

rst-orderrst-orderrst-order

rst-order

TTT

T

aylorayloraylor

aylor

seriesseriesseries

series

approapproappro

appro

ximationximationximation

ximation

ofofof

of

ˆ̂̂

ˆ

yyy

y

    

 

    

 

    

 

    

 

predictspredictspredicts

predicts

thatthatthat

that

thethethe

the

vvv

v

aluealuealue

alue

ofofof

of

ˆ̂̂

ˆ

yyy

y

    

 

willwillwill

will

decreasedecreasedecrease

decrease

bbb

b

yyy

y





ggg

g
>>>

>

ggg

g

    

 

    

 

    

 

    

 

    

 

...

.

IfIfIf

If

www

w

eee

e

wanwanwan

wan

tedtedted

ted

tototo

to

decreasedecreasedecrease

decrease

ˆ̂̂

ˆ

yyy

y

bbb

b

yyy

y

...

.

    

 

    

 

    

 

    

 

    

 

111

1

,,,

,

thisthisthis

this

rst-orderrst-orderrst-order

rst-order

informationinformationinformation

information

avavav

av

ailableailableailable

ailable

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

gradientgradientgradient

gradient

suggestssuggestssuggests

suggests

www

w

eee

e

couldcouldcould

could

setsetset

set

thethethe

the

learninglearninglearning

learning

rateraterate

rate





tototo

to
...

.

111

1

ggg

g

>>>

>

ggg

g

    

 

    

 

    

 

...

.

HoHoHo

Ho

wevwevwev

wev

er,er,er,

er,

thethethe

the

actualactualactual

actual

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

upupup

up

datedatedate

date

willwillwill

will

includeincludeinclude

include

second-ordersecond-ordersecond-order

second-order

andandand

and

third-orderthird-orderthird-order

third-order

effects,effects,effects,

effects,

ononon

on

upupup

up

tototo

to

effectseffectseffects

effects

ofofof

of

orderorderorder

order

lll

l

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

newnewnew

new

vvv

v

aluealuealue

alue

ofofof

of

ˆ̂̂

ˆ

yyy

y

isisis

is

givengivengiven

given

bybyby

by

xxx

x

www

w

(((

(

111

1

    

 

−−−

−

ggg

g
111

1

)()()(

)(

www

w

222

2

    

 

−−−

−

ggg

g
222

2

    

 

    

 

    

 

    

 

)))

)

(((

(

...

.

...

.

...

.

www

w

lll

l

    

 

−−−

−

ggg

g
lll

l

    

 

)))

)

...

.

(8.40)(8.40)(8.40)

(8.40)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AnAnAn

An

exampleexampleexample

example

ofofof

of

oneoneone

one

second-ordersecond-ordersecond-order

second-order

termtermterm

term

arisingarisingarising

arising

fromfromfrom

from

thisthisthis

this

upupup

up

datedatedate

date

isisis

is




222

2

ggg

g

111

1

ggg

g

222

2

QQQ

Q
lll

l

iii

i

=3=3=3

=3

www

w

iii

i

...

.

    

 

    

 

    

 

    

 

    

 

ThisThisThis

This

termtermterm

term

mightmightmight

might

bbb

b

eee

e

negligiblenegligiblenegligible

negligible

ififif

if

QQQ

Q
lll

l

iii

i

=3=3=3

=3

www

w

iii

i

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

small,small,small,

small,

ororor

or

mightmightmight

might

bbb

b

eee

e

expexpexp

exp

onenonenonen

onen

tiallytiallytially

tially

largelargelarge

large

    

 

    

 

    

 

    

 

    

 

    

 

ififif

if

thethethe

the

weighweighweigh

weigh

tststs

ts

ononon

on

laylaylay

lay

ersersers

ers

throughthroughthrough

through

333

3

lll

l

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

areareare

are

greatergreatergreater

greater

thanthanthan

than

...

.

ThisThisThis

This

makesmakesmakes

makes

ititit

it

veryveryvery

very

hardhardhard

hard

111

1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

ccc

c

hohoho

ho

oseoseose

ose

ananan

an

appropriateappropriateappropriate

appropriate

learninglearninglearning

learning

rate,rate,rate,

rate,

bbb

b

ecauseecauseecause

ecause

thethethe

the

effectseffectseffects

effects

ofofof

of

ananan

an

upupup

up

datedatedate

date

tototo

to

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

parametersparametersparameters

parameters

forforfor

for

oneoneone

one

lalala

la

yeryeryer

yer

depdepdep

dep

endsendsends

ends

sososo

so

stronglystronglystrongly

strongly

ononon

on

allallall

all

ofofof

of

thethethe

the

otherotherother

other

laylaylay

lay

ers.ers.ers.

ers.

Second-orderSecond-orderSecond-order

Second-order

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

optimizationoptimizationoptimization

optimization

algorithmsalgorithmsalgorithms

algorithms

addressaddressaddress

address

thisthisthis

this

issueissueissue

issue

bbb

b

yyy

y

computingcomputingcomputing

computing

ananan

an

upupup

up

datedatedate

date

thatthatthat

that

taktaktak

tak

eseses

es

thesethesethese

these

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

second-ordersecond-ordersecond-order

second-order

interactionsinteractionsinteractions

interactions

intointointo

into

accounaccounaccoun

accoun

t,t,t,

t,

butbutbut

but

wewewe

we

cancancan

can

seeseesee

see

thatthatthat

that

ininin

in

vvv

v

eryeryery

ery

deepdeepdeep

deep

netwnetwnetw

netw

orks,orks,orks,

orks,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

evevev

ev

enenen

en

higher-orderhigher-orderhigher-order

higher-order

interactionsinteractionsinteractions

interactions

cancancan

can

bbb

b

eee

e

signicansignicansignican

signican

t.t.t.

t.

EvEvEv

Ev

enenen

en

second-ordersecond-ordersecond-order

second-order

optimizationoptimizationoptimization

optimization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

algorithmsalgorithmsalgorithms

algorithms

areareare

are

expexpexp

exp

ensiveensiveensive

ensive

andandand

and

usuallyusuallyusually

usually

requirerequirerequire

require

numerousnumerousnumerous

numerous

approapproappro

appro

ximationsximationsximations

ximations

thatthatthat

that

prevprevprev

prev

ententent

ent

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

themthemthem

them

fromfromfrom

from

trulytrulytruly

truly

accountingaccountingaccounting

accounting

forforfor

for

allallall

all

signicantsignicantsignicant

signicant

second-ordersecond-ordersecond-order

second-order

interactions.interactions.interactions.

interactions.

BuildingBuildingBuilding

Building

ananan

an

nnn

n

    

 

    

 

    

 

    

 

-th-th-th

-th

orderorderorder

order

optimizationoptimizationoptimization

optimization

algorithmalgorithmalgorithm

algorithm

forforfor

for

    

 

nnn

n

>>>

>

    

 

    

 

    

 

    

 

    

 

    

 

222

2

thusthusthus

thus

seemsseemsseems

seems

hophophop

hop

eless.eless.eless.

eless.

WhatWhatWhat

What

cancancan

can

www

w

eee

e

    

 

dododo

do

instead?instead?instead?

instead?

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

BatcBatcBatc

Batc

hhh

h

normalizationnormalizationnormalization

normalization

providesprovidesprovides

provides

ananan

an

elegantelegantelegant

elegant

wawawa

wa

yyy

y

ofofof

of

reparametrizingreparametrizingreparametrizing

reparametrizing

almostalmostalmost

almost

anyanyany

any

deepdeepdeep

deep

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

www

w

ork.ork.ork.

ork.

TheTheThe

The

reparametrizationreparametrizationreparametrization

reparametrization

signicantlysignicantlysignicantly

signicantly

reducesreducesreduces

reduces

thethethe

the

problemproblemproblem

problem

ofofof

of

cococo

co

ordinatingordinatingordinating

ordinating

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

upupup

up

datesdatesdates

dates

acrossacrossacross

across

manmanman

man

yyy

y

laylaylay

lay

ers.ers.ers.

ers.

BatcBatcBatc

Batc

hhh

h

normalizationnormalizationnormalization

normalization

cancancan

can

bbb

b

eee

e

appliedappliedapplied

applied

tototo

to

anyanyany

any

inputinputinput

input

    

 

    

 

    

 

    

 

    

 

    

 

ororor

or

hiddenhiddenhidden

hidden

lalala

la

yyy

y

ererer

er

ininin

in

aaa

a

netwnetwnetw

netw

ork.ork.ork.

ork.

LetLetLet

Let

HHH

H

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

eee

e

aaa

a

minibatcminibatcminibatc

minibatc

hhh

h

ofofof

of

activactivactiv

activ

ationsationsations

ations

ofofof

of

thethethe

the

laylaylay

lay

ererer

er

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

normalize,normalize,normalize,

normalize,

arrangedarrangedarranged

arranged

asasas

as

aaa

a

designdesigndesign

design

matrix,matrix,matrix,

matrix,

withwithwith

with

thethethe

the

activactivactiv

activ

ationsationsations

ations

forforfor

for

eaceaceac

eac

hhh

h

exampleexampleexample

example

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

appappapp

app

earingearingearing

earing

ininin

in

aaa

a

rowrowrow

row

ofofof

of

thethethe

the

matrix.matrix.matrix.

matrix.

TTT

T

ooo

o

normalizenormalizenormalize

normalize

,,,

,

wewewe

we

replacereplacereplace

replace

ititit

it

withwithwith

with

HHH

H

HHH

H
000

0

===

=

    

 

    

 

HHH

H

µµµ

µ

−−−

−

σσσ

σ
    

 

,,,

,

(8.41)(8.41)(8.41)

(8.41)

wherewherewhere

where

µµµ

µ

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

aaa

a

vectorvectorvector

vector

conconcon

con

tainingtainingtaining

taining

thethethe

the

meanmeanmean

mean

ofofof

of

eacheacheach

each

unitunitunit

unit

andandand

and

σσσ

σ

    

 

    

 

    

 

isisis

is

aaa

a

vectorvectorvector

vector

conconcon

con

tainingtainingtaining

taining

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

standardstandardstandard

standard

deviationdeviationdeviation

deviation

ofofof

of

eaceaceac

eac

hhh

h

unit.unit.unit.

unit.

TheTheThe

The

arithmeticarithmeticarithmetic

arithmetic

hereherehere

here

isisis

is

basedbasedbased

based

ononon

on

broadcastingbroadcastingbroadcasting

broadcasting

    

 

thethethe

the

vvv

v

ectorectorector

ector

µµµ

µ

    

 

    

 

andandand

and

thethethe

the

vvv

v

ectorectorector

ector

σσσ

σ

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

bbb

b

eee

e

appliedappliedapplied

applied

tototo

to

everyeveryevery

every

rowrowrow

row

ofofof

of

thethethe

the

matrixmatrixmatrix

matrix

HHH

H

    

 

...

.

WithinWithinWithin

Within

    

 

    

 

    

 

    

 

    

 

    

 

eaceaceac

eac

hhh

h

row,row,row,

row,

thethethe

the

arithmeticarithmeticarithmetic

arithmetic

isisis

is

elemenelemenelemen

elemen

t-wise,t-wise,t-wise,

t-wise,

sososo

so

HHH

H

i,ji,ji,j

i,j

    

 

    

 

    

 

isisis

is

normalizednormalizednormalized

normalized

bybyby

by

subtractingsubtractingsubtracting

subtracting

µµµ

µ

jjj

j

    

 

    

 

andandand

and

dividingdividingdividing

dividing

bybyby

by

σσσ

σ

jjj

j

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

TheTheThe

The

restrestrest

rest

ofofof

of

thethethe

the

netwnetwnetw

netw

orkorkork

ork

thenthenthen

then

opopop

op

erateserateserates

erates

ononon

on

HHH

H
000

0

    

 

    

 

ininin

in

exactlyexactlyexactly

exactly

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

samesamesame

same

wawawa

wa

yyy

y

thatthatthat

that

thethethe

the

originaloriginaloriginal

original

netwnetwnetw

netw

orkorkork

ork

opopop

op

eratederatederated

erated

ononon

on

...

.

HHH

H

    

 

    

 

AAA

A

ttt

t

trainingtrainingtraining

training

time,time,time,

time,

    

 

µµµ

µ

===

=
111

1

mmm

m

XXX

X

iii

i
HHH

H

i,i,i,

i,

:::

:

(8.42)(8.42)(8.42)

(8.42)

319319319

319



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

andandand

and

    

 

σσσ

σ

===

=

sss

s

    

 

δδδ

δ

+++

+
111

1

mmm

m

XXX

X

iii

i

    

 

    

 

(((

(

)))

)

HHH

H

µµµ

µ

−−−

−
222

2

iii

i

    

 

,,,

,

(8.43)(8.43)(8.43)

(8.43)

wherewherewhere

where

δδδ

δ

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

aaa

a

smallsmallsmall

small

ppp

p

ositiveositiveositive

ositive

vvv

v

aluealuealue

alue

suchsuchsuch

such

asasas

as

101010

10
−−−

−

888

8

    

 

    

 

    

 

    

 

impimpimp

imp

osedosedosed

osed

tototo

to

avavav

av

oidoidoid

oid

encounteringencounteringencountering

encountering

thethethe

the

    

 

    

 

undenedundenedundened

undened

gradientgradientgradient

gradient

ofofof

of

√√√

√

zzz

z

atatat

at

zzz

z

    

 

    

 

===

=

000

0

...

.

CruciallyCruciallyCrucially

Crucially

,,,

,

    

 

    

 

www

w

eee

e

back-propagateback-propagateback-propagate

back-propagate

throughthroughthrough

through

    

 

thesethesethese

these

opopop

op

erationserationserations

erations

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

forforfor

for

computingcomputingcomputing

computing

thethethe

the

meanmeanmean

mean

andandand

and

thethethe

the

standardstandardstandard

standard

deviation,deviation,deviation,

deviation,

andandand

and

forforfor

for

    

 

    

 

    

 

applyingapplyingapplying

applying

themthemthem

them

tototo

to

normalizenormalizenormalize

normalize

HHH

H

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

ThisThisThis

This

meansmeansmeans

means

thatthatthat

that

thethethe

the

gradientgradientgradient

gradient

willwillwill

will

nevernevernever

never

proppropprop

prop

oseoseose

ose

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ananan

an

operation thatoperation thatoperation that

operation that

actsactsacts

acts

simplysimplysimply

simply

tototo

to

increaseincreaseincrease

increase

thethethe

the

standard deviationstandard deviationstandard deviation

standard deviation

ororor

or

meanmeanmean

mean

ofofof

of

hhh

h

iii

i

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

;;;

;

thethethe

the

normalizationnormalizationnormalization

normalization

opopop

op

erationserationserations

erations

removremovremov

remov

eee

e

thethethe

the

effecteffecteffect

effect

ofofof

of

suchsuchsuch

such

ananan

an

actionactionaction

action

andandand

and

zerozerozero

zero

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

outoutout

out

itsitsits

its

compcompcomp

comp

onentonentonent

onent

ininin

in

thethethe

the

gradient.gradient.gradient.

gradient.

ThisThisThis

This

www

w

asasas

as

aaa

a

mamama

ma

jorjorjor

jor

innovinnovinnov

innov

ationationation

ation

ofofof

of

thethethe

the

batchbatchbatch

batch

    

 

    

 

    

 

    

 

    

 

    

 

    

 

normalizationnormalizationnormalization

normalization

approach. Previousapproach. Previousapproach. Previous

approach. Previous

approachesapproachesapproaches

approaches

hadhadhad

had

invinvinv

inv

olvedolvedolved

olved

addingaddingadding

adding

ppp

p

enaltiesenaltiesenalties

enalties

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

costcostcost

cost

functionfunctionfunction

function

tototo

to

encourageencourageencourage

encourage

unitsunitsunits

units

tototo

to

hahaha

ha

veveve

ve

normalizednormalizednormalized

normalized

activactivactiv

activ

ationationation

ation

statisticsstatisticsstatistics

statistics

ororor

or

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

vvv

v

olvolvolv

olv

ededed

ed

intervintervinterv

interv

eningeningening

ening

tototo

to

renormalizerenormalizerenormalize

renormalize

unitunitunit

unit

statisticsstatisticsstatistics

statistics

afterafterafter

after

eacheacheach

each

gradientgradientgradient

gradient

descendescendescen

descen

ttt

t

step.step.step.

step.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

formerformerformer

former

approachapproachapproach

approach

usuallyusuallyusually

usually

resultedresultedresulted

resulted

ininin

in

impimpimp

imp

erfecterfecterfect

erfect

normalizationnormalizationnormalization

normalization

andandand

and

thethethe

the

latterlatterlatter

latter

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

usuallyusuallyusually

usually

resultedresultedresulted

resulted

ininin

in

signicantsignicantsignicant

signicant

wastedwastedwasted

wasted

timetimetime

time

asasas

as

thethethe

the

learninglearninglearning

learning

algorithmalgorithmalgorithm

algorithm

repreprep

rep

eatedlyeatedlyeatedly

eatedly

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

proppropprop

prop

osedosedosed

osed

changingchangingchanging

changing

thethethe

the

meanmeanmean

mean

andandand

and

vvv

v

ariancearianceariance

ariance

andandand

and

thethethe

the

normalizationnormalizationnormalization

normalization

stepstepstep

step

repreprep

rep

eatedlyeatedlyeatedly

eatedly

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

undidundidundid

undid

thisthisthis

this

change.change.change.

change.

BatchBatchBatch

Batch

normalizationnormalizationnormalization

normalization

reparametrizesreparametrizesreparametrizes

reparametrizes

thethethe

the

momomo

mo

deldeldel

del

tototo

to

makmakmak

mak

eee

e

somesomesome

some

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

unitsunitsunits

units

alwaalwaalwa

alwa

ysysys

ys

bbb

b

eee

e

standardizedstandardizedstandardized

standardized

bbb

b

yyy

y

denition,denition,denition,

denition,

deftlydeftlydeftly

deftly

sidesteppingsidesteppingsidestepping

sidestepping

bbb

b

othothoth

oth

problems.problems.problems.

problems.

    

 

    

 

AAA

A

ttt

t

testtesttest

test

time,time,time,

time,

µµµ

µ

andandand

and

σσσ

σ

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

mamama

ma

yyy

y

bebebe

be

replacedreplacedreplaced

replaced

bybyby

by

runningrunningrunning

running

aaa

a

veragesveragesverages

verages

thatthatthat

that

www

w

ereereere

ere

collectedcollectedcollected

collected

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

duringduringduring

during

trainingtrainingtraining

training

time.time.time.

time.

ThisThisThis

This

allowsallowsallows

allows

thethethe

the

momomo

mo

deldeldel

del

tototo

to

bbb

b

eee

e

evevev

ev

aluatedaluatedaluated

aluated

ononon

on

aaa

a

singlesinglesingle

single

example,example,example,

example,

    

 

    

 

    

 

    

 

    

 

withoutwithoutwithout

without

needingneedingneeding

needing

tototo

to

useuseuse

use

denitionsdenitionsdenitions

denitions

ofofof

of

µµµ

µ

andandand

and

σσσ

σ

    

 

    

 

    

 

    

 

    

 

thatthatthat

that

depdepdep

dep

endendend

end

ononon

on

ananan

an

entireentireentire

entire

minibatcminibatcminibatc

minibatc

h.h.h.

h.

    

 

RevisitingRevisitingRevisiting

Revisiting

thethethe

the

ˆ̂̂

ˆ

yyy

y

===

=

xwxwxw

xw

111

1

www

w

222

2

    

 

    

 

    

 

...

.

...

.

...

.

www

w

lll

l

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

example,example,example,

example,

wewewe

we

seeseesee

see

thatthatthat

that

wewewe

we

cancancan

can

mostlymostlymostly

mostly

resolvresolvresolv

resolv

eee

e

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

difficultiesdifficultiesdifficulties

difficulties

ininin

in

learninglearninglearning

learning

thisthisthis

this

momomo

mo

deldeldel

del

bbb

b

yyy

y

normalizingnormalizingnormalizing

normalizing

hhh

h

lll

l

−−−

−

111

1

    

 

    

 

...

.

SuppSuppSupp

Supp

oseoseose

ose

thatthatthat

that

xxx

x

    

 

isisis

is

drawndrawndrawn

drawn

    

 

    

 

    

 

    

 

fromfromfrom

from

aaa

a

unitunitunit

unit

Gaussian.Gaussian.Gaussian.

Gaussian.

ThenThenThen

Then

hhh

h

lll

l

−−−

−

111

1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

willwillwill

will

alsoalsoalso

also

comecomecome

come

fromfromfrom

from

aaa

a

Gaussian,Gaussian,Gaussian,

Gaussian,

bbb

b

ecauseecauseecause

ecause

thethethe

the

    

 

transformationtransformationtransformation

transformation

fromfromfrom

from

xxx

x

tototo

to

hhh

h

lll

l

    

 

    

 

isisis

is

linear.linear.linear.

linear.

HoHoHo

Ho

wevwevwev

wev

er,er,er,

er,

hhh

h

lll

l

−−−

−

111

1

    

 

    

 

    

 

    

 

    

 

willwillwill

will

nonono

no

longerlongerlonger

longer

havhavhav

hav

eee

e

zerozerozero

zero

meanmeanmean

mean

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

unitunitunit

unit

vvv

v

ariance.ariance.ariance.

ariance.

AfterAfterAfter

After

applyingapplyingapplying

applying

batcbatcbatc

batc

hhh

h

normalization,normalization,normalization,

normalization,

wewewe

we

obtainobtainobtain

obtain

thethethe

the

normalizednormalizednormalized

normalized

ˆ̂̂

ˆ

hhh

h

lll

l

−−−

−

111

1

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thatthatthat

that

restoresrestoresrestores

restores

thethethe

the

zerozerozero

zero

meanmeanmean

mean

andandand

and

unitunitunit

unit

vvv

v

ariancearianceariance

ariance

proppropprop

prop

erties.erties.erties.

erties.

FFF

F

ororor

or

almostalmostalmost

almost

anyanyany

any

    

 

    

 

    

 

    

 

upupup

up

datedatedate

date

tototo

to

thethethe

the

lololo

lo

www

w

ererer

er

laylaylay

lay

ers,ers,ers,

ers,

ˆ̂̂

ˆ

hhh

h

lll

l

−−−

−

111

1

    

 

    

 

    

 

    

 

    

 

    

 

willwillwill

will

remainremainremain

remain

aaa

a

unitunitunit

unit

Gaussian.Gaussian.Gaussian.

Gaussian.

TheTheThe

The

outputoutputoutput

output

ˆ̂̂

ˆ

yyy

y

mamama

ma

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thenthenthen

then

bbb

b

eee

e

learnedlearnedlearned

learned

asasas

as

aaa

a

simplesimplesimple

simple

linearlinearlinear

linear

functionfunctionfunction

function

ˆ̂̂

ˆ

yyy

y

===

=

www

w

lll

l

ˆ̂̂

ˆ

hhh

h

lll

l

−−−

−

111

1

    

 

    

 

    

 

    

 

    

 

...

.

LearningLearningLearning

Learning

ininin

in

thisthisthis

this

momomo

mo

deldeldel

del

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

nonono

no

www

w

veryveryvery

very

simplesimplesimple

simple

bbb

b

ecauseecauseecause

ecause

thethethe

the

parametersparametersparameters

parameters

atatat

at

thethethe

the

lololo

lo

werwerwer

wer

lalala

la

yersyersyers

yers

simplysimplysimply

simply

dododo

do

notnotnot

not

havhavhav

hav

eee

e

ananan

an

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

effecteffecteffect

effect

ininin

in

mostmostmost

most

cases;cases;cases;

cases;

theirtheirtheir

their

outputoutputoutput

output

isisis

is

alwalwalw

alw

aaa

a

ysysys

ys

renormalizedrenormalizedrenormalized

renormalized

tototo

to

aaa

a

unitunitunit

unit

Gaussian. InGaussian. InGaussian. In

Gaussian. In

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

somesomesome

some

cornercornercorner

corner

cases,cases,cases,

cases,

thethethe

the

lowlowlow

low

ererer

er

laylaylay

lay

ersersers

ers

cancancan

can

havhavhav

hav

eee

e

ananan

an

effect.effect.effect.

effect.

ChangingChangingChanging

Changing

oneoneone

one

ofofof

of

thethethe

the

lololo

lo

www

w

ererer

er

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

lalala

la

yyy

y

ererer

er

weighweighweigh

weigh

tststs

ts

tototo

to

cancancan

can

makmakmak

mak

eee

e

thethethe

the

outputoutputoutput

output

bbb

b

ecomeecomeecome

ecome

degenerate,degenerate,degenerate,

degenerate,

andandand

and

ccc

c

hanginghanginghanging

hanging

thethethe

the

signsignsign

sign

000

0

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

oneoneone

one

ofofof

of

thethethe

the

lowlowlow

low

ererer

er

weighweighweigh

weigh

tststs

ts

cancancan

can

ipipip

ip

thethethe

the

relationshiprelationshiprelationship

relationship

bbb

b

etwetwetw

etw

eeneeneen

een

ˆ̂̂

ˆ

hhh

h

lll

l

−−−

−

111

1

andandand

and

yyy

y

. These. These. These

. These

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

situationssituationssituations

situations

areareare

are

vvv

v

eryeryery

ery

rare.rare.rare.

rare.

WithoutWithoutWithout

Without

normalization,normalization,normalization,

normalization,

nearlynearlynearly

nearly

everyeveryevery

every

upupup

up

datedatedate

date

wouldwouldwould

would

hahaha

ha

vvv

v

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

ananan

an

extremeextremeextreme

extreme

effecteffecteffect

effect

ononon

on

thethethe

the

statisticsstatisticsstatistics

statistics

ofofof

of

hhh

h

lll

l

−−−

−

111

1

    

 

    

 

    

 

    

 

    

 

...

.

BatcBatcBatc

Batc

hhh

h

normalizationnormalizationnormalization

normalization

hashashas

has

thusthusthus

thus

mademademade

made

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thisthisthis

this

momomo

mo

deldeldel

del

signicansignicansignican

signican

tlytlytly

tly

easiereasiereasier

easier

tototo

to

learn.learn.learn.

learn.

InInIn

In

thisthisthis

this

example,example,example,

example,

thethethe

the

easeeaseease

ease

ofofof

of

learninglearninglearning

learning

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

coursecoursecourse

course

camecamecame

came

atatat

at

thethethe

the

costcostcost

cost

ofofof

of

makingmakingmaking

making

thethethe

the

lololo

lo

www

w

ererer

er

laylaylay

lay

ersersers

ers

useless.useless.useless.

useless.

InInIn

In

ourourour

our

linearlinearlinear

linear

example,example,example,

example,

320320320

320



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

lowlowlow

low

ererer

er

laylaylay

lay

ersersers

ers

nonono

no

longerlongerlonger

longer

havhavhav

hav

eee

e

ananan

an

yyy

y

harmfulharmfulharmful

harmful

effect,effect,effect,

effect,

butbutbut

but

theytheythey

they

alsoalsoalso

also

nonono

no

longerlongerlonger

longer

havhavhav

hav

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ananan

an

yyy

y

bbb

b

enecialenecialenecial

enecial

effect.effect.effect.

effect.

ThisThisThis

This

isisis

is

bbb

b

ecauseecauseecause

ecause

wewewe

we

havhavhav

hav

eee

e

normalizednormalizednormalized

normalized

outoutout

out

thethethe

the

rstrstrst

rst

andandand

and

secondsecondsecond

second

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

orderorderorder

order

statistics,statistics,statistics,

statistics,

whicwhicwhic

whic

hhh

h

isisis

is

allallall

all

thatthatthat

that

aaa

a

linearlinearlinear

linear

netwnetwnetw

netw

orkorkork

ork

cancancan

can

inuence.inuence.inuence.

inuence.

InInIn

In

aaa

a

deepdeepdeep

deep

neuralneuralneural

neural

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

www

w

orkorkork

ork

withwithwith

with

nonlinearnonlinearnonlinear

nonlinear

activactivactiv

activ

ationationation

ation

functions,functions,functions,

functions,

thethethe

the

lololo

lo

werwerwer

wer

lalala

la

yyy

y

ersersers

ers

cancancan

can

ppp

p

erformerformerform

erform

nonlinearnonlinearnonlinear

nonlinear

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

transformationstransformationstransformations

transformations

ofofof

of

thethethe

the

data,data,data,

data,

sososo

so

theytheythey

they

remainremainremain

remain

useful.useful.useful.

useful.

BatchBatchBatch

Batch

normalizationnormalizationnormalization

normalization

actsactsacts

acts

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

standardizestandardizestandardize

standardize

onlyonlyonly

only

thethethe

the

meanmeanmean

mean

andandand

and

vvv

v

ariancearianceariance

ariance

ofofof

of

eacheacheach

each

unitunitunit

unit

ininin

in

orderorderorder

order

tototo

to

stabilizestabilizestabilize

stabilize

learning,learning,learning,

learning,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

butbutbut

but

allowsallowsallows

allows

thethethe

the

relationshipsrelationshipsrelationships

relationships

bbb

b

etwetwetw

etw

eeneeneen

een

unitsunitsunits

units

andandand

and

thethethe

the

nonlinearnonlinearnonlinear

nonlinear

statisticsstatisticsstatistics

statistics

ofofof

of

aaa

a

singlesinglesingle

single

    

 

    

 

unitunitunit

unit

tototo

to

ccc

c

hange.hange.hange.

hange.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

BecauseBecauseBecause

Because

thethethe

the

nalnalnal

nal

laylaylay

lay

ererer

er

ofofof

of

thethethe

the

netwnetwnetw

netw

orkorkork

ork

isisis

is

ableableable

able

tototo

to

learnlearnlearn

learn

aaa

a

linearlinearlinear

linear

transformation,transformation,transformation,

transformation,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

eee

e

mamama

ma

yyy

y

actuallyactuallyactually

actually

wishwishwish

wish

tototo

to

removremovremov

remov

eee

e

allallall

all

linearlinearlinear

linear

relationshipsrelationshipsrelationships

relationships

bbb

b

etwetwetw

etw

eeneeneen

een

unitsunitsunits

units

withinwithinwithin

within

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

lalala

la

yyy

y

er.er.er.

er.

Indeed,Indeed,Indeed,

Indeed,

thisthisthis

this

isisis

is

thethethe

the

approachapproachapproach

approach

takentakentaken

taken

bbb

b

yyy

y

(((

(

),),),

),

whowhowho

who

providedprovidedprovided

provided

DesjardinsDesjardinsDesjardins

Desjardins

etetet

et

al.al.al.

al.

201520152015

2015

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

inspirationinspirationinspiration

inspiration

forforfor

for

batcbatcbatc

batc

hhh

h

normalization.normalization.normalization.

normalization.

UnfortunatelyUnfortunatelyUnfortunately

Unfortunately

, eliminating, eliminating, eliminating

, eliminating

allallall

all

linearlinearlinear

linear

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

teractionsteractionsteractions

teractions

isisis

is

mucmucmuc

muc

hhh

h

moremoremore

more

expexpexp

exp

ensivensivensiv

ensiv

eee

e

thanthanthan

than

standardizingstandardizingstandardizing

standardizing

thethethe

the

meanmeanmean

mean

andandand

and

standardstandardstandard

standard

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

deviationdeviationdeviation

deviation

ofofof

of

eaceaceac

eac

hhh

h

individualindividualindividual

individual

unit,unit,unit,

unit,

andandand

and

sososo

so

farfarfar

far

batchbatchbatch

batch

normalizationnormalizationnormalization

normalization

remainsremainsremains

remains

thethethe

the

mostmostmost

most

    

 

practicalpracticalpractical

practical

approach.approach.approach.

approach.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

NormalizingNormalizingNormalizing

Normalizing

thethethe

the

meanmeanmean

mean

andandand

and

standardstandardstandard

standard

deviationdeviationdeviation

deviation

ofofof

of

aaa

a

unitunitunit

unit

cancancan

can

reducereducereduce

reduce

thethethe

the

expressivexpressivexpressiv

expressiv

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ppp

p

ooo

o

www

w

ererer

er

ofofof

of

the neuralthe neuralthe neural

the neural

netnetnet

net

workworkwork

work

conconcon

con

taining thattaining thattaining that

taining that

unit.unit.unit.

unit.

In orderIn orderIn order

In order

tototo

to

mainmainmain

main

tain thetain thetain the

tain the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

expressivexpressivexpressiv

expressiv

eee

e

ppp

p

owowow

ow

ererer

er

ofofof

of

thethethe

the

netwnetwnetw

netw

ork,ork,ork,

ork,

ititit

it

isisis

is

commoncommoncommon

common

tototo

to

replacereplacereplace

replace

thethethe

the

batchbatchbatch

batch

ofofof

of

hiddenhiddenhidden

hidden

unitunitunit

unit

activactivactiv

activ

ationsationsations

ations

HHH

H

withwithwith

with

γγγ

γ

HHH

H
000

0

+++

+

βββ

β

    

 

    

 

    

 

    

 

ratherratherrather

rather

thanthanthan

than

simplysimplysimply

simply

thethethe

the

normalizednormalizednormalized

normalized

HHH

H
000

0

    

 

    

 

...

.

TheTheThe

The

vvv

v

ariablesariablesariables

ariables

γγγ

γ

andandand

and

βββ

β

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

areareare

are

learnedlearnedlearned

learned

parametersparametersparameters

parameters

thatthatthat

that

allowallowallow

allow

thethethe

the

newnewnew

new

vvv

v

ariableariableariable

ariable

tototo

to

hahaha

ha

veveve

ve

anyanyany

any

meanmeanmean

mean

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

standardstandardstandard

standard

deviation.deviation.deviation.

deviation.

AtAtAt

At

rstrstrst

rst

glance,glance,glance,

glance,

thisthisthis

this

mamama

ma

yyy

y

seemseemseem

seem

useless—whyuseless—whyuseless—why

useless—why

diddiddid

did

wewewe

we

setsetset

set

    

 

    

 

thethethe

the

meanmeanmean

mean

tototo

to

000

0

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

andandand

and

thenthenthen

then

ininin

in

trotrotro

tro

duceduceduce

duce

aaa

a

parameterparameterparameter

parameter

thatthatthat

that

alloalloallo

allo

wswsws

ws

ititit

it

tototo

to

bbb

b

eee

e

setsetset

set

bacbacbac

bac

kkk

k

tototo

to

    

 

    

 

ananan

an

yyy

y

arbitraryarbitraryarbitrary

arbitrary

vvv

v

aluealuealue

alue

βββ

β

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

???

?

TheTheThe

The

answanswansw

answ

ererer

er

isisis

is

thatthatthat

that

thethethe

the

newnewnew

new

parametrizationparametrizationparametrization

parametrization

cancancan

can

representrepresentrepresent

represent

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

samesamesame

same

familyfamilyfamily

family

ofofof

of

functionsfunctionsfunctions

functions

ofofof

of

thethethe

the

inputinputinput

input

asasas

as

thethethe

the

oldoldold

old

parametrization,parametrization,parametrization,

parametrization,

butbutbut

but

thethethe

the

newnewnew

new

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

parametrizationparametrizationparametrization

parametrization

hashashas

has

differendifferendifferen

differen

ttt

t

learninglearninglearning

learning

dynamics.dynamics.dynamics.

dynamics.

InInIn

In

thethethe

the

oldoldold

old

parametrization,parametrization,parametrization,

parametrization,

thethethe

the

    

 

meanmeanmean

mean

ofofof

of

HHH

H

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

asasas

as

determineddetermineddetermined

determined

bybyby

by

aaa

a

complicatedcomplicatedcomplicated

complicated

ininin

in

teractionteractionteraction

teraction

bbb

b

etwetwetw

etw

eeneeneen

een

thethethe

the

parametersparametersparameters

parameters

    

 

    

 

    

 

ininin

in

thethethe

the

laylaylay

lay

ersersers

ers

bbb

b

elowelowelow

elow

HHH

H

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

InInIn

In

thethethe

the

newnewnew

new

parametrization,parametrization,parametrization,

parametrization,

thethethe

the

meanmeanmean

mean

ofofof

of

γγγ

γ

HHH

H
000

0

+++

+

βββ

β

isisis

is

    

 

    

 

determineddetermineddetermined

determined

solelysolelysolely

solely

bybyby

by

βββ

β

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

TheTheThe

The

newnewnew

new

parametrizationparametrizationparametrization

parametrization

isisis

is

mucmucmuc

muc

hhh

h

easiereasiereasier

easier

tototo

to

learnlearnlearn

learn

withwithwith

with

    

 

gradiengradiengradien

gradien

ttt

t

descent.descent.descent.

descent.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

MostMostMost

Most

neuralneuralneural

neural

netnetnet

net

workworkwork

work

laylaylay

lay

ersersers

ers

taketaketake

take

thethethe

the

formformform

form

ofofof

of

φφφ

φ

(((

(

XXX

X

WWW

W

+++

+

bbb

b

    

 

)))

)

wherewherewhere

where

φφφ

φ

    

 

isisis

is

somesomesome

some

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

xedxedxed

xed

nonlinearnonlinearnonlinear

nonlinear

activactivactiv

activ

ationationation

ation

functionfunctionfunction

function

sucsucsuc

suc

hhh

h

asasas

as

thethethe

the

rectiedrectiedrectied

rectied

linearlinearlinear

linear

transformation.transformation.transformation.

transformation.

ItItIt

It

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

naturalnaturalnatural

natural

tototo

to

wonderwonderwonder

wonder

whetherwhetherwhether

whether

wewewe

we

shouldshouldshould

should

applyapplyapply

apply

batchbatchbatch

batch

normalizationnormalizationnormalization

normalization

tototo

to

thethethe

the

inputinputinput

input

XXX

X

    

 

    

 

    

 

    

 

    

 

,,,

,

ororor

or

tototo

to

thethethe

the

transformedtransformedtransformed

transformed

vvv

v

aluealuealue

alue

XXX

X

WWW

W

+++

+

bbb

b

    

 

    

 

    

 

    

 

    

 

...

.

(((

(

)))

)

recommendrecommendrecommend

recommend

IoffeIoffeIoffe

Ioffe

andandand

and

SzegedySzegedySzegedy

Szegedy

201520152015

2015

    

 

    

 

    

 

thethethe

the

latter.latter.latter.

latter.

MoreMoreMore

More

spspsp

sp

ecicallyecicallyecically

ecically

,,,

,

XXX

X

WWW

W

+++

+

bbb

b

    

 

    

 

    

 

    

 

    

 

    

 

shouldshouldshould

should

bbb

b

eee

e

replacedreplacedreplaced

replaced

bybyby

by

aaa

a

normalizednormalizednormalized

normalized

versionversionversion

version

ofofof

of

XXX

X

WWW

W

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

TheTheThe

The

biasbiasbias

bias

termtermterm

term

shouldshouldshould

should

bbb

b

eee

e

omittedomittedomitted

omitted

bbb

b

ecauseecauseecause

ecause

ititit

it

bbb

b

ecomesecomesecomes

ecomes

redundantredundantredundant

redundant

withwithwith

with

thethethe

the

βββ

β

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

parameterparameterparameter

parameter

appliedappliedapplied

applied

bybyby

by

thethethe

the

batcbatcbatc

batc

hhh

h

normalizationnormalizationnormalization

normalization

reparametrization.reparametrization.reparametrization.

reparametrization.

TheTheThe

The

inputinputinput

input

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

aaa

a

laylaylay

lay

ererer

er

isisis

is

usuallyusuallyusually

usually

thethethe

the

outputoutputoutput

output

ofofof

of

aaa

a

nonlinearnonlinearnonlinear

nonlinear

activactivactiv

activ

ationationation

ation

functionfunctionfunction

function

suchsuchsuch

such

asasas

as

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

rectiedrectiedrectied

rectied

linearlinearlinear

linear

functionfunctionfunction

function

ininin

in

aaa

a

previouspreviousprevious

previous

laylaylay

lay

er. Theer. Theer. The

er. The

statisticsstatisticsstatistics

statistics

ofofof

of

thethethe

the

inputinputinput

input

areareare

are

thusthusthus

thus

321321321

321



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

moremoremore

more

non-Gaussiannon-Gaussiannon-Gaussian

non-Gaussian

andandand

and

lesslessless

less

amenableamenableamenable

amenable

tototo

to

standardizationstandardizationstandardization

standardization

bybyby

by

linearlinearlinear

linear

opopop

op

erations.erations.erations.

erations.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

convconvconv

conv

olutionalolutionalolutional

olutional

netnetnet

net

www

w

orks,orks,orks,

orks,

describdescribdescrib

describ

ededed

ed

ininin

in

ChapterChapterChapter

Chapter

,,,

,

ititit

it

isisis

is

impimpimp

imp

ortantortantortant

ortant

tototo

to

applyapplyapply

apply

thethethe

the

999

9

    

 

samesamesame

same

normalizingnormalizingnormalizing

normalizing

µµµ

µ

andandand

and

σσσ

σ

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

atatat

at

everyeveryevery

every

spatialspatialspatial

spatial

lololo

lo

cationcationcation

cation

withinwithinwithin

within

aaa

a

featurefeaturefeature

feature

map,map,map,

map,

sososo

so

thatthatthat

that

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

statisticsstatisticsstatistics

statistics

ofofof

of

thethethe

the

featurefeaturefeature

feature

mapmapmap

map

remainremainremain

remain

thethethe

the

samesamesame

same

regardlessregardlessregardless

regardless

ofofof

of

spatialspatialspatial

spatial

lololo

lo

cation.cation.cation.

cation.

    

 

    

 

8.7.28.7.28.7.2

8.7.2

CoCoCo

Co

ordinateordinateordinate

ordinate

DescentDescentDescent

Descent

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

somesomesome

some

cases,cases,cases,

cases,

ititit

it

maymaymay

may

bbb

b

eee

e

ppp

p

ossibleossibleossible

ossible

tototo

to

solvesolvesolve

solve

ananan

an

optimizationoptimizationoptimization

optimization

problemproblemproblem

problem

quicklyquicklyquickly

quickly

bbb

b

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

breakingbreakingbreaking

breaking

ititit

it

intointointo

into

separateseparateseparate

separate

pieces.pieces.pieces.

pieces.

IfIfIf

If

www

w

eee

e

minimizeminimizeminimize

minimize

fff

f

(((

(

xxx

x

    

 

    

 

    

 

    

 

    

 

    

 

)))

)

withwithwith

with

resprespresp

resp

ectectect

ect

tototo

to

aaa

a

singlesinglesingle

single

vvv

v

ariableariableariable

ariable

xxx

x

iii

i

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

thenthenthen

then

minimizeminimizeminimize

minimize

ititit

it

withwithwith

with

resprespresp

resp

ectectect

ect

tototo

to

anotheranotheranother

another

vvv

v

ariableariableariable

ariable

xxx

x

jjj

j

    

 

    

 

    

 

andandand

and

sososo

so

on,on,on,

on,

repreprep

rep

eatedlyeatedlyeatedly

eatedly

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

cyclingcyclingcycling

cycling

throughthroughthrough

through

allallall

all

vvv

v

ariables,ariables,ariables,

ariables,

wewewe

we

areareare

are

guaranteedguaranteedguaranteed

guaranteed

tototo

to

arrivearrivearrive

arrive

atatat

at

aaa

a

(lo(lo(lo

(lo

cal)cal)cal)

cal)

minimum.minimum.minimum.

minimum.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThisThisThis

This

practicepracticepractice

practice

isisis

is

knownknownknown

known

asasas

as

ccc

c

ooo

o

ororor

or

dinatedinatedinate

dinate

descdescdesc

desc

ententent

ent

,,,

,

bbb

b

ecauseecauseecause

ecause

wewewe

we

optimizeoptimizeoptimize

optimize

oneoneone

one

cococo

co

ordinateordinateordinate

ordinate

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

atatat

at

aaa

a

time.time.time.

time.

MoreMoreMore

More

generallygenerallygenerally

generally

,,,

,

blobloblo

blo

ckckck

ck

ccc

c

ooo

o

ororor

or

dinatedinatedinate

dinate

descdescdesc

desc

ententent

ent

refersrefersrefers

refers

tototo

to

minimizingminimizingminimizing

minimizing

withwithwith

with

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

resprespresp

resp

ectectect

ect

tototo

to

aaa

a

subsetsubsetsubset

subset

ofofof

of

thethethe

the

vvv

v

ariablesariablesariables

ariables

simultaneouslysimultaneouslysimultaneously

simultaneously

...

.

TheTheThe

The

termtermterm

term

“co“co“co

“co

ordinateordinateordinate

ordinate

descendescendescen

descen

t”t”t”

t”

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

oftenoftenoften

often

usedusedused

used

tototo

to

referreferrefer

refer

tototo

to

blobloblo

blo

ccc

c

kkk

k

cococo

co

ordinateordinateordinate

ordinate

descentdescentdescent

descent

asasas

as

wellwellwell

well

asasas

as

thethethe

the

strictlystrictlystrictly

strictly

individualindividualindividual

individual

    

 

cococo

co

ordinateordinateordinate

ordinate

descent.descent.descent.

descent.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

CoCoCo

Co

ordinateordinateordinate

ordinate

descentdescentdescent

descent

makesmakesmakes

makes

thethethe

the

mostmostmost

most

sensesensesense

sense

whenwhenwhen

when

thethethe

the

differentdifferentdifferent

different

vvv

v

ariablesariablesariables

ariables

ininin

in

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

optimizationoptimizationoptimization

optimization

problemproblemproblem

problem

cancancan

can

bbb

b

eee

e

clearlyclearlyclearly

clearly

separatedseparatedseparated

separated

intointointo

into

groupsgroupsgroups

groups

thatthatthat

that

plaplapla

pla

yyy

y

relativelyrelativelyrelatively

relatively

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isolatedisolatedisolated

isolated

roles,roles,roles,

roles,

ororor

or

whenwhenwhen

when

optimizationoptimizationoptimization

optimization

withwithwith

with

respectrespectrespect

respect

tototo

to

oneoneone

one

groupgroupgroup

group

ofofof

of

vvv

v

ariablesariablesariables

ariables

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

signicansignicansignican

signican

tlytlytly

tly

moremoremore

more

efficientefficientefficient

efficient

thanthanthan

than

optimizationoptimizationoptimization

optimization

withwithwith

with

resprespresp

resp

ectectect

ect

tototo

to

allallall

all

ofofof

of

thethethe

the

vvv

v

ariables.ariables.ariables.

ariables.

    

 

    

 

    

 

    

 

    

 

FFF

F

ororor

or

example,example,example,

example,

considerconsiderconsider

consider

thethethe

the

costcostcost

cost

functionfunctionfunction

function

    

 

    

 

JJJ

J

,,,

,

(((

(

HHH

H

WWW

W

) =) =) =

) =

XXX

X

i,ji,ji,j

i,j

|||

|

HHH

H
i,ji,ji,j

i,j

    

 

|||

|

+++

+

XXX

X

i,ji,ji,j

i,j





    

 

    

 

XXX

X

WWW

W

−−−

−
>>>

>

HHH

H




222

2

i,ji,ji,j

i,j

    

 

...

.

(8.44)(8.44)(8.44)

(8.44)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThisThisThis

This

functionfunctionfunction

function

describdescribdescrib

describ

eseses

es

aaa

a

learninglearninglearning

learning

problemproblemproblem

problem

calledcalledcalled

called

sparsesparsesparse

sparse

cococo

co

ding,ding,ding,

ding,

wherewherewhere

where

thethethe

the

goalgoalgoal

goal

isisis

is

    

 

    

 

    

 

    

 

tototo

to

ndndnd

nd

aaa

a

weighweighweigh

weigh

ttt

t

matrixmatrixmatrix

matrix

WWW

W

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thatthatthat

that

cancancan

can

linearlylinearlylinearly

linearly

decodecodeco

deco

dedede

de

aaa

a

matrixmatrixmatrix

matrix

ofofof

of

activactivactiv

activ

ationationation

ation

vvv

v

aluesaluesalues

alues

HHH

H

    

 

    

 

    

 

    

 

tototo

to

reconstructreconstructreconstruct

reconstruct

thethethe

the

trainingtrainingtraining

training

setsetset

set

XXX

X

    

 

    

 

    

 

    

 

    

 

    

 

...

.

MostMostMost

Most

applicationsapplicationsapplications

applications

ofofof

of

sparsesparsesparse

sparse

cococo

co

dingdingding

ding

alsoalsoalso

also

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

vvv

v

olvolvolv

olv

eee

e

weighweighweigh

weigh

ttt

t

decadecadeca

deca

yyy

y

ororor

or

aaa

a

constraintconstraintconstraint

constraint

ononon

on

thethethe

the

normsnormsnorms

norms

ofofof

of

thethethe

the

columnscolumnscolumns

columns

ofofof

of

WWW

W

    

 

    

 

,,,

,

ininin

in

orderorderorder

order

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

prevenprevenpreven

preven

ttt

t

thethethe

the

pathologicalpathologicalpathological

pathological

solutionsolutionsolution

solution

withwithwith

with

extremelyextremelyextremely

extremely

smallsmallsmall

small

andandand

and

largelargelarge

large

...

.

HHH

H

WWW

W

    

 

TheTheThe

The

functionfunctionfunction

function

JJJ

J

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

notnotnot

not

convconvconv

conv

ex.ex.ex.

ex.

HoHoHo

Ho

www

w

evevev

ev

er, wer, wer, w

er, w

eee

e

cancancan

can

dividedividedivide

divide

thethethe

the

inputsinputsinputs

inputs

tototo

to

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

trainingtrainingtraining

training

algorithmalgorithmalgorithm

algorithm

ininin

in

tototo

to

ttt

t

wowowo

wo

sets:sets:sets:

sets:

thethethe

the

dictionarydictionarydictionary

dictionary

parametersparametersparameters

parameters

WWW

W

    

 

    

 

andandand

and

thethethe

the

codecodecode

code

represenrepresenrepresen

represen

tationstationstations

tations

HHH

H

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

...

.

MinimizingMinimizingMinimizing

Minimizing

thethethe

the

obobob

ob

jectivjectivjectiv

jectiv

eee

e

functionfunctionfunction

function

withwithwith

with

resprespresp

resp

ectectect

ect

tototo

to

eithereithereither

either

oneoneone

one

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thesethesethese

these

setssetssets

sets

ofofof

of

vvv

v

ariablesariablesariables

ariables

isisis

is

aaa

a

convconvconv

conv

exexex

ex

problem.problem.problem.

problem.

BlockBlockBlock

Block

cococo

co

ordinateordinateordinate

ordinate

descentdescentdescent

descent

thusthusthus

thus

givesgivesgives

gives

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ususus

us

ananan

an

optimizationoptimizationoptimization

optimization

strategystrategystrategy

strategy

thatthatthat

that

allowsallowsallows

allows

ususus

us

tototo

to

useuseuse

use

efficientefficientefficient

efficient

convconvconv

conv

exexex

ex

optimizationoptimizationoptimization

optimization

    

 

    

 

    

 

    

 

algorithms,algorithms,algorithms,

algorithms,

bybyby

by

alternatingalternatingalternating

alternating

bbb

b

etwetwetw

etw

eeneeneen

een

optimizingoptimizingoptimizing

optimizing

WWW

W

withwithwith

with

HHH

H

    

 

    

 

xed,xed,xed,

xed,

thenthenthen

then

optimizingoptimizingoptimizing

optimizing

    

 

    

 

    

 

HHH

H

WWW

W

withwithwith

with

xed.xed.xed.

xed.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

CoCoCo

Co

ordinateordinateordinate

ordinate

descentdescentdescent

descent

isisis

is

notnotnot

not

aaa

a

vvv

v

eryeryery

ery

gogogo

go

ooo

o

ddd

d

strategystrategystrategy

strategy

whenwhenwhen

when

thethethe

the

vvv

v

aluealuealue

alue

ofofof

of

oneoneone

one

vvv

v

ariableariableariable

ariable

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

stronglystronglystrongly

strongly

inuencesinuencesinuences

inuences

thethethe

the

optimaloptimaloptimal

optimal

vvv

v

aluealuealue

alue

ofofof

of

anotheranotheranother

another

vvv

v

ariable,ariable,ariable,

ariable,

asasas

as

ininin

in

thethethe

the

functionfunctionfunction

function

fff

f

(((

(

xxx

x

) =) =) =

) =

322322322

322



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

(((

(

xxx

x

111

1

−−−

−

xxx

x
222

2

)))

)
222

2

+++

+

ααα

α




xxx

x
222

2

111

1

    

 

+++

+

xxx

x
222

2

222

2





wherewherewhere

where

ααα

α

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

aaa

a

ppp

p

ositiveositiveositive

ositive

constanconstanconstan

constan

t.t.t.

t.

TheTheThe

The

rstrstrst

rst

termtermterm

term

encouragesencouragesencourages

encourages

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

twtwtw

tw

ooo

o

vvv

v

ariablesariablesariables

ariables

tototo

to

hahaha

ha

vvv

v

eee

e

similarsimilarsimilar

similar

vvv

v

alue,alue,alue,

alue,

whilewhilewhile

while

thethethe

the

secondsecondsecond

second

termtermterm

term

encouragesencouragesencourages

encourages

themthemthem

them

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

bbb

b

eee

e

nearnearnear

near

zero.zero.zero.

zero.

TheTheThe

The

solutionsolutionsolution

solution

isisis

is

tototo

to

setsetset

set

bbb

b

othothoth

oth

tototo

to

zero.zero.zero.

zero.

Newton’sNewton’sNewton’s

Newton’s

methodmethodmethod

method

cancancan

can

solvesolvesolve

solve

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

problemproblemproblem

problem

ininin

in

aaa

a

singlesinglesingle

single

stepstepstep

step

bbb

b

ecauseecauseecause

ecause

ititit

it

isisis

is

aaa

a

ppp

p

ositiveositiveositive

ositive

denitedenitedenite

denite

quadraticquadraticquadratic

quadratic

problem.problem.problem.

problem.

    

 

    

 

HoHoHo

Ho

www

w

evevev

ev

er,er,er,

er,

forforfor

for

smallsmallsmall

small

ααα

α

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

,,,

,

cococo

co

ordinateordinateordinate

ordinate

descentdescentdescent

descent

willwillwill

will

makmakmak

mak

eee

e

veryveryvery

very

slowslowslow

slow

progressprogressprogress

progress

bbb

b

ecauseecauseecause

ecause

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

rstrstrst

rst

termtermterm

term

dododo

do

eseses

es

notnotnot

not

alloalloallo

allo

www

w

aaa

a

singlesinglesingle

single

vvv

v

ariableariableariable

ariable

tototo

to

bbb

b

eee

e

changedchangedchanged

changed

tototo

to

aaa

a

vvv

v

aluealuealue

alue

thatthatthat

that

differsdiffersdiffers

differs

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

signicansignicansignican

signican

tlytlytly

tly

fromfromfrom

from

thethethe

the

currentcurrentcurrent

current

vvv

v

aluealuealue

alue

ofofof

of

thethethe

the

otherotherother

other

vvv

v

ariable.ariable.ariable.

ariable.

    

 

    

 

8.7.38.7.38.7.3

8.7.3

PPP

P

olyakolyakolyak

olyak

AAA

A

vvv

v

eragingeragingeraging

eraging

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

PPP

P

olyolyoly

oly

akakak

ak

aaa

a

veragingveragingveraging

veraging

(((

(

PolyPolyPoly

Poly

akakak

ak

andandand

and

JuditskyJuditskyJuditsky

Juditsky

199219921992

1992

,,,

,

)))

)

consistsconsistsconsists

consists

ofofof

of

avavav

av

eragingeragingeraging

eraging

togethertogethertogether

together

sevsevsev

sev

eraleraleral

eral

    

 

    

 

    

 

    

 

ppp

p

oinoinoin

oin

ts ints ints in

ts in

the trathe trathe tra

the tra

jectory throughjectory throughjectory through

jectory through

parameter spaceparameter spaceparameter space

parameter space

visited bvisited bvisited b

visited b

y any any an

y an

optimizationoptimizationoptimization

optimization

algorithm. Ifalgorithm. Ifalgorithm. If

algorithm. If

ttt

t

    

 

    

 

    

 

    

 

    

 

iterationsiterationsiterations

iterations

ofofof

of

gradientgradientgradient

gradient

descendescendescen

descen

ttt

t

visitvisitvisit

visit

pointspointspoints

points

θθθ

θ
(1)(1)(1)

(1)

    

 

    

 

    

 

    

 

    

 

,,,

,

...

.

...

.

...

.

,,,

,

θθθ

θ
(((

(

)))

)

ttt

t

    

 

    

 

,,,

,

thenthenthen

then

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

outputoutputoutput

output

ofofof

of

thethethe

the

PolyPolyPoly

Poly

akakak

ak

avavav

av

eragingeragingeraging

eraging

algorithmalgorithmalgorithm

algorithm

isisis

is

ˆ̂̂

ˆ

θθθ

θ
(((

(

)))

)

ttt

t

===

=
111

1

ttt

t

PPP

P
iii

i

θθθ

θ
(((

(

)))

)

iii

i

    

 

    

 

. On. On. On

. On

somesomesome

some

problemproblemproblem

problem

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

classes,classes,classes,

classes,

suchsuchsuch

such

asasas

as

gradientgradientgradient

gradient

descendescendescen

descen

ttt

t

appliedappliedapplied

applied

tototo

to

convconvconv

conv

exexex

ex

problems,problems,problems,

problems,

thisthisthis

this

approacapproacapproac

approac

hhh

h

hashashas

has

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

strongstrongstrong

strong

convconvconv

conv

ergenceergenceergence

ergence

guaranguaranguaran

guaran

tees.tees.tees.

tees.

WhenWhenWhen

When

appliedappliedapplied

applied

tototo

to

neuralneuralneural

neural

netnetnet

net

www

w

orks,orks,orks,

orks,

itsitsits

its

justicationjusticationjustication

justication

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

moremoremore

more

heuristic,heuristic,heuristic,

heuristic,

butbutbut

but

ititit

it

ppp

p

erformserformserforms

erforms

www

w

ellellell

ell

ininin

in

practice.practice.practice.

practice.

TheTheThe

The

basicbasicbasic

basic

ideaideaidea

idea

isisis

is

thatthatthat

that

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

optimizationoptimizationoptimization

optimization

algorithmalgorithmalgorithm

algorithm

maymaymay

may

leapleapleap

leap

backbackback

back

andandand

and

forthforthforth

forth

acrossacrossacross

across

aaa

a

vvv

v

alleyalleyalley

alley

severalseveralseveral

several

timestimestimes

times

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withoutwithoutwithout

without

evereverever

ever

visitingvisitingvisiting

visiting

aaa

a

ppp

p

ointointoint

oint

nearnearnear

near

thethethe

the

bbb

b

ottomottomottom

ottom

ofofof

of

thethethe

the

vvv

v

alleyalleyalley

alley

...

.

TheTheThe

The

aaa

a

verageverageverage

verage

ofofof

of

allallall

all

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

lololo

lo

cationscationscations

cations

ononon

on

eithereithereither

either

sidesideside

side

shouldshouldshould

should

bbb

b

eee

e

closecloseclose

close

tototo

to

thethethe

the

bbb

b

ottomottomottom

ottom

ofofof

of

thethethe

the

vvv

v

alleyalleyalley

alley

though.though.though.

though.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

non-convnon-convnon-conv

non-conv

exexex

ex

problems,problems,problems,

problems,

thethethe

the

pathpathpath

path

takentakentaken

taken

bbb

b

yyy

y

thethethe

the

optimizationoptimizationoptimization

optimization

tratratra

tra

jectoryjectoryjectory

jectory

cancancan

can

bbb

b

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

vvv

v

eryeryery

ery

complicatedcomplicatedcomplicated

complicated

andandand

and

visitvisitvisit

visit

manmanman

man

yyy

y

differentdifferentdifferent

different

regions.regions.regions.

regions.

IncludingIncludingIncluding

Including

ppp

p

oinoinoin

oin

tststs

ts

ininin

in

parameterparameterparameter

parameter

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

spacespacespace

space

fromfromfrom

from

thethethe

the

distantdistantdistant

distant

pastpastpast

past

thatthatthat

that

mamama

ma

yyy

y

bbb

b

eee

e

separatedseparatedseparated

separated

fromfromfrom

from

thethethe

the

currentcurrentcurrent

current

ppp

p

ointointoint

oint

bybyby

by

largelargelarge

large

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

barriersbarriersbarriers

barriers

ininin

in

thethethe

the

costcostcost

cost

functionfunctionfunction

function

dododo

do

eseses

es

notnotnot

not

seemseemseem

seem

likelikelike

like

aaa

a

usefulusefuluseful

useful

bbb

b

ehavior.ehavior.ehavior.

ehavior.

AsAsAs

As

aaa

a

result,result,result,

result,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

whenwhenwhen

when

applyingapplyingapplying

applying

PolyPolyPoly

Poly

akakak

ak

avavav

av

eragingeragingeraging

eraging

tototo

to

non-convnon-convnon-conv

non-conv

exexex

ex

problems,problems,problems,

problems,

ititit

it

isisis

is

typicaltypicaltypical

typical

tototo

to

useuseuse

use

ananan

an

    

 

    

 

    

 

expexpexp

exp

onenonenonen

onen

tiallytiallytially

tially

decayingdecayingdecaying

decaying

runningrunningrunning

running

avavav

av

erage:erage:erage:

erage:

ˆ̂̂

ˆ

θθθ

θ
(((

(

)))

)

ttt

t

= = = 

= 

ααα

α

ˆ̂̂

ˆ

θθθ

θ
(((

(

1)1)1)

1)

ttt

t

−−−

−

    

 

    

 

+++

+

(1(1(1

(1

)))

)

−−−

−

ααα

α

θθθ

θ
(((

(

)))

)

ttt

t

    

 

...

.

(8.45)(8.45)(8.45)

(8.45)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheTheThe

The

runningrunningrunning

running

aaa

a

vvv

v

erageerageerage

erage

approachapproachapproach

approach

isisis

is

usedusedused

used

ininin

in

numerousnumerousnumerous

numerous

applications.applications.applications.

applications.

SeeSeeSee

See

SzegedySzegedySzegedy

Szegedy

    

 

    

 

    

 

    

 

    

 

    

 

etetet

et

al.al.al.

al.

(((

(

)))

)

forforfor

for

aaa

a

recentrecentrecent

recent

example.example.example.

example.

201520152015

2015

    

 

    

 

8.7.48.7.48.7.4

8.7.4

SupSupSup

Sup

ervisedervisedervised

ervised

PretrainingPretrainingPretraining

Pretraining

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

Sometimes,Sometimes,Sometimes,

Sometimes,

directlydirectlydirectly

directly

trainingtrainingtraining

training

aaa

a

momomo

mo

deldeldel

del

tototo

to

solvesolvesolve

solve

aaa

a

spspsp

sp

ecicecicecic

ecic

tasktasktask

task

cancancan

can

bbb

b

eee

e

tototo

to

ooo

o

amamam

am

bitiousbitiousbitious

bitious

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ififif

if

thethethe

the

momomo

mo

deldeldel

del

isisis

is

complexcomplexcomplex

complex

andandand

and

hardhardhard

hard

tototo

to

optimizeoptimizeoptimize

optimize

ororor

or

ififif

if

thethethe

the

tasktasktask

task

isisis

is

veryveryvery

very

difficult.difficult.difficult.

difficult.

ItItIt

It

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

sometimessometimessometimes

sometimes

moremoremore

more

effectiveeffectiveeffective

effective

tototo

to

traintraintrain

train

aaa

a

simplersimplersimpler

simpler

momomo

mo

deldeldel

del

tototo

to

solvesolvesolve

solve

thethethe

the

task,task,task,

task,

thenthenthen

then

makemakemake

make

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

momomo

mo

deldeldel

del

moremoremore

more

complex.complex.complex.

complex.

ItItIt

It

cancancan

can

alsoalsoalso

also

bbb

b

eee

e

moremoremore

more

effectiveffectiveffectiv

effectiv

eee

e

tototo

to

traintraintrain

train

thethethe

the

momomo

mo

deldeldel

del

tototo

to

solvesolvesolve

solve

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

simplersimplersimpler

simpler

task,task,task,

task,

thenthenthen

then

movmovmov

mov

eee

e

ononon

on

tototo

to

confronconfronconfron

confron

ttt

t

thethethe

the

nalnalnal

nal

task.task.task.

task.

TheseTheseThese

These

strategiesstrategiesstrategies

strategies

thatthatthat

that

invinvinv

inv

olveolveolve

olve

323323323

323



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

trainingtrainingtraining

training

simplesimplesimple

simple

momomo

mo

delsdelsdels

dels

ononon

on

simplesimplesimple

simple

taskstaskstasks

tasks

bbb

b

eforeeforeefore

efore

confrontingconfrontingconfronting

confronting

thethethe

the

challengechallengechallenge

challenge

ofofof

of

trainingtrainingtraining

training

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

desireddesireddesired

desired

momomo

mo

deldeldel

del

tototo

to

ppp

p

erformerformerform

erform

thethethe

the

desireddesireddesired

desired

tasktasktask

task

areareare

are

collectivelycollectivelycollectively

collectively

knownknownknown

known

asasas

as

prprpr

pr

etretretr

etr

ainingainingaining

aining

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

GrGrGr

Gr

eee

e

eee

e

dydydy

dy

algorithmsalgorithmsalgorithms

algorithms

breakbreakbreak

break

aaa

a

problemproblemproblem

problem

intointointo

into

manmanman

man

yyy

y

compcompcomp

comp

onents,onents,onents,

onents,

thenthenthen

then

solvesolvesolve

solve

forforfor

for

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

optimaloptimaloptimal

optimal

vvv

v

ersionersionersion

ersion

ofofof

of

eacheacheach

each

compcompcomp

comp

onentonentonent

onent

ininin

in

isolation.isolation.isolation.

isolation.

UnfortunatelyUnfortunatelyUnfortunately

Unfortunately

,,,

,

combiningcombiningcombining

combining

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

individuallyindividuallyindividually

individually

optimaloptimaloptimal

optimal

compcompcomp

comp

onentsonentsonents

onents

isisis

is

notnotnot

not

guaranguaranguaran

guaran

teedteedteed

teed

tototo

to

yieldyieldyield

yield

ananan

an

optimaloptimaloptimal

optimal

completecompletecomplete

complete

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

solution.solution.solution.

solution.

HowHowHow

How

ever,ever,ever,

ever,

greedygreedygreedy

greedy

algorithmsalgorithmsalgorithms

algorithms

cancancan

can

bbb

b

eee

e

computationallycomputationallycomputationally

computationally

mucmucmuc

muc

hhh

h

cheapercheapercheaper

cheaper

thanthanthan

than

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

algorithmsalgorithmsalgorithms

algorithms

thatthatthat

that

solvsolvsolv

solv

eee

e

forforfor

for

thethethe

the

bbb

b

estestest

est

joinjoinjoin

join

ttt

t

solution,solution,solution,

solution,

andandand

and

thethethe

the

qualityqualityquality

quality

ofofof

of

aaa

a

greedygreedygreedy

greedy

solutionsolutionsolution

solution

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

oftenoftenoften

often

acceptableacceptableacceptable

acceptable

ififif

if

notnotnot

not

optimal.optimal.optimal.

optimal.

GreedyGreedyGreedy

Greedy

algorithmsalgorithmsalgorithms

algorithms

mamama

ma

yyy

y

alsoalsoalso

also

bbb

b

eee

e

follofollofollo

follo

wedwedwed

wed

bybyby

by

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ne-tuningne-tuningne-tuning

ne-tuning

stagestagestage

stage

ininin

in

whichwhichwhich

which

aaa

a

joinjoinjoin

join

ttt

t

optimizationoptimizationoptimization

optimization

algorithmalgorithmalgorithm

algorithm

searchessearchessearches

searches

forforfor

for

ananan

an

optimaloptimaloptimal

optimal

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

solutionsolutionsolution

solution

tototo

to

thethethe

the

fullfullfull

full

problem.problem.problem.

problem.

InitializingInitializingInitializing

Initializing

thethethe

the

jointjointjoint

joint

optimizationoptimizationoptimization

optimization

algorithmalgorithmalgorithm

algorithm

withwithwith

with

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

greedygreedygreedy

greedy

solutionsolutionsolution

solution

cancancan

can

greatlygreatlygreatly

greatly

spspsp

sp

eedeedeed

eed

ititit

it

upupup

up

andandand

and

improvimprovimprov

improv

eee

e

thethethe

the

qualityqualityquality

quality

ofofof

of

thethethe

the

solutionsolutionsolution

solution

ititit

it

nds.nds.nds.

nds.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

Pretraining,Pretraining,Pretraining,

Pretraining,

andandand

and

espespesp

esp

eciallyeciallyecially

ecially

greedygreedygreedy

greedy

pretraining,pretraining,pretraining,

pretraining,

algorithmsalgorithmsalgorithms

algorithms

areareare

are

ubiquitousubiquitousubiquitous

ubiquitous

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

deepdeepdeep

deep

learning.learning.learning.

learning.

InInIn

In

thisthisthis

this

section,section,section,

section,

www

w

eee

e

describdescribdescrib

describ

eee

e

spspsp

sp

ecicallyecicallyecically

ecically

thosethosethose

those

pretrainingpretrainingpretraining

pretraining

algorithmsalgorithmsalgorithms

algorithms

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thatthatthat

that

breakbreakbreak

break

supsupsup

sup

ervisedervisedervised

ervised

learninglearninglearning

learning

problemsproblemsproblems

problems

ininin

in

tototo

to

otherotherother

other

simplersimplersimpler

simpler

supervisedsupervisedsupervised

supervised

learninglearninglearning

learning

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

problems.problems.problems.

problems.

ThisThisThis

This

approachapproachapproach

approach

isisis

is

knownknownknown

known

asasas

as

grgrgr

gr

eee

e

eee

e

dydydy

dy

supsupsup

sup

erviseerviseervise

ervise

ddd

d

prprpr

pr

etretretr

etr

ainingainingaining

aining

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

thethethe

the

originaloriginaloriginal

original

(((

(

,,,

,

)))

)

versionversionversion

version

ofofof

of

greedygreedygreedy

greedy

supsupsup

sup

ervisedervisedervised

ervised

pretraining,pretraining,pretraining,

pretraining,

BengioBengioBengio

Bengio

etetet

et

al.al.al.

al.

200720072007

2007

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

eaceaceac

eac

hhh

h

stagestagestage

stage

consistsconsistsconsists

consists

ofofof

of

aaa

a

supsupsup

sup

ervisedervisedervised

ervised

learninglearninglearning

learning

trainingtrainingtraining

training

tasktasktask

task

invinvinv

inv

olvingolvingolving

olving

onlyonlyonly

only

aaa

a

subsetsubsetsubset

subset

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

laylaylay

lay

ersersers

ers

ininin

in

thethethe

the

nalnalnal

nal

neuralneuralneural

neural

netnetnet

net

work.work.work.

work.

AnAnAn

An

exampleexampleexample

example

ofofof

of

greedygreedygreedy

greedy

supsupsup

sup

ervisedervisedervised

ervised

pretrainingpretrainingpretraining

pretraining

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

illustratedillustratedillustrated

illustrated

ininin

in

Fig.Fig.Fig.

Fig.

,,,

,

ininin

in

whichwhichwhich

which

eaceaceac

eac

hhh

h

addedaddedadded

added

hiddenhiddenhidden

hidden

lalala

la

yyy

y

ererer

er

isisis

is

pretrainedpretrainedpretrained

pretrained

asasas

as

partpartpart

part

ofofof

of

8.78.78.7

8.7

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

shallowshallowshallow

shallow

supsupsup

sup

ervisedervisedervised

ervised

MLPMLPMLP

MLP

,,,

,

takingtakingtaking

taking

asasas

as

inputinputinput

input

thethethe

the

outputoutputoutput

output

ofofof

of

thethethe

the

previouslypreviouslypreviously

previously

trainedtrainedtrained

trained

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

hiddenhiddenhidden

hidden

laylaylay

lay

er.er.er.

er.

InsteadInsteadInstead

Instead

ofofof

of

pretrainingpretrainingpretraining

pretraining

oneoneone

one

laylaylay

lay

ererer

er

atatat

at

aaa

a

time,time,time,

time,

SimonySimonySimony

Simony

ananan

an

andandand

and

ZissermanZissermanZisserman

Zisserman

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

(((

(

)))

)

pretrainpretrainpretrain

pretrain

aaa

a

deepdeepdeep

deep

convconvconv

conv

olutionalolutionalolutional

olutional

netwnetwnetw

netw

orkorkork

ork

(eleven(eleven(eleven

(eleven

www

w

eighteighteight

eight

laylaylay

lay

ers)ers)ers)

ers)

andandand

and

thenthenthen

then

useuseuse

use

201520152015

2015

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

rstrstrst

rst

fourfourfour

four

andandand

and

lastlastlast

last

threethreethree

three

lalala

la

yersyersyers

yers

fromfromfrom

from

thisthisthis

this

netwnetwnetw

netw

orkorkork

ork

tototo

to

initializeinitializeinitialize

initialize

evevev

ev

enenen

en

deepdeepdeep

deep

ererer

er

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

www

w

orksorksorks

orks

(with(with(with

(with

upupup

up

tototo

to

nineteennineteennineteen

nineteen

laylaylay

lay

ersersers

ers

ofofof

of

weighweighweigh

weigh

ts).ts).ts).

ts).

TheTheThe

The

middlemiddlemiddle

middle

laylaylay

lay

ersersers

ers

ofofof

of

thethethe

the

new,new,new,

new,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

vvv

v

eryeryery

ery

deepdeepdeep

deep

netnetnet

net

workworkwork

work

areareare

are

initializedinitializedinitialized

initialized

randomlyrandomlyrandomly

randomly

...

.

TheTheThe

The

newnewnew

new

netwnetwnetw

netw

orkorkork

ork

isisis

is

thenthenthen

then

joinjoinjoin

join

tlytlytly

tly

trained.trained.trained.

trained.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AnotherAnotherAnother

Another

option,option,option,

option,

exploredexploredexplored

explored

bbb

b

yyy

y

YYY

Y

uuu

u

201020102010

2010

etetet

et

al.al.al.

al.

(((

(

)))

)

isisis

is

tototo

to

useuseuse

use

thethethe

the

ofofof

of

thethethe

the

previouslypreviouslypreviously

previously

outputsoutputsoutputs

outputs

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

trainedtrainedtrained

trained

MLPs,MLPs,MLPs,

MLPs,

asasas

as

wellwellwell

well

asasas

as

thethethe

the

rarara

ra

www

w

input,input,input,

input,

asasas

as

inputsinputsinputs

inputs

forforfor

for

eacheacheach

each

addedaddedadded

added

stage.stage.stage.

stage.

    

 

WhWhWh

Wh

y wy wy w

y w

ould greedy supervised pretraining help?ould greedy supervised pretraining help?ould greedy supervised pretraining help?

ould greedy supervised pretraining help?

The hThe hThe h

The h

ypypyp

yp

othesis initiallyothesis initiallyothesis initially

othesis initially

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

discusseddiscusseddiscussed

discussed

bybyby

by

(((

(

)))

)

isisis

is

thatthatthat

that

ititit

it

helpshelpshelps

helps

tototo

to

provideprovideprovide

provide

bbb

b

etteretteretter

etter

guidanceguidanceguidance

guidance

tototo

to

thethethe

the

BengioBengioBengio

Bengio

etetet

et

al.al.al.

al.

200720072007

2007

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

termediatetermediatetermediate

termediate

levelslevelslevels

levels

ofofof

of

aaa

a

deepdeepdeep

deep

hierarchierarchierarc

hierarc

hhh

h

yyy

y

...

.

InInIn

In

general,general,general,

general,

pretrainingpretrainingpretraining

pretraining

mamama

ma

yyy

y

helphelphelp

help

bbb

b

othothoth

oth

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

    

 

termstermsterms

terms

ofofof

of

optimizationoptimizationoptimization

optimization

andandand

and

ininin

in

termstermsterms

terms

ofofof

of

generalization.generalization.generalization.

generalization.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AnAnAn

An

approachapproachapproach

approach

relatedrelatedrelated

related

tototo

to

supsupsup

sup

ervisedervisedervised

ervised

pretrainingpretrainingpretraining

pretraining

extendsextendsextends

extends

thethethe

the

ideaideaidea

idea

tototo

to

thethethe

the

contextcontextcontext

context

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

transfertransfertransfer

transfer

learning:learning:learning:

learning:

YYY

Y

osinskiosinskiosinski

osinski

201420142014

2014

etetet

et

al.al.al.

al.

(((

(

)))

)

pretrainpretrainpretrain

pretrain

aaa

a

deepdeepdeep

deep

convconvconv

conv

olutionalolutionalolutional

olutional

netnetnet

net

withwithwith

with

888

8

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

lalala

la

yyy

y

ersersers

ers

ofofof

of

www

w

eightseightseights

eights

ononon

on

aaa

a

setsetset

set

ofofof

of

taskstaskstasks

tasks

(a(a(a

(a

subsetsubsetsubset

subset

ofofof

of

thethethe

the

100010001000

1000

ImageNetImageNetImageNet

ImageNet

obobob

ob

jectjectject

ject

categories)categories)categories)

categories)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

thenthenthen

then

initializeinitializeinitialize

initialize

aaa

a

same-sizesame-sizesame-size

same-size

netwnetwnetw

netw

orkorkork

ork

withwithwith

with

thethethe

the

rstrstrst

rst

kkk

k

    

 

    

 

    

 

    

 

    

 

lalala

la

yyy

y

ersersers

ers

ofofof

of

thethethe

the

rstrstrst

rst

net.net.net.

net.

AllAllAll

All

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

laylaylay

lay

ersersers

ers

ofofof

of

thethethe

the

secondsecondsecond

second

netwnetwnetw

netw

orkorkork

ork

(with(with(with

(with

thethethe

the

uppuppupp

upp

ererer

er

laylaylay

lay

ersersers

ers

initializedinitializedinitialized

initialized

randomly)randomly)randomly)

randomly)

areareare

are

324324324

324



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

yyy

y

yyy

y

hhh

h
(1)(1)(1)

(1)

hhh

h
(1)(1)(1)

(1)

xxx

x

xxx

x

(a)(a)(a)

(a)

UUU

U
(1)(1)(1)

(1)

UUU

U
(1)(1)(1)

(1)

WWW

W
(1)(1)(1)

(1)

WWW

W
(1)(1)(1)

(1)

yyy

y

yyy

yhhh

h
(1)(1)(1)

(1)

hhh

h
(1)(1)(1)

(1)

xxx

x

xxx

x

(b)(b)(b)

(b)

UUU

U
(1)(1)(1)

(1)

UUU

U
(1)(1)(1)

(1)

WWW

W
(1)(1)(1)

(1)

WWW

W
(1)(1)(1)

(1)

yyy

y

yyy

yhhh

h
(1)(1)(1)

(1)

hhh

h
(1)(1)(1)

(1)

xxx

x

xxx

x

(c)(c)(c)

(c)

UUU

U
(1)(1)(1)

(1)

UUU

U
(1)(1)(1)

(1)

WWW

W
(1)(1)(1)

(1)

WWW

W
(1)(1)(1)

(1)

hhh

h
(2)(2)(2)

(2)

hhh

h
(2)(2)(2)

(2)

yyy

y

yyy

y

UUU

U
(2)(2)(2)

(2)

UUU

U
(2)(2)(2)

(2)

WWW

W
(2)(2)(2)

(2)

WWW

W
(2)(2)(2)

(2)

yyy

y

yyy

yhhh

h
(1)(1)(1)

(1)

hhh

h
(1)(1)(1)

(1)

xxx

x

xxx

x

(d)(d)(d)

(d)

UUU

U
(1)(1)(1)

(1)

UUU

U
(1)(1)(1)

(1)

WWW

W
(1)(1)(1)

(1)

WWW

W
(1)(1)(1)

(1)

hhh

h
(2)(2)(2)

(2)

hhh

h
(2)(2)(2)

(2)

yyy

y

UUU

U
(2)(2)(2)

(2)

UUU

U
(2)(2)(2)

(2)

WWW

W
(2)(2)(2)

(2)

WWW

W
(2)(2)(2)

(2)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

FigureFigureFigure

Figure

8.7:8.7:8.7:

8.7:

IllustrationIllustrationIllustration

Illustration

ofofof

of

oneoneone

one

formformform

form

ofofof

of

greedygreedygreedy

greedy

supsupsup

sup

ervisedervisedervised

ervised

pretrainingpretrainingpretraining

pretraining

(((

(

,,,

,

).).).

).

BengioBengioBengio

Bengio

etetet

et

al.al.al.

al.

200720072007

2007

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

(a)(a)(a)

(a)

WWW

W

eee

e

startstartstart

start

bybyby

by

trainingtrainingtraining

training

aaa

a

sufficientlysufficientlysufficiently

sufficiently

shalloshalloshallo

shallo

www

w

arcarcarc

arc

hitecture.hitecture.hitecture.

hitecture.

AnotherAnotherAnother

Another

drawingdrawingdrawing

drawing

ofofof

of

thethethe

the

(b)(b)(b)

(b)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

samesamesame

same

architecture.architecture.architecture.

architecture.

WWW

W

eee

e

keepkeepkeep

keep

onlyonlyonly

only

thethethe

the

input-to-hiddeninput-to-hiddeninput-to-hidden

input-to-hidden

laylaylay

lay

ererer

er

ofofof

of

thethethe

the

originaloriginaloriginal

original

netwnetwnetw

netw

orkorkork

ork

andandand

and

(c)(c)(c)

(c)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

discarddiscarddiscard

discard

thethethe

the

hidden-to-outputhidden-to-outputhidden-to-output

hidden-to-output

lalala

la

yyy

y

er.er.er.

er.

WWW

W

eee

e

sendsendsend

send

thethethe

the

outputoutputoutput

output

ofofof

of

thethethe

the

rstrstrst

rst

hiddenhiddenhidden

hidden

lalala

la

yyy

y

ererer

er

asasas

as

inputinputinput

input

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

anotheranotheranother

another

supervisedsupervisedsupervised

supervised

singlesinglesingle

single

hiddenhiddenhidden

hidden

lalala

la

yeryeryer

yer

MLPMLPMLP

MLP

thatthatthat

that

isisis

is

trainedtrainedtrained

trained

withwithwith

with

thethethe

the

samesamesame

same

obobob

ob

jectivjectivjectiv

jectiv

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

asasas

as

thethethe

the

rstrstrst

rst

netwnetwnetw

netw

orkorkork

ork

was,was,was,

was,

thusthusthus

thus

addingaddingadding

adding

aaa

a

secondsecondsecond

second

hiddenhiddenhidden

hidden

laylaylay

lay

er.er.er.

er.

ThisThisThis

This

cancancan

can

bbb

b

eee

e

repreprep

rep

eatedeatedeated

eated

forforfor

for

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

asasas

as

manymanymany

many

laylaylay

lay

ersersers

ers

asasas

as

desired.desired.desired.

desired.

AnotherAnotherAnother

Another

drawingdrawingdrawing

drawing

ofofof

of

thethethe

the

result,result,result,

result,

viewviewview

view

ededed

ed

asasas

as

aaa

a

feedforwardfeedforwardfeedforward

feedforward

(d)(d)(d)

(d)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

work.work.work.

work.

TTT

T

ooo

o

furtherfurtherfurther

further

improimproimpro

impro

veveve

ve

thethethe

the

optimization,optimization,optimization,

optimization,

wewewe

we

cancancan

can

jointlyjointlyjointly

jointly

ne-tunene-tunene-tune

ne-tune

allallall

all

thethethe

the

laylaylay

lay

ers,ers,ers,

ers,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

eithereithereither

either

onlyonlyonly

only

atatat

at

thethethe

the

endendend

end

ororor

or

atatat

at

eacheacheach

each

stagestagestage

stage

ofofof

of

thisthisthis

this

propropro

pro

cess.cess.cess.

cess.

325325325

325



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thenthenthen

then

jointlyjointlyjointly

jointly

trainedtrainedtrained

trained

tototo

to

ppp

p

erformerformerform

erform

aaa

a

differentdifferentdifferent

different

setsetset

set

ofofof

of

taskstaskstasks

tasks

(another(another(another

(another

subsetsubsetsubset

subset

ofofof

of

thethethe

the

100010001000

1000

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ImageNetImageNetImageNet

ImageNet

obobob

ob

jectjectject

ject

categories),categories),categories),

categories),

withwithwith

with

fewerfewerfewer

fewer

trainingtrainingtraining

training

examplesexamplesexamples

examples

thanthanthan

than

forforfor

for

thethethe

the

rstrstrst

rst

setsetset

set

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tasks.tasks.tasks.

tasks.

OtherOtherOther

Other

approachesapproachesapproaches

approaches

tototo

to

transfertransfertransfer

transfer

learninglearninglearning

learning

withwithwith

with

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

areareare

are

discusseddiscusseddiscussed

discussed

ininin

in

    

 

Sec.Sec.Sec.

Sec.

...

.

15.215.215.2

15.2

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AnotherAnotherAnother

Another

relatedrelatedrelated

related

linelineline

line

ofofof

of

www

w

orkorkork

ork

isisis

is

thethethe

the

(((

(

,,,

,

)))

)

approacapproacapproac

approac

h.h.h.

h.

ThisThisThis

This

FitNetsFitNetsFitNets

FitNets

RomeroRomeroRomero

Romero

etetet

et

al.al.al.

al.

201520152015

2015

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

approacapproacapproac

approac

hhh

h

beginsbeginsbegins

begins

bybyby

by

trainingtrainingtraining

training

aaa

a

netnetnet

net

workworkwork

work

thatthatthat

that

hashashas

has

lololo

lo

www

w

enoughenoughenough

enough

depthdepthdepth

depth

andandand

and

greatgreatgreat

great

enoughenoughenough

enough

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

widthwidthwidth

width

(num(num(num

(num

bbb

b

ererer

er

ofofof

of

unitsunitsunits

units

ppp

p

ererer

er

laylaylay

lay

er)er)er)

er)

tototo

to

bbb

b

eee

e

easyeasyeasy

easy

tototo

to

train.train.train.

train.

ThisThisThis

This

netwnetwnetw

netw

orkorkork

ork

thenthenthen

then

bbb

b

ecomesecomesecomes

ecomes

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

tetete

te

acheracheracher

acher

forforfor

for

aaa

a

secondsecondsecond

second

netwnetwnetw

netw

ork,ork,ork,

ork,

designateddesignateddesignated

designated

thethethe

the

. The. The. The

. The

studenstudenstuden

studen

ttt

t

netnetnet

net

workworkwork

work

isisis

is

studentstudentstudent

student

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

mmm

m

ucucuc

uc

hhh

h

deepdeepdeep

deep

ererer

er

andandand

and

thinnerthinnerthinner

thinner

(elev(elev(elev

(elev

enenen

en

tototo

to

nineteennineteennineteen

nineteen

laylaylay

lay

ers)ers)ers)

ers)

andandand

and

wouldwouldwould

would

bbb

b

eee

e

difficultdifficultdifficult

difficult

tototo

to

traintraintrain

train

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withwithwith

with

SGDSGDSGD

SGD

underunderunder

under

normalnormalnormal

normal

circumstances.circumstances.circumstances.

circumstances.

TheTheThe

The

trainingtrainingtraining

training

ofofof

of

thethethe

the

studentstudentstudent

student

netwnetwnetw

netw

orkorkork

ork

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

mademademade

made

easiereasiereasier

easier

bybyby

by

trainingtrainingtraining

training

thethethe

the

studentstudentstudent

student

netwnetwnetw

netw

orkorkork

ork

notnotnot

not

onlyonlyonly

only

tototo

to

predictpredictpredict

predict

thethethe

the

outputoutputoutput

output

forforfor

for

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

originaloriginaloriginal

original

task,task,task,

task,

butbutbut

but

alsoalsoalso

also

tototo

to

predictpredictpredict

predict

thethethe

the

vvv

v

aluealuealue

alue

ofofof

of

thethethe

the

middlemiddlemiddle

middle

lalala

la

yyy

y

ererer

er

ofofof

of

thethethe

the

teacherteacherteacher

teacher

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

www

w

ork.ork.ork.

ork.

ThisThisThis

This

extraextraextra

extra

tasktasktask

task

providesprovidesprovides

provides

aaa

a

setsetset

set

ofofof

of

hintshintshints

hints

ababab

ab

outoutout

out

howhowhow

how

thethethe

the

hiddenhiddenhidden

hidden

laylaylay

lay

ersersers

ers

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

shouldshouldshould

should

bbb

b

eee

e

usedusedused

used

andandand

and

cancancan

can

simplifysimplifysimplify

simplify

thethethe

the

optimizationoptimizationoptimization

optimization

problem.problem.problem.

problem.

AAA

A

dditionaldditionaldditional

dditional

parametersparametersparameters

parameters

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

areareare

are

introducedintroducedintroduced

introduced

tototo

to

regressregressregress

regress

thethethe

the

middlemiddlemiddle

middle

laylaylay

lay

ererer

er

ofofof

of

thethethe

the

5-lay5-lay5-lay

5-lay

ererer

er

teacteacteac

teac

herherher

her

netwnetwnetw

netw

orkorkork

ork

fromfromfrom

from

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

middlemiddlemiddle

middle

laylaylay

lay

ererer

er

ofofof

of

thethethe

the

deepdeepdeep

deep

ererer

er

studentstudentstudent

student

netwnetwnetw

netw

ork. Howork. Howork. How

ork. How

ever,ever,ever,

ever,

insteadinsteadinstead

instead

ofofof

of

predictingpredictingpredicting

predicting

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

nalnalnal

nal

classicationclassicationclassication

classication

target,target,target,

target,

thethethe

the

obobob

ob

jectivjectivjectiv

jectiv

eee

e

isisis

is

tototo

to

predictpredictpredict

predict

thethethe

the

middlemiddlemiddle

middle

hiddenhiddenhidden

hidden

laylaylay

lay

ererer

er

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

thethethe

the

teacteacteac

teac

herherher

her

netwnetwnetw

netw

ork.ork.ork.

ork.

TheTheThe

The

lowlowlow

low

ererer

er

laylaylay

lay

ersersers

ers

ofofof

of

thethethe

the

studenstudenstuden

studen

ttt

t

netwnetwnetw

netw

orksorksorks

orks

ththth

th

ususus

us

havhavhav

hav

eee

e

twtwtw

tw

ooo

o

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

obobob

ob

jectivjectivjectiv

jectiv

es:es:es:

es:

tototo

to

helphelphelp

help

thethethe

the

outputsoutputsoutputs

outputs

ofofof

of

thethethe

the

studenstudenstuden

studen

ttt

t

netwnetwnetw

netw

orkorkork

ork

accomplishaccomplishaccomplish

accomplish

theirtheirtheir

their

task,task,task,

task,

asasas

as

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

www

w

ellellell

ell

asasas

as

tototo

to

predictpredictpredict

predict

thethethe

the

ininin

in

termediatetermediatetermediate

termediate

laylaylay

lay

ererer

er

ofofof

of

thethethe

the

teacherteacherteacher

teacher

netnetnet

net

www

w

ork.ork.ork.

ork.

AlthoughAlthoughAlthough

Although

aaa

a

thinthinthin

thin

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

deepdeepdeep

deep

netwnetwnetw

netw

orkorkork

ork

appappapp

app

earsearsears

ears

tototo

to

bbb

b

eee

e

moremoremore

more

difficultdifficultdifficult

difficult

tototo

to

traintraintrain

train

thanthanthan

than

aaa

a

widewidewide

wide

andandand

and

shallowshallowshallow

shallow

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

www

w

ork,ork,ork,

ork,

thethethe

the

thinthinthin

thin

andandand

and

deepdeepdeep

deep

netnetnet

net

www

w

orkorkork

ork

maymaymay

may

generalizegeneralizegeneralize

generalize

bbb

b

etteretteretter

etter

andandand

and

certainlycertainlycertainly

certainly

hashashas

has

lowlowlow

low

ererer

er

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

computationalcomputationalcomputational

computational

costcostcost

cost

ififif

if

ititit

it

isisis

is

thinthinthin

thin

enoughenoughenough

enough

tototo

to

hahaha

ha

vvv

v

eee

e

farfarfar

far

fewerfewerfewer

fewer

parameters.parameters.parameters.

parameters.

WithoutWithoutWithout

Without

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

hintshintshints

hints

ononon

on

thethethe

the

hiddenhiddenhidden

hidden

laylaylay

lay

er,er,er,

er,

thethethe

the

studentstudentstudent

student

netwnetwnetw

netw

orkorkork

ork

performsperformsperforms

performs

vvv

v

eryeryery

ery

ppp

p

ooo

o

orlyorlyorly

orly

ininin

in

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

expexpexp

exp

erimenerimenerimen

erimen

ts,ts,ts,

ts,

bbb

b

othothoth

oth

ononon

on

thethethe

the

trainingtrainingtraining

training

andandand

and

testtesttest

test

set.set.set.

set.

HinHinHin

Hin

tststs

ts

ononon

on

middlemiddlemiddle

middle

laylaylay

lay

ersersers

ers

maymaymay

may

ththth

th

ususus

us

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

eee

e

oneoneone

one

ofofof

of

thethethe

the

tototo

to

olsolsols

ols

tototo

to

helphelphelp

help

traintraintrain

train

neuralneuralneural

neural

netnetnet

net

www

w

orksorksorks

orks

thatthatthat

that

otherwiseotherwiseotherwise

otherwise

seemseemseem

seem

difficultdifficultdifficult

difficult

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

train,train,train,

train,

butbutbut

but

otherotherother

other

optimizationoptimizationoptimization

optimization

techniquestechniquestechniques

techniques

ororor

or

ccc

c

hangeshangeshanges

hanges

ininin

in

thethethe

the

arcarcarc

arc

hitecturehitecturehitecture

hitecture

maymaymay

may

alsoalsoalso

also

    

 

    

 

solvsolvsolv

solv

eee

e

thethethe

the

problem.problem.problem.

problem.

    

 

    

 

    

 

    

 

    

 

8.7.58.7.58.7.5

8.7.5

DesigningDesigningDesigning

Designing

MoMoMo

Mo

delsdelsdels

dels

tototo

to

AidAidAid

Aid

OptimizationOptimizationOptimization

Optimization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TTT

T

ooo

o

improimproimpro

impro

vvv

v

eee

e

optimization,optimization,optimization,

optimization,

thethethe

the

bbb

b

estestest

est

strategystrategystrategy

strategy

isisis

is

notnotnot

not

alwalwalw

alw

aysaysays

ays

tototo

to

improimproimpro

impro

vvv

v

eee

e

thethethe

the

optimizationoptimizationoptimization

optimization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

algorithm.algorithm.algorithm.

algorithm.

Instead,Instead,Instead,

Instead,

manymanymany

many

improvimprovimprov

improv

ementsementsements

ements

ininin

in

thethethe

the

optimizationoptimizationoptimization

optimization

ofofof

of

deepdeepdeep

deep

momomo

mo

delsdelsdels

dels

havhavhav

hav

eee

e

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

comecomecome

come

fromfromfrom

from

designingdesigningdesigning

designing

thethethe

the

momomo

mo

delsdelsdels

dels

tototo

to

bbb

b

eee

e

easiereasiereasier

easier

tototo

to

optimize.optimize.optimize.

optimize.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

InInIn

In

principle,principle,principle,

principle,

wewewe

we

couldcouldcould

could

useuseuse

use

activactivactiv

activ

ationationation

ation

functionsfunctionsfunctions

functions

thatthatthat

that

increaseincreaseincrease

increase

andandand

and

decreasedecreasedecrease

decrease

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

jaggedjaggedjagged

jagged

non-monotonicnon-monotonicnon-monotonic

non-monotonic

patterns.patterns.patterns.

patterns.

HowHowHow

How

evevev

ev

er,er,er,

er,

thisthisthis

this

www

w

ouldouldould

ould

makemakemake

make

optimizationoptimizationoptimization

optimization

extremelyextremelyextremely

extremely

    

 

difficult. Indifficult. Indifficult. In

difficult. In

practice,practice,practice,

practice,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ititit

it

isisis

is

moremoremore

more

impimpimp

imp

ortantortantortant

ortant

tototo

to

ccc

c

hohoho

ho

oseoseose

ose

aaa

a

momomo

mo

deldeldel

del

familyfamilyfamily

family

thatthatthat

that

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

isisis

is

easyeasyeasy

easy

tototo

to

optimizeoptimizeoptimize

optimize

thanthanthan

than

tototo

to

useuseuse

use

aaa

a

ppp

p

owowow

ow

erfulerfulerful

erful

optimizationoptimizationoptimization

optimization

algorithmalgorithmalgorithm

algorithm

    

 

...

.

MostMostMost

Most

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

thethethe

the

advadvadv

adv

ancesancesances

ances

ininin

in

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

learninglearninglearning

learning

ooo

o

ververver

ver

thethethe

the

pastpastpast

past

303030

30

yyy

y

earsearsears

ears

hahaha

ha

veveve

ve

bbb

b

eeneeneen

een

326326326

326



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

obtainedobtainedobtained

obtained

bybyby

by

ccc

c

hanginghanginghanging

hanging

thethethe

the

momomo

mo

deldeldel

del

familyfamilyfamily

family

ratherratherrather

rather

thanthanthan

than

changingchangingchanging

changing

thethethe

the

optimizationoptimizationoptimization

optimization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

propropro

pro

cedure.cedure.cedure.

cedure.

StoStoSto

Sto

chasticchasticchastic

chastic

gradientgradientgradient

gradient

descentdescentdescent

descent

withwithwith

with

momentum,momentum,momentum,

momentum,

whichwhichwhich

which

waswaswas

was

usedusedused

used

tototo

to

traintraintrain

train

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

neuralneuralneural

neural

netnetnet

net

worksworksworks

works

ininin

in

thethethe

the

1980s,1980s,1980s,

1980s,

remainsremainsremains

remains

ininin

in

useuseuse

use

ininin

in

momomo

mo

dernderndern

dern

statestatestate

state

ofofof

of

thethethe

the

artartart

art

neuralneuralneural

neural

    

 

netnetnet

net

www

w

orkorkork

ork

applications.applications.applications.

applications.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

SpSpSp

Sp

ecicallyecicallyecically

ecically

,,,

,

momomo

mo

dernderndern

dern

neuralneuralneural

neural

netnetnet

net

www

w

orksorksorks

orks

reectreectreect

reect

aaa

a

designdesigndesign

design

choicchoicchoic

choic

eee

e

tototo

to

useuseuse

use

linearlinearlinear

linear

trans-trans-trans-

trans-

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

formationsformationsformations

formations

bbb

b

etwetwetw

etw

eeneeneen

een

laylaylay

lay

ersersers

ers

andandand

and

activactivactiv

activ

ationationation

ation

functionsfunctionsfunctions

functions

thatthatthat

that

areareare

are

differendifferendifferen

differen

tiabletiabletiable

tiable

almostalmostalmost

almost

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

evevev

ev

erywhereerywhereerywhere

erywhere

andandand

and

havhavhav

hav

eee

e

signicantsignicantsignicant

signicant

slopslopslop

slop

eee

e

ininin

in

largelargelarge

large

ppp

p

ortionsortionsortions

ortions

ofofof

of

theirtheirtheir

their

domain. Indomain. Indomain. In

domain. In

par-par-par-

par-

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ticular,ticular,ticular,

ticular,

momomo

mo

deldeldel

del

innovinnovinnov

innov

ationsationsations

ations

likelikelike

like

thethethe

the

LSTM,LSTM,LSTM,

LSTM,

rectiedrectiedrectied

rectied

linearlinearlinear

linear

unitsunitsunits

units

andandand

and

maxoutmaxoutmaxout

maxout

unitsunitsunits

units

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

hahaha

ha

vvv

v

eee

e

allallall

all

movmovmov

mov

ededed

ed

tototo

to

www

w

ardardard

ard

usingusingusing

using

moremoremore

more

linearlinearlinear

linear

functionsfunctionsfunctions

functions

thanthanthan

than

previouspreviousprevious

previous

momomo

mo

delsdelsdels

dels

likelikelike

like

deepdeepdeep

deep

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

netnetnet

net

www

w

orksorksorks

orks

basedbasedbased

based

ononon

on

sigmoidalsigmoidalsigmoidal

sigmoidal

units.units.units.

units.

TheseTheseThese

These

momomo

mo

delsdelsdels

dels

havhavhav

hav

eee

e

nicenicenice

nice

proppropprop

prop

ertiesertieserties

erties

thatthatthat

that

makemakemake

make

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

optimizationoptimizationoptimization

optimization

easier.easier.easier.

easier.

TheTheThe

The

gradiengradiengradien

gradien

ttt

t

ooo

o

wswsws

ws

throughthroughthrough

through

manmanman

man

yyy

y

lalala

la

yeryeryer

yer

sss

s

providedprovidedprovided

provided

thatthatthat

that

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

JacobianJacobianJacobian

Jacobian

ofofof

of

thethethe

the

linearlinearlinear

linear

transformationtransformationtransformation

transformation

hashashas

has

reasonablereasonablereasonable

reasonable

singularsingularsingular

singular

vvv

v

alues. Moreoalues. Moreoalues. Moreo

alues. Moreo

ver,ver,ver,

ver,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

linearlinearlinear

linear

functionsfunctionsfunctions

functions

consistentlyconsistentlyconsistently

consistently

increaseincreaseincrease

increase

ininin

in

aaa

a

singlesinglesingle

single

direction,direction,direction,

direction,

sososo

so

eveneveneven

even

ififif

if

thethethe

the

momomo

mo

del’sdel’sdel’s

del’s

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

outputoutputoutput

output

isisis

is

vvv

v

eryeryery

ery

farfarfar

far

fromfromfrom

from

correct,correct,correct,

correct,

ititit

it

isisis

is

clearclearclear

clear

simplysimplysimply

simply

fromfromfrom

from

computingcomputingcomputing

computing

thethethe

the

gradientgradientgradient

gradient

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

whicwhicwhic

whic

hhh

h

directiondirectiondirection

direction

itsitsits

its

outputoutputoutput

output

shouldshouldshould

should

movmovmov

mov

eee

e

tototo

to

reducereducereduce

reduce

thethethe

the

losslossloss

loss

function.function.function.

function.

InInIn

In

otherotherother

other

www

w

ords,ords,ords,

ords,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

momomo

mo

dernderndern

dern

neuralneuralneural

neural

netsnetsnets

nets

havhavhav

hav

eee

e

beenbeenbeen

been

designeddesigneddesigned

designed

sososo

so

thatthatthat

that

theirtheirtheir

their

lololo

lo

ccc

c

alalal

al

gradientgradientgradient

gradient

informationinformationinformation

information

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

correspcorrespcorresp

corresp

ondsondsonds

onds

reasonablyreasonablyreasonably

reasonably

www

w

ellellell

ell

tototo

to

movinmovinmovin

movin

ggg

g

towtowtow

tow

ardardard

ard

aaa

a

distantdistantdistant

distant

solution.solution.solution.

solution.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

OtherOtherOther

Other

momomo

mo

deldeldel

del

designdesigndesign

design

strategiesstrategiesstrategies

strategies

cancancan

can

helphelphelp

help

tototo

to

makemakemake

make

optimizationoptimizationoptimization

optimization

easier.easier.easier.

easier.

FFF

F

ororor

or

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

example,example,example,

example,

linearlinearlinear

linear

pathspathspaths

paths

ororor

or

skipskipskip

skip

connectionsconnectionsconnections

connections

bbb

b

etetet

et

weenweenween

ween

laylaylay

lay

ersersers

ers

reducereducereduce

reduce

thethethe

the

lengthlengthlength

length

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

shortestshortestshortest

shortest

pathpathpath

path

fromfromfrom

from

thethethe

the

lowlowlow

low

ererer

er

laylaylay

lay

er’ser’ser’s

er’s

parametersparametersparameters

parameters

tototo

to

thethethe

the

output, and thoutput, and thoutput, and th

output, and th

ususus

us

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

mitigatemitigatemitigate

mitigate

thethethe

the

vvv

v

anishinganishinganishing

anishing

gradientgradientgradient

gradient

problemproblemproblem

problem

(((

(

SrivSrivSriv

Sriv

astaastaasta

asta

vvv

v

aaa

a

201520152015

2015

etetet

et

al.al.al.

al.

,,,

,

).).).

).

AAA

A

relatedrelatedrelated

related

ideaideaidea

idea

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

skipskipskip

skip

connectionsconnectionsconnections

connections

isisis

is

addingaddingadding

adding

extraextraextra

extra

copiescopiescopies

copies

ofofof

of

thethethe

the

outputoutputoutput

output

thatthatthat

that

areareare

are

attachedattachedattached

attached

tototo

to

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

termediatetermediatetermediate

termediate

hiddenhiddenhidden

hidden

lalala

la

yersyersyers

yers

ofofof

of

thethethe

the

netwnetwnetw

netw

ork,ork,ork,

ork,

asasas

as

ininin

in

GoGoGo

Go

ogLeNetogLeNetogLeNet

ogLeNet

(((

(

,,,

,

)))

)

SzegedySzegedySzegedy

Szegedy

etetet

et

al.al.al.

al.

2014a2014a2014a

2014a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

deeply-supdeeply-supdeeply-sup

deeply-sup

ervisedervisedervised

ervised

netsnetsnets

nets

(((

(

,,,

,

).).).

).

TheseTheseThese

These

“auxiliary“auxiliary“auxiliary

“auxiliary

heads”heads”heads”

heads”

areareare

are

trainedtrainedtrained

trained

LeeLeeLee

Lee

etetet

et

al.al.al.

al.

201420142014

2014

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

ppp

p

erformerformerform

erform

thethethe

the

samesamesame

same

tasktasktask

task

asasas

as

thethethe

the

primaryprimaryprimary

primary

outputoutputoutput

output

atatat

at

thethethe

the

toptoptop

top

ofofof

of

thethethe

the

netwnetwnetw

netw

orkorkork

ork

ininin

in

orderorderorder

order

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

ensureensureensure

ensure

thatthatthat

that

thethethe

the

lololo

lo

www

w

ererer

er

laylaylay

lay

ersersers

ers

receivereceivereceive

receive

aaa

a

largelargelarge

large

gradient.gradient.gradient.

gradient.

WhenWhenWhen

When

trainingtrainingtraining

training

isisis

is

completecompletecomplete

complete

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

auxiliaryauxiliaryauxiliary

auxiliary

headsheadsheads

heads

maymaymay

may

bbb

b

eee

e

discarded. Thisdiscarded. Thisdiscarded. This

discarded. This

isisis

is

ananan

an

alternativealternativealternative

alternative

tototo

to

thethethe

the

pretrainingpretrainingpretraining

pretraining

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

strategies,strategies,strategies,

strategies,

whicwhicwhic

whic

hhh

h

www

w

ereereere

ere

introducedintroducedintroduced

introduced

ininin

in

thethethe

the

previouspreviousprevious

previous

section.section.section.

section.

InInIn

In

thisthisthis

this

www

w

aaa

a

yyy

y

,,,

,

oneoneone

one

cancancan

can

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

traintraintrain

train

jointlyjointlyjointly

jointly

allallall

all

thethethe

the

laylaylay

lay

ersersers

ers

ininin

in

aaa

a

singlesinglesingle

single

phasephasephase

phase

butbutbut

but

changechangechange

change

thethethe

the

architecture,architecture,architecture,

architecture,

sososo

so

thatthatthat

that

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

termediatetermediatetermediate

termediate

laylaylay

lay

ersersers

ers

(esp(esp(esp

(esp

eciallyeciallyecially

ecially

thethethe

the

lowlowlow

low

ererer

er

ones)ones)ones)

ones)

cancancan

can

getgetget

get

somesomesome

some

hintshintshints

hints

ababab

ab

outoutout

out

whatwhatwhat

what

theytheythey

they

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

shouldshouldshould

should

do,do,do,

do,

viaviavia

via

aaa

a

shortershortershorter

shorter

path.path.path.

path.

TheseTheseThese

These

hintshintshints

hints

provideprovideprovide

provide

ananan

an

errorerrorerror

error

signalsignalsignal

signal

tototo

to

lowlowlow

low

ererer

er

laylaylay

lay

ers.ers.ers.

ers.

    

 

    

 

    

 

    

 

    

 

8.7.68.7.68.7.6

8.7.6

ConConCon

Con

tinuationtinuationtinuation

tinuation

MethoMethoMetho

Metho

dsdsds

ds

andandand

and

CurriculumCurriculumCurriculum

Curriculum

LearningLearningLearning

Learning

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AsAsAs

As

arguedarguedargued

argued

ininin

in

Sec.Sec.Sec.

Sec.

,,,

,

manmanman

man

yyy

y

ofofof

of

thethethe

the

challengeschallengeschallenges

challenges

ininin

in

optimizationoptimizationoptimization

optimization

arisearisearise

arise

fromfromfrom

from

thethethe

the

globalglobalglobal

global

8.2.78.2.78.2.7

8.2.7

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

structurestructurestructure

structure

ofofof

of

thethethe

the

costcostcost

cost

functionfunctionfunction

function

andandand

and

cannotcannotcannot

cannot

bbb

b

eee

e

resolvresolvresolv

resolv

ededed

ed

merelymerelymerely

merely

bybyby

by

makingmakingmaking

making

betterbetterbetter

better

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

estimatesestimatesestimates

estimates

ofofof

of

lololo

lo

calcalcal

cal

upupup

up

datedatedate

date

directions.directions.directions.

directions.

TheTheThe

The

predominantpredominantpredominant

predominant

strategystrategystrategy

strategy

forforfor

for

ooo

o

vercomingvercomingvercoming

vercoming

thisthisthis

this

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

problemproblemproblem

problem

isisis

is

tototo

to

attemptattemptattempt

attempt

tototo

to

initializeinitializeinitialize

initialize

thethethe

the

parametersparametersparameters

parameters

ininin

in

aaa

a

regionregionregion

region

thatthatthat

that

isisis

is

connectedconnectedconnected

connected

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

thethethe

the

solutionsolutionsolution

solution

bybyby

by

aaa

a

shortshortshort

short

pathpathpath

path

throughthroughthrough

through

parameterparameterparameter

parameter

spacespacespace

space

thatthatthat

that

lololo

lo

calcalcal

cal

descentdescentdescent

descent

cancancan

can

327327327

327



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

discodiscodisco

disco

vvv

v

er.er.er.

er.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ContinuationContinuationContinuation

Continuation

methomethometho

metho

dsdsds

ds

areareare

are

aaa

a

familyfamilyfamily

family

ofofof

of

strategiesstrategiesstrategies

strategies

thatthatthat

that

cancancan

can

makmakmak

mak

eee

e

optimizationoptimizationoptimization

optimization

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

easiereasiereasier

easier

bybyby

by

ccc

c

hohoho

ho

osingosingosing

osing

initialinitialinitial

initial

ppp

p

ointsointsoints

oints

tototo

to

ensureensureensure

ensure

thatthatthat

that

lololo

lo

calcalcal

cal

optimizationoptimizationoptimization

optimization

spspsp

sp

endsendsends

ends

mostmostmost

most

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

itsitsits

its

timetimetime

time

ininin

in

www

w

ell-bell-bell-b

ell-b

ehaehaeha

eha

vedvedved

ved

regionsregionsregions

regions

ofofof

of

space.space.space.

space.

TheTheThe

The

ideaideaidea

idea

bbb

b

ehindehindehind

ehind

contincontincontin

contin

uationuationuation

uation

methomethometho

metho

dsdsds

ds

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

constructconstructconstruct

construct

aaa

a

seriesseriesseries

series

ofofof

of

obobob

ob

jectivejectivejective

jective

functionsfunctionsfunctions

functions

ovovov

ov

ererer

er

thethethe

the

samesamesame

same

parameters.parameters.parameters.

parameters.

InInIn

In

orderorderorder

order

tototo

to

    

 

    

 

    

 

minimizeminimizeminimize

minimize

aaa

a

costcostcost

cost

functionfunctionfunction

function

JJJ

J

(((

(

θθθ

θ

    

 

    

 

    

 

    

 

    

 

    

 

)))

)

,,,

,

www

w

eee

e

willwillwill

will

constructconstructconstruct

construct

newnewnew

new

costcostcost

cost

functionsfunctionsfunctions

functions

{{{

{

JJJ

J
(0)(0)(0)

(0)

    

 

    

 

    

 

    

 

    

 

,,,

,

...

.

...

.

...

.

,,,

,

JJJ

J
(((

(

)))

)

nnn

n

}}}

}

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TheseTheseThese

These

costcostcost

cost

functionsfunctionsfunctions

functions

areareare

are

designeddesigneddesigned

designed

tototo

to

bbb

b

eee

e

increasinglyincreasinglyincreasingly

increasingly

difficult,difficult,difficult,

difficult,

withwithwith

with

JJJ

J
(0)(0)(0)

(0)

    

 

bbb

b

eingeingeing

eing

fairlyfairlyfairly

fairly

    

 

    

 

    

 

easyeasyeasy

easy

tototo

to

minimize,minimize,minimize,

minimize,

andandand

and

JJJ

J
(((

(

)))

)

nnn

n

    

 

    

 

    

 

    

 

,,,

,

thethethe

the

mostmostmost

most

difficult,difficult,difficult,

difficult,

bbb

b

eingeingeing

eing

JJJ

J

(((

(

θθθ

θ

    

 

    

 

    

 

    

 

)))

)

,,,

,

thethethe

the

truetruetrue

true

costcostcost

cost

functionfunctionfunction

function

    

 

    

 

    

 

    

 

    

 

    

 

    

 

motivmotivmotiv

motiv

atingatingating

ating

thethethe

the

entireentireentire

entire

propropro

pro

cess.cess.cess.

cess.

WhenWhenWhen

When

wewewe

we

sasasa

sa

yyy

y

thatthatthat

that

JJJ

J
(((

(

)))

)

iii

i

    

 

    

 

isisis

is

easiereasiereasier

easier

thanthanthan

than

JJJ

J
(((

(

+1)+1)+1)

+1)

iii

i

    

 

,,,

,

wewewe

we

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

meanmeanmean

mean

thatthatthat

that

ititit

it

isisis

is

wellwellwell

well

bbb

b

ehavehavehav

ehav

ededed

ed

ovovov

ov

ererer

er

moremoremore

more

ofofof

of

θθθ

θ

    

 

    

 

    

 

    

 

    

 

space.space.space.

space.

AAA

A

randomrandomrandom

random

initializationinitializationinitialization

initialization

isisis

is

moremoremore

more

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

likliklik

lik

elyelyely

ely

tototo

to

landlandland

land

ininin

in

thethethe

the

regionregionregion

region

wherewherewhere

where

lololo

lo

calcalcal

cal

descentdescentdescent

descent

cancancan

can

minimizeminimizeminimize

minimize

thethethe

the

costcostcost

cost

functionfunctionfunction

function

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

successfullysuccessfullysuccessfully

successfully

bbb

b

ecauseecauseecause

ecause

thisthisthis

this

regionregionregion

region

isisis

is

larger.larger.larger.

larger.

TheTheThe

The

seriesseriesseries

series

ofofof

of

costcostcost

cost

functionsfunctionsfunctions

functions

areareare

are

designeddesigneddesigned

designed

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

sososo

so

thatthatthat

that

aaa

a

solutionsolutionsolution

solution

tototo

to

oneoneone

one

isisis

is

aaa

a

gogogo

go

ooo

o

ddd

d

initialinitialinitial

initial

ppp

p

oinoinoin

oin

ttt

t

ofofof

of

thethethe

the

next.next.next.

next.

WWW

W

eee

e

thusthusthus

thus

bbb

b

egineginegin

egin

bybyby

by

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

solvingsolvingsolving

solving

ananan

an

easyeasyeasy

easy

problemproblemproblem

problem

thenthenthen

then

renerenerene

rene

thethethe

the

solutionsolutionsolution

solution

tototo

to

solvsolvsolv

solv

eee

e

incrementallyincrementallyincrementally

incrementally

harderharderharder

harder

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

problemsproblemsproblems

problems

untiluntiluntil

until

www

w

eee

e

arrivearrivearrive

arrive

atatat

at

aaa

a

solutionsolutionsolution

solution

tototo

to

thethethe

the

truetruetrue

true

underlyingunderlyingunderlying

underlying

problem.problem.problem.

problem.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

TTT

T

raditionalraditionalraditional

raditional

contincontincontin

contin

uationuationuation

uation

methomethometho

metho

dsdsds

ds

(predating(predating(predating

(predating

thethethe

the

useuseuse

use

ofofof

of

contincontincontin

contin

uationuationuation

uation

methomethometho

metho

dsdsds

ds

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

forforfor

for

neuralneuralneural

neural

netnetnet

net

workworkwork

work

training)training)training)

training)

areareare

are

usuallyusuallyusually

usually

basedbasedbased

based

ononon

on

smosmosmo

smo

othingothingothing

othing

thethethe

the

obobob

ob

jectivjectivjectiv

jectiv

eee

e

function.function.function.

function.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

SeeSeeSee

See

WWW

W

uuu

u

199719971997

1997

(((

(

)))

)

forforfor

for

ananan

an

exampleexampleexample

example

ofofof

of

suchsuchsuch

such

aaa

a

methomethometho

metho

ddd

d

andandand

and

aaa

a

reviewreviewreview

review

ofofof

of

somesomesome

some

relatedrelatedrelated

related

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

methomethometho

metho

ds.ds.ds.

ds.

ContinContinContin

Contin

uationuationuation

uation

methomethometho

metho

dsdsds

ds

areareare

are

alsoalsoalso

also

closelycloselyclosely

closely

relatedrelatedrelated

related

tototo

to

simsimsim

sim

ulatedulatedulated

ulated

annealing,annealing,annealing,

annealing,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

whicwhicwhic

whic

hhh

h

addsaddsadds

adds

noisenoisenoise

noise

tototo

to

thethethe

the

parametersparametersparameters

parameters

(((

(

KirkpatricKirkpatricKirkpatric

Kirkpatric

kkk

k

198319831983

1983

etetet

et

al.al.al.

al.

, , , 

, 

).).).

).

ContinContinContin

Contin

uationuationuation

uation

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

methomethometho

metho

dsdsds

ds

havhavhav

hav

eee

e

bbb

b

eeneeneen

een

extremelyextremelyextremely

extremely

successfulsuccessfulsuccessful

successful

ininin

in

recentrecentrecent

recent

yyy

y

ears.ears.ears.

ears.

SeeSeeSee

See

MobahiMobahiMobahi

Mobahi

andandand

and

FisherFisherFisher

Fisher

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

(((

(

)))

)

forforfor

for

ananan

an

ovovov

ov

erviewerviewerview

erview

ofofof

of

recentrecentrecent

recent

literature,literature,literature,

literature,

espespesp

esp

eciallyeciallyecially

ecially

forforfor

for

AIAIAI

AI

applications.applications.applications.

applications.

201520152015

2015

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ConConCon

Con

tintintin

tin

uationuationuation

uation

methomethometho

metho

dsdsds

ds

traditionallytraditionallytraditionally

traditionally

werewerewere

were

mostlymostlymostly

mostly

designeddesigneddesigned

designed

withwithwith

with

thethethe

the

goalgoalgoal

goal

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ooo

o

vvv

v

ercomingercomingercoming

ercoming

thethethe

the

challengechallengechallenge

challenge

ofofof

of

lololo

lo

calcalcal

cal

minima.minima.minima.

minima.

SpSpSp

Sp

ecicallyecicallyecically

ecically

,,,

,

theytheythey

they

werewerewere

were

designeddesigneddesigned

designed

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

reacreacreac

reac

hhh

h

aaa

a

globalglobalglobal

global

minimminimminim

minim

umumum

um

despitedespitedespite

despite

thethethe

the

presencepresencepresence

presence

ofofof

of

manmanman

man

yyy

y

lololo

lo

calcalcal

cal

minima.minima.minima.

minima.

TTT

T

ooo

o

dododo

do

so,so,so,

so,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thesethesethese

these

contincontincontin

contin

uationuationuation

uation

methomethometho

metho

dsdsds

ds

wouldwouldwould

would

constructconstructconstruct

construct

easiereasiereasier

easier

costcostcost

cost

functionsfunctionsfunctions

functions

bybyby

by

“blurring”“blurring”“blurring”

“blurring”

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

originaloriginaloriginal

original

costcostcost

cost

function.function.function.

function.

ThisThisThis

This

blurringblurringblurring

blurring

opopop

op

erationerationeration

eration

cancancan

can

bbb

b

eee

e

donedonedone

done

bbb

b

yyy

y

approximatingapproximatingapproximating

approximating

JJJ

J
(((

(

)))

)

iii

i

(((

(

) = ) = ) = 

) = 

θθθ

θ

EEE

E

θθθ

θ

000

0

∼N∼N∼N

∼N

(((

(

θθθ

θ
000

0

;;;

;

θθθ

θ

,σ,σ,σ

,σ
(((

(

)2)2)2

)2

iii

i

)))

)

JJJ

J

(((

(

θθθ

θ
000

0

    

 

)))

)

(8.46)(8.46)(8.46)

(8.46)

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

viaviavia

via

sampling.sampling.sampling.

sampling.

TheTheThe

The

intuitionintuitionintuition

intuition

forforfor

for

thisthisthis

this

approachapproachapproach

approach

isisis

is

thatthatthat

that

somesomesome

some

non-convnon-convnon-conv

non-conv

exexex

ex

functionsfunctionsfunctions

functions

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

bbb

b

ecomeecomeecome

ecome

approximatelyapproximatelyapproximately

approximately

conconcon

con

vexvexvex

vex

whenwhenwhen

when

blurred.blurred.blurred.

blurred.

InInIn

In

manmanman

man

yyy

y

cases,cases,cases,

cases,

thisthisthis

this

blurringblurringblurring

blurring

preservespreservespreserves

preserves

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

enoughenoughenough

enough

informationinformationinformation

information

ababab

ab

outoutout

out

thethethe

the

lololo

lo

cationcationcation

cation

ofofof

of

aaa

a

globalglobalglobal

global

minimumminimumminimum

minimum

thatthatthat

that

wewewe

we

cancancan

can

ndndnd

nd

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

globalglobalglobal

global

minimminimminim

minim

umumum

um

bybyby

by

solvingsolvingsolving

solving

progressivelyprogressivelyprogressively

progressively

lesslessless

less

blurredblurredblurred

blurred

vvv

v

ersionsersionsersions

ersions

ofofof

of

thethethe

the

problem.problem.problem.

problem.

ThisThisThis

This

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

approacapproacapproac

approac

hhh

h

cancancan

can

breakbreakbreak

break

downdowndown

down

ininin

in

threethreethree

three

differentdifferentdifferent

different

www

w

aaa

a

ys.ys.ys.

ys.

First,First,First,

First,

ititit

it

mightmightmight

might

successfullysuccessfullysuccessfully

successfully

denedenedene

dene

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

seriesseriesseries

series

ofofof

of

costcostcost

cost

functionsfunctionsfunctions

functions

wherewherewhere

where

thethethe

the

rstrstrst

rst

isisis

is

conconcon

con

vexvexvex

vex

andandand

and

thethethe

the

optimoptimoptim

optim

umumum

um

trackstrackstracks

tracks

fromfromfrom

from

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

oneoneone

one

functionfunctionfunction

function

tototo

to

thethethe

the

nextnextnext

next

arrivingarrivingarriving

arriving

atatat

at

thethethe

the

globalglobalglobal

global

minimum,minimum,minimum,

minimum,

butbutbut

but

ititit

it

mightmightmight

might

requirerequirerequire

require

sososo

so

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

manmanman

man

yyy

y

incrementalincrementalincremental

incremental

costcostcost

cost

functionsfunctionsfunctions

functions

thatthatthat

that

thethethe

the

costcostcost

cost

ofofof

of

thethethe

the

entireentireentire

entire

propropro

pro

cedurecedurecedure

cedure

remainsremainsremains

remains

high.high.high.

high.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

NP-hardNP-hardNP-hard

NP-hard

optimizationoptimizationoptimization

optimization

problemsproblemsproblems

problems

remainremainremain

remain

NP-hard,NP-hard,NP-hard,

NP-hard,

eveneveneven

even

whenwhenwhen

when

contincontincontin

contin

uationuationuation

uation

methomethometho

metho

dsdsds

ds

328328328

328



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

areareare

are

applicable.applicable.applicable.

applicable.

TheTheThe

The

otherotherother

other

ttt

t

wowowo

wo

www

w

aysaysays

ays

thatthatthat

that

conconcon

con

tintintin

tin

uationuationuation

uation

methomethometho

metho

dsdsds

ds

failfailfail

fail

bbb

b

othothoth

oth

correspcorrespcorresp

corresp

ondondond

ond

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

thethethe

the

methomethometho

metho

ddd

d

notnotnot

not

bbb

b

eingeingeing

eing

applicable.applicable.applicable.

applicable.

First,First,First,

First,

thethethe

the

functionfunctionfunction

function

mighmighmigh

migh

ttt

t

notnotnot

not

bbb

b

ecomeecomeecome

ecome

conconcon

con

vex,vex,vex,

vex,

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

nonono

no

mattermattermatter

matter

howhowhow

how

mucmucmuc

muc

hhh

h

ititit

it

isisis

is

blurred.blurred.blurred.

blurred.

ConsiderConsiderConsider

Consider

forforfor

for

exampleexampleexample

example

thethethe

the

functionfunctionfunction

function

JJJ

J

(((

(

θθθ

θ

) =) =) =

) =

−−−

−

θθθ

θ
>>>

>

θθθ

θ

...

.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

Second,Second,Second,

Second,

thethethe

the

functionfunctionfunction

function

mamama

ma

yyy

y

bbb

b

ecomeecomeecome

ecome

convconvconv

conv

exexex

ex

asasas

as

aaa

a

resultresultresult

result

ofofof

of

blurring,blurring,blurring,

blurring,

butbutbut

but

thethethe

the

minimumminimumminimum

minimum

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

thisthisthis

this

blurredblurredblurred

blurred

functionfunctionfunction

function

maymaymay

may

tractractrac

trac

kkk

k

tototo

to

aaa

a

lololo

lo

calcalcal

cal

ratherratherrather

rather

thanthanthan

than

aaa

a

globalglobalglobal

global

minimumminimumminimum

minimum

ofofof

of

thethethe

the

    

 

    

 

originaloriginaloriginal

original

costcostcost

cost

function.function.function.

function.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ThoughThoughThough

Though

contincontincontin

contin

uationuationuation

uation

methomethometho

metho

dsdsds

ds

werewerewere

were

mostlymostlymostly

mostly

originallyoriginallyoriginally

originally

designeddesigneddesigned

designed

tototo

to

dealdealdeal

deal

withwithwith

with

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

problemproblemproblem

problem

ofofof

of

lololo

lo

calcalcal

cal

minima,minima,minima,

minima,

lololo

lo

calcalcal

cal

minimaminimaminima

minima

areareare

are

nonono

no

longerlongerlonger

longer

bbb

b

elievelieveliev

eliev

ededed

ed

tototo

to

bbb

b

eee

e

thethethe

the

primaryprimaryprimary

primary

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

problemproblemproblem

problem

forforfor

for

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

optimization.optimization.optimization.

optimization.

FFF

F

ortunatelyortunatelyortunately

ortunately

,,,

,

contincontincontin

contin

uationuationuation

uation

methomethometho

metho

dsdsds

ds

cancancan

can

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

stillstillstill

still

help.help.help.

help.

TheTheThe

The

easiereasiereasier

easier

obobob

ob

jectivejectivejective

jective

functionsfunctionsfunctions

functions

ininin

in

trotrotro

tro

ducedducedduced

duced

bybyby

by

thethethe

the

conconcon

con

tintintin

tin

uationuationuation

uation

methomethometho

metho

ddd

d

cancancan

can

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

eliminateeliminateeliminate

eliminate

atatat

at

regions,regions,regions,

regions,

decreasedecreasedecrease

decrease

vvv

v

ariancearianceariance

ariance

ininin

in

gradiengradiengradien

gradien

ttt

t

estimates,estimates,estimates,

estimates,

improimproimpro

impro

vvv

v

eee

e

conditioningconditioningconditioning

conditioning

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ofofof

of

thethethe

the

HessianHessianHessian

Hessian

matrix,matrix,matrix,

matrix,

ororor

or

dododo

do

anythinganythinganything

anything

elseelseelse

else

thatthatthat

that

willwillwill

will

eithereithereither

either

makemakemake

make

lololo

lo

calcalcal

cal

upupup

up

datesdatesdates

dates

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

easiereasiereasier

easier

tototo

to

computecomputecompute

compute

ororor

or

improvimprovimprov

improv

eee

e

thethethe

the

correspcorrespcorresp

corresp

ondenceondenceondence

ondence

bbb

b

etetet

et

weenweenween

ween

lololo

lo

calcalcal

cal

upupup

up

datedatedate

date

directionsdirectionsdirections

directions

    

 

    

 

    

 

    

 

    

 

andandand

and

progressprogressprogress

progress

tototo

to

www

w

ardardard

ard

aaa

a

globalglobalglobal

global

solution.solution.solution.

solution.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

BengioBengioBengio

Bengio

200920092009

2009

etetet

et

al.al.al.

al.

(((

(

)))

)

observedobservedobserved

observed

thatthatthat

that

ananan

an

approachapproachapproach

approach

calledcalledcalled

called

curriculumcurriculumcurriculum

curriculum

lelele

le

arningarningarning

arning

ororor

or

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

shapingshapingshaping

shaping

cancancan

can

bbb

b

eee

e

interpretedinterpretedinterpreted

interpreted

asasas

as

aaa

a

contincontincontin

contin

uationuationuation

uation

method.method.method.

method.

CurriculumCurriculumCurriculum

Curriculum

learninglearninglearning

learning

isisis

is

basedbasedbased

based

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ononon

on

thethethe

the

ideaideaidea

idea

ofofof

of

planningplanningplanning

planning

aaa

a

learninglearninglearning

learning

propropro

pro

cesscesscess

cess

tototo

to

bbb

b

egineginegin

egin

bbb

b

yyy

y

learninglearninglearning

learning

simplesimplesimple

simple

conceptsconceptsconcepts

concepts

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

andandand

and

progressprogressprogress

progress

tototo

to

learninglearninglearning

learning

moremoremore

more

complexcomplexcomplex

complex

conceptsconceptsconcepts

concepts

thatthatthat

that

depdepdep

dep

endendend

end

ononon

on

thesethesethese

these

simplersimplersimpler

simpler

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

concepts.concepts.concepts.

concepts.

ThisThisThis

This

basicbasicbasic

basic

strategystrategystrategy

strategy

waswaswas

was

previouslypreviouslypreviously

previously

knownknownknown

known

tototo

to

accelerateaccelerateaccelerate

accelerate

progressprogressprogress

progress

ininin

in

animalanimalanimal

animal

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

trainingtrainingtraining

training

(((

(

,,,

,

;;;

;

,,,

,

;;;

;

SkinnerSkinnerSkinner

Skinner

195819581958

1958

PetersonPetersonPeterson

Peterson

200420042004

2004

KruegerKruegerKrueger

Krueger

andandand

and

DayDayDay

Day

ananan

an

200920092009

2009

,,,

,

)))

)

andandand

and

macmacmac

mac

hinehinehine

hine

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

learninglearninglearning

learning

(((

(

,,,

,

;;;

;

,,,

,

;;;

;

,,,

,

).).).

).

(((

(

)))

)

SolomonoffSolomonoffSolomonoff

Solomonoff

198919891989

1989

ElmanElmanElman

Elman

199319931993

1993

SangerSangerSanger

Sanger

199419941994

1994

BengioBengioBengio

Bengio

etetet

et

al.al.al.

al.

200920092009

2009

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

justiedjustiedjustied

justied

thisthisthis

this

strategystrategystrategy

strategy

asasas

as

aaa

a

contincontincontin

contin

uationuationuation

uation

method,method,method,

method,

wherewherewhere

where

earlierearlierearlier

earlier

JJJ

J
(((

(

)))

)

iii

i

    

 

    

 

    

 

areareare

are

mademademade

made

easiereasiereasier

easier

bbb

b

yyy

y

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

increasingincreasingincreasing

increasing

thethethe

the

inuenceinuenceinuence

inuence

ofofof

of

simplersimplersimpler

simpler

examplesexamplesexamples

examples

(either(either(either

(either

bybyby

by

assigningassigningassigning

assigning

theirtheirtheir

their

conconcon

con

tributionstributionstributions

tributions

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tototo

to

thethethe

the

costcostcost

cost

functionfunctionfunction

function

largerlargerlarger

larger

cococo

co

efficients,efficients,efficients,

efficients,

ororor

or

bbb

b

yyy

y

samplingsamplingsampling

sampling

themthemthem

them

moremoremore

more

frequently),frequently),frequently),

frequently),

andandand

and

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

expexpexp

exp

erimenerimenerimen

erimen

tallytallytally

tally

demonstrateddemonstrateddemonstrated

demonstrated

thatthatthat

that

bbb

b

etteretteretter

etter

resultsresultsresults

results

couldcouldcould

could

bbb

b

eee

e

obtainedobtainedobtained

obtained

bybyby

by

follofollofollo

follo

wingwingwing

wing

aaa

a

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

curriculumcurriculumcurriculum

curriculum

ononon

on

aaa

a

large-scalelarge-scalelarge-scale

large-scale

neuralneuralneural

neural

languagelanguagelanguage

language

momomo

mo

delingdelingdeling

deling

task.task.task.

task.

CurriculumCurriculumCurriculum

Curriculum

learninglearninglearning

learning

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

hashashas

has

bbb

b

eeneeneen

een

successfulsuccessfulsuccessful

successful

ononon

on

aaa

a

widewidewide

wide

rangerangerange

range

ofofof

of

naturalnaturalnatural

natural

languagelanguagelanguage

language

(((

(

SpitkoSpitkoSpitko

Spitko

vskyvskyvsky

vsky

201020102010

2010

etetet

et

al.al.al.

al.

,,,

,

;;;

;

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

CollobCollobCollob

Collob

ertertert

ert

2011a2011a2011a

2011a

MikoloMikoloMikolo

Mikolo

vvv

v

2011b2011b2011b

2011b

TTT

T

uuu

u

andandand

and

HonavHonavHonav

Honav

ararar

ar

201120112011

2011

etetet

et

al.al.al.

al.

,,,

,

;;;

;

etetet

et

al.al.al.

al.

,,,

,

;;;

;

,,,

,

)))

)

andandand

and

computercomputercomputer

computer

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

visionvisionvision

vision

(((

(

,,,

,

;;;

;

,,,

,

;;;

;

,,,

,

)))

)

KumarKumarKumar

Kumar

etetet

et

al.al.al.

al.

201020102010

2010

LeeLeeLee

Lee

andandand

and

GraumanGraumanGrauman

Grauman

201120112011

2011

SupancicSupancicSupancic

Supancic

andandand

and

RamananRamananRamanan

Ramanan

201320132013

2013

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

tasks.tasks.tasks.

tasks.

CurriculumCurriculumCurriculum

Curriculum

learninglearninglearning

learning

www

w

asasas

as

alsoalsoalso

also

veriedveriedveried

veried

asasas

as

bbb

b

eingeingeing

eing

consistentconsistentconsistent

consistent

withwithwith

with

thethethe

the

wawawa

wa

yyy

y

ininin

in

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

whicwhicwhic

whic

hhh

h

humanshumanshumans

humans

tetete

te

achachach

ach

(((

(

,,,

,

):):):

):

teachersteachersteachers

teachers

startstartstart

start

bybyby

by

showingshowingshowing

showing

easiereasiereasier

easier

andandand

and

KhanKhanKhan

Khan

etetet

et

al.al.al.

al.

201120112011

2011

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

moremoremore

more

prototypicalprototypicalprototypical

prototypical

examplesexamplesexamples

examples

andandand

and

thenthenthen

then

helphelphelp

help

thethethe

the

learnerlearnerlearner

learner

renerenerene

rene

thethethe

the

decisiondecisiondecision

decision

surfacesurfacesurface

surface

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

withwithwith

with

thethethe

the

lesslessless

less

obviousobviousobvious

obvious

cases.cases.cases.

cases.

Curriculum-basedCurriculum-basedCurriculum-based

Curriculum-based

strategiesstrategiesstrategies

strategies

areareare

are

mormormor

mor

eee

e

effeeffeeffe

effe

ctivectivective

ctive

forforfor

for

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

teacteacteac

teac

hinghinghing

hing

humanshumanshumans

humans

thanthanthan

than

strategiesstrategiesstrategies

strategies

basedbasedbased

based

ononon

on

uniformuniformuniform

uniform

samplingsamplingsampling

sampling

ofofof

of

examples,examples,examples,

examples,

andandand

and

cancancan

can

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

alsoalsoalso

also

increaseincreaseincrease

increase

thethethe

the

effectivenesseffectivenesseffectiveness

effectiveness

ofofof

of

otherotherother

other

teachingteachingteaching

teaching

strategiesstrategiesstrategies

strategies

(((

(

,,,

,

BasuBasuBasu

Basu

andandand

and

ChristensenChristensenChristensen

Christensen

201320132013

2013

).).).

).

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

AnotherAnotherAnother

Another

impimpimp

imp

ortantortantortant

ortant

contributioncontributioncontribution

contribution

tototo

to

researchresearchresearch

research

ononon

on

curriculumcurriculumcurriculum

curriculum

learninglearninglearning

learning

arosearosearose

arose

ininin

in

thethethe

the

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

conconcon

con

texttexttext

text

ofofof

of

trainingtrainingtraining

training

recurrenrecurrenrecurren

recurren

ttt

t

neuralneuralneural

neural

netwnetwnetw

netw

orksorksorks

orks

tototo

to

capturecapturecapture

capture

long-termlong-termlong-term

long-term

depdepdep

dep

endencies:endencies:endencies:

endencies:

329329329

329



    

 

    

 

    

 

    

 

    

 

    

 

CHAPTERCHAPTERCHAPTER

CHAPTER

8.8.8.

8.

OPTIMIZAOPTIMIZAOPTIMIZA

OPTIMIZA

TIONTIONTION

TION

FORFORFOR

FOR

TRAININGTRAININGTRAINING

TRAINING

DEEPDEEPDEEP

DEEP

MODELSMODELSMODELS

MODELS

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ZaremZaremZarem

Zarem

bababa

ba

andandand

and

SutskevSutskevSutskev

Sutskev

ererer

er

201420142014

2014

(((

(

)))

)

foundfoundfound

found

thatthatthat

that

mucmucmuc

muc

hhh

h

bbb

b

etteretteretter

etter

resultsresultsresults

results

werewerewere

were

obtainedobtainedobtained

obtained

withwithwith

with

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

aaa

a

stostosto

sto

chasticchasticchastic

chastic

curriculumcurriculumcurriculum

curriculum

,,,

,

ininin

in

whichwhichwhich

which

aaa

a

randomrandomrandom

random

mixmixmix

mix

ofofof

of

easyeasyeasy

easy

andandand

and

difficultdifficultdifficult

difficult

examplesexamplesexamples

examples

isisis

is

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

alwalwalw

alw

aaa

a

ysysys

ys

presenpresenpresen

presen

tedtedted

ted

tototo

to

thethethe

the

learner,learner,learner,

learner,

butbutbut

but

wherewherewhere

where

thethethe

the

avavav

av

erageerageerage

erage

proppropprop

prop

ortionortionortion

ortion

ofofof

of

thethethe

the

moremoremore

more

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

difficultdifficultdifficult

difficult

examplesexamplesexamples

examples

(here,(here,(here,

(here,

thosethosethose

those

withwithwith

with

longer-termlonger-termlonger-term

longer-term

depdepdep

dep

endencies)endencies)endencies)

endencies)

isisis

is

graduallygraduallygradually

gradually

increased.increased.increased.

increased.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WithWithWith

With

aaa

a

deterministicdeterministicdeterministic

deterministic

curriculum,curriculum,curriculum,

curriculum,

nonono

no

improimproimpro

impro

vemenvemenvemen

vemen

ttt

t

ovovov

ov

ererer

er

thethethe

the

baselinebaselinebaseline

baseline

(ordinary(ordinary(ordinary

(ordinary

    

 

    

 

    

 

    

 

    

 

    

 

    

 

trainingtrainingtraining

training

fromfromfrom

from

thethethe

the

fullfullfull

full

trainingtrainingtraining

training

set)set)set)

set)

wawawa

wa

sss

s

observed.observed.observed.

observed.

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

WWW

W

eee

e

havhavhav

hav

eee

e

nonono

no

www

w

describdescribdescrib

describ

ededed

ed

thethethe

the

basicbasicbasic

basic

familyfamilyfamily

family

ofofof

of

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

momomo

mo

delsdelsdels

dels

andandand

and

hohoho

ho

www

w

tototo

to

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

regularizeregularizeregularize

regularize

andandand

and

optimizeoptimizeoptimize

optimize

them.them.them.

them.

InInIn

In

thethethe

the

chapterschapterschapters

chapters

ahead,ahead,ahead,

ahead,

www

w

eee

e

turnturnturn

turn

tototo

to

spspsp

sp

ecializationsecializationsecializations

ecializations

ofofof

of

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

thethethe

the

neuralneuralneural

neural

netwnetwnetw

netw

orkorkork

ork

familyfamilyfamily

family

,,,

,

thatthatthat

that

alloalloallo

allo

www

w

neuralneuralneural

neural

netnetnet

net

worksworksworks

works

tototo

to

scalescalescale

scale

tototo

to

vvv

v

eryeryery

ery

largelargelarge

large

sizessizessizes

sizes

andandand

and

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

propropro

pro

cesscesscess

cess

inputinputinput

input

datadatadata

data

thatthatthat

that

hashashas

has

spspsp

sp

ecialecialecial

ecial

structure.structure.structure.

structure.

TheTheThe

The

optimizationoptimizationoptimization

optimization

methomethometho

metho

dsdsds

ds

discusseddiscusseddiscussed

discussed

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

    

 

ininin

in

thisthisthis

this

chapterchapterchapter

chapter

areareare

are

oftenoftenoften

often

directlydirectlydirectly

directly

applicableapplicableapplicable

applicable

tototo

to

thesethesethese

these

spspsp

sp

ecializedecializedecialized

ecialized

architecturesarchitecturesarchitectures

architectures

withwithwith

with

    

 

    

 

    

 

littlelittlelittle

little

ororor

or

nonono

no

momomo

mo

dication.dication.dication.

dication.

330330330

330


