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L ]
A sin(x)
X) = ——=
X

X sin(x)/x X sin(x)/x X sin{x)/x

0.0 1.00000 2.8 « (11964 5.6 -0.11273
0.1 0.99833 29 0.08250 5.7 —0.09661
0.2 0.99335 3.0 0.04704 5.8 —0.08010
0.3 0.98507 3.1 0.01341 59 -0.06337
0.4 0.97355 3.2 —0.01824 6.0 - 0.04657
0.5 0.95885 33 —(0.04780 6.1 —0.02986
0.6 0.94107 34 —-0.07516 6.2 -0.01340
0.7 0.92031 35 -0.10022 6.3 0.00267
0.8 0.89670 3.6 -0.12292 6.4 0.01821
0.9 0.87036 3.7 -0.14320 6.5 0.03309
1.0 0.84147 3.8 -0.16101 6.6 0.04720
1.1 0.81019 39 —0.17635 6.7 0.06042
1.2 0.77670 4.0 —(.18920 6.8 0.07266
1.3 0.74120 4.1 — (0. 19958 6.9 0.08383
1.4 0.70389 4.2 —0.20752 7.0 0.09385
1.5 0.66500 4.3 -0.21306 7.1 0.10267
1.6 0.62473 4.4 —-0.21627 7.2 0.11023
1.7 (.58333 4.5 —-0.21723 7.3 0.11650
1.8 0.54103 4.6 -0.21602 7.4 (0.12145
1.9 0.49805 47 —-0.21275 7.5 0.12507
20 0.45465 4.8 -0.20753 7.6 0.12736
2.1 0.41105 49 ~-0.20050 7.7 0.12833
2.2 0.36750 5.0 -0.19179 7.8 0.12802
2.3 0.32422 5.1 —0.18153 7.9 0.12645
2.4 0.28144 5.2 —0.16990 8.0 0.12367
25 0.23939 5.3 -0.15703 8.1 0.11974
2.6 0.19827 54 —0.14310 8.2 0.11472
2.7 0.15829 5.5 —0.12828 8.3 0.10870
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x sin(x)/x x sin(x)/x x sin(x)/x

8.4 0.10174 10.7 —0.08941 13.0 003232

8.5 0.09394 10.8 - 0.09083 13.1 0.03883

8.6 0.08540 10.9 -0.09132 13.2 0.04485

8.7 0.07620 1.0 —0.09091 13.3 0.05034

8.8 006647 1 — (.08960 13.4 6.05525

8.9 0.05629 1.2 —0.08743 13.5 0.05954

9.0 0.04579 1.3 - 0.08443 13.6 0.06317

9.1 0.03507 1.4 = 0.08064 13.7 0.06613

9.2 0.02423 1.5 -0.07613 13.8 0.06838

9.3 0.01338 11.6 —-0.07093 13.9 0.06993

9.4 0.00264 1.7 —0.06513 14.0 0.07076

9.5 - 0.00791 1.8 —0.05877 14.1 0.07087

9.6 -0.01816 11.9 -0.05194 14.2 0.07028

9.7 -0.02802 12.0 -0.04471 14.3 0.06901

9.8 —0.03740 12.1 —0.03716 14.4 0.06706

9.9 —0.04622 12.2 -0.02936 14.5 0.06448
10.0 —0.05440 12.3 —0.02140 14.6 0.06129
10.1 —-0.06189 12.4 —0.01336 14.7 0.05753
10.2 =0.06861 12.5 —(.00531 14.8 0.03326
10.3 —0.07453 12.6 0.00267 14.9 0.04852
104 —=0.07960 12.7 (2.01049 15.0 0.04335
10.5 —0.08378 12.8 (LO1809
10.6 - 0.08705 12.9 0.02539
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Figure 1.1

Plot of sin (x)/x function.
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11

sin(Nx)

In(x) = N sin(x)
N=1,3,5,10,20

X fulx) Si(x) Js(x) Sin(x) Saolx)
0.0 1.00000 1.00000 1.00000 1.00000 1.00000
0.1 1.00000 0.98671 0.96045 (.84287 0.45540
0.2 1.00000 0.94737 0.84711 0.45769 0.19047
0.3 1.00000 {).88356 .67508 0.04775 0.04727
(.4 1.00000 {).79780 0.46700 0.19434 0.12703
0.5 1.00000 0.69353 0.24966 0.20001 0.05674
(.6 1.OCKK) .57490 (2.04998 0.04948 0.04751
0.7 1.0000() {).44664 (0. 10890 0.10198 0.07688
(.8 1.00000 0.31387 0.21100 0.13792 0.02007
0.9 1.00000 0.18186 (0.24958 0.053261 0.04794

1.0 1.00000 0.05590 0.22792 0.06465 0.05425
1.1 1.00000 0.05900 (.15833 0.11221 0.00050
1.2 1.00000 0.15826 (2.05996 0.05757 0.04858
1.3 1.00000 0.23793 (1.04465 0.0436} 0.03957
1.4 1.00000 (.29481 0.13334 0.10052 0.01375
1.5 1.00000 (0.32666 0.18807 0.06519 0.04953
1.6 1.00000 0.33220 0.19796 0.02880 0.02758
1.7 1.00000 0.31120 0.16104 0.09695 0.02668
1.8 1.00000 0.26451 0.08464 0.07712 0.05092
1.9 1.00000 0.19398 0.01588 0.01584 0.01566
2.0 1.00000 0.10243 0.11966 0.10040 0.04097
2.1 1.00000 0.00649 0.20382 0.09692 0.05309
2.2 1.00000 0.12844 0.24737 0.00109 0.00109
2.3 1.00000 0.25856 0.23480 0.11348 0.06047
24 1.00000 0.39167 {).15888 0.13407 0.05687
25 1.00000 0.52244 0.02216 0.02211 0.02192
26 1.00000 0.64568 0.16301 0.14792 0.09570
2.7 1.00000 0.75646 0.37615 0.22378 0.06537
2.8 1.00000 0.85038 (.59143 0.08087 0.07785
29 1.00000 0.92368 0.78152 0.27738 0.20750
3.0 1.00000 (1.97345 092161 0.70013 0.10799
31 1.00000 0.99769 0.99309 097172 ().88885
31415 1.00000 1.00000 1.00000 i.00000 1.00000
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COSINE AND SINE INTEGRALS

S.x) = [ sin(7) dr

VT
Clx) = — f * cos(T) dr = f ¥ cos(T) I
X T x T
Ay l _ L‘ R
Cutt) = | —D
0 T

Cin(x) = In(yx) — Ci(x) = In(y) + In(x) — Ci(x)
C,(x) = In(1.781) + In(x) — C;(x) = 0.577215665 + In(x) — C;{x)
Also

o

(‘__I)kxﬂ'—li

S0 = X T A T
- 2k
_ ' Wk X
G = C+Intw + 3 (- o
e — 1yt .
Catr) = X (=1 oo

889
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X Si(x) Ci(x) Cinlx) x Si{x) i(X) Ci(x)
0.0 00 —n 0.00000 5.1 153125 —0.18348  2.33993
0.1 0.09994  ~1.72787  0.00250 52 1.51367  -0.17525 240113
0.2 019956 - 1.04221  0.00998 5.3 149732 —0.16551 241043
0.3 (0.29850 —{.64917 0.02242 54 1.48230 =0.15439 241800
0.4 .39646 —{).37881 0.03973 5.5 1.46872 —0.14205 2.42402
0.5 0.49311 —0.17778  0.06185 56 145667  —0.12867  2.42865
0.6 ).58813 -0.02227 0.08866 5.7 1.44620 —0.1144] 243200
0.7 0.68122 0.10051 0.12003 58 1.43736 —0.09944 243451
08 077210 0.19828  0.15579 59 143018 —0.08393 243610
0.9 0.86047 0.276007 0.19579 6.0 [.42469 -0.06806 24373
1O 0.94608 0.33740  0.23981 6.1 142087  -0.05198 243749
1.1 1.02869 (.38487 0.28765 6.2 141871 —0.03587 243764
1.2 110805 042046  0.33908 6.3 141817  —0.01989 243765
13 1.18396 0.44574  0.39384 64 141922 -0.00418 243770
P4 125623 046201  0.45168 6.5 1.42179 0.01110 2437192
(.5 (32468 047036  (0.50232 6.6  [.42582 0.02582  2.43846
1.6 1.38918 047173 0.57549 6.7 143121 0.03986  2.43947
1.7 1.44959 0.46697  0.64088 6.8  1.43787 0.05308  2.44106
1.8 1.50582 045681  0.70819 6.9  1.44570 0.06539 244334
1.9 1.55778 044194 077713 7.0 1.45460 0.07670 244643
2.0 1.60541 0.42208  0.84738 7.1 1.46443 0.08691  2.45040
21 Led870 040051 091864 7.2 147509 0.09596  2.45534
AR 1.68762 0.37507 0.99060 7.3 1.48644 0.10379 245130
23 1.7222) 0.34718  1.06295 74 149834 0.11036 246834
24 175249 0.31729  1.13539 7.5  1.51068 0.11563 247649
25 1.77852 {).28387 1.20764 7.6 1.52331 0.11960 248577
26 1.80039 ().25334 1.27939 1.1 1.53611 0.12225 2.49619
27 181821 022008  1.35038 7.8 1.54894 0.12359  2.50775
28 183210 0.18649  1.42035 79  1.56167 0.12364  2,52044
29 184219 0.15290  1.48003 80  1.57419 0.12243 253422
3.0 1.84865 0.11963 155620 8.1  1.58637 0.12002  2.54906
31 185166 0.08699  1.62163 82  1.59810 0.11644  2.5649]
3.2 185140 0.05526  1.68511 8.3  1.60928 011177 258170
3.3 1.8480% 0.02468  1.74646 84  1.61981 0.10607  2.5993%
34 184191 —0.00452 180551 85  1.62960 0.09943 261785
35 183313 003213 1.86211 86  1.63857 0.09194  2.63704
36 L2195 -0.05797 191612 87  1.64665 0.08368  2.65686
37 180862 —0.08190  1.96745 88  1.65379 007476 2.67721
38 179339 010378 2.01599 89  1.63993 0.06528  2.69799
39 177650 —0.12350  2.06169 9.0 1.66504 0.05535 271909
40 175820 —0.14098  2.10449 9.1 [.66908 0.04507  2.74042
41 173874 —0.105617  2.14437 9.2  1.67205 0.03455  2.76186
42 L7IBY7  -0.16901  2.18131 9.3  1.67393 002391 278332
43 1.69732  —0.17951 221534 94  1.67473 0.01325  2.80467
44 1.67583 —0.18766  2.24648 9.5  1.67446 0.00268  2.82583
4.5 1.65414 —{.19349 2.27478 9.6 1.67316 —=0.00771 2.84669
46 163246 -0.19705  2.30032 97 1.67084  —0.01780  2.86715
47 L6110 -0.19839 232317 9.8  1.66757  —0.02752 288712
18 1.58998  —0.19760  2.34344 99  1.66338  —0.03676  2.9065]
49 1.56956 —{.19478 2.36123 10.0 1.65835 —0.04546. 2925%
50 154993 —0.19003 237668  10.1  1.65253  —0.05352  2.94377
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X Si(x) Ci(x) Cinlx) X Si(x) Cix) Cin(X)
10.2 1.64600 —-0.06089 2.96050 15.3 1.62865 0.02955 3.27552
10.3 1.63883 —{.06751 2.97687 15.4 1.63093 0.02345 3.28813
104 1.63112 —0.07332 2.99234 15.5 1.63258 001719 3.30086
10.5 1.62294 —0.07828 3.00687 15.6 1.63359 0.01084 3.31364
10.6 1.61439 —0.08237 3.02044 15.7 1.63396 0.00447 3.32641
10.7 1.60556 —().08555 3.03301 15.8 1.63370 -0.00187 3.33910
10.8 1.539654 —().O8781 3.04457 15.9 1.63280 =0.00812 3.35165
109 1,.58743 —0.08915 3.05513 16.0 1.63130) —-0.01420 3.36400
11.0 1.57831 —{0.08956 3.06467 16.1 1.62921 —0.02007 3.37610
(1.1 1.56927 —().08907 3.07323 16.2 1.62657 —0.02566 3.38789
11.2 1.56042 —0.08769 3.08082 16.3 1.62339 -0.03093 3.39931
11.3 1.55182 —0.08546 3.08748 16.4 1.61973 —-0.03583 3.41033
1.4 1.54356 —(.08240 3.09323 16.5 1.61563 —0.0403] 3.42088
1.5 1.53571 —0.07857 3.09813 16.6 1.61112 —0.04433 3.43095
11.6 1.52835 —0.07401 3.10224 16.7 1.60627 —-0.04786 3.44049
1.7 1.52155 —-0.06879 3.10560 16.8 1.60111 —-0.05087 3.44947
11.8 1.51535 —=0.06297 3.10828 16.9 1.59572 —0.05334 345787
11.9 1.50981 —0.05661 3.11036 17.0 1.59014 —0.05524 3.46567
12.0 1.50497 —0.04978 311190 17.1 1.58443 -().05657 3.47287
12.1 1.50088 —0.04257 3.11299 17.2 1.57865 -0.05732 3.47945
12.2 1.49755 —0.03504 3.11369 17.3 1.57285 —0.05749 348541
12.3 1.49501 —0.02729 3.11410 17.4 1.56711 —0.05708 3.49076
12.4 1.49327 —0.01938 3.11429 17.5 1.56146 —-0.05610 3.49552
12.5 1.49234 —0.01141 3.11435 17.6 1.55598 —0.05458 3.49969
12.6 1.49221 —0.00344 3.11436 17.7 1.55070 —0.05252 3.50330
12.7 1.49287 0.00443 3.11439 17.8 1.54568 —0.04997 3.50638
12.8 1.49430) 00.01214 3.11452 17.9 1.54097 —0.,04694 3.50895
12.9 1.49647 0.01961 3.11484 18.0 1.53661 —0.04348 351106
13.0 1.49936 0.02676 3. 11540 18.1 1.532064 - 0.03962 3.51274
13.1 1.50292 0.03355 311628 18.2 1.52909 —(0.03540 3.51404
13.2 1.50711 (.03989 3.11754 18.3 1.52600 —0.03088 3.51500
13.3 1.51188 0.04574 311924 i8.4 1.52339 —-0.02610 3.51566
13.4 1.51716 0.05104 3.12143 18.5 1.52128 ={.02111 351609
13.5 1.52291 0.05576 3.12415 18.6 1.51969 -0.01596 151634
13.6 1.52905 0.05984 3.12744 18.7 1.51863 —-{.01071 3.51644
13.7 1.53552 0.06327 313134 18.8 1.51810 —().00540 As51647
13.8 1.54225 1.06602 3. 13587 18.9 1.51810 = .00010 351648
i13.9 1.54917 0.06806 304404 19.0 1.51863 0.00515 3151650
14.0 1.55621 0.06940) 3.14688 19.1 1.51967 0.01029 351661
14.1 1.56330) 0.07002 3.15337 19.2 1.52122 0.01528 3.51685
14.2 1.57036 0.06993 3. 16053 19.3 1.52324 0.02006 351726
14.3 1.57733 0.06914 3.16834 19.4 1.52572 0.02459 3.51790
14.4 1.58414 0.06767 3.17678 19.5 1.52863 0.02883 3.51880
14.5 1.59072 0.06554 3.18583 19.6 1.53192 0.03274 3.52000
14.6 1.59702 0.06278 3.19546 19.7 1.53557 0.03629 3.52155
14.7 1.60296 0.05943 3.20563 19.8 1.53954 0.03943 3.52347
14.8 1.60851 0.05554 3.21631 19.9 1.54378 0.04215 3.52579
14.9 1.61360 0.05113 322744 20.0 1.54824 0.04442 3.52853
15.0 1.61819 0.04628 3.23899
15.1 1.62226 0.04102 3.25089
15.2 1.62575 0.03543 3.26308
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Figure ITI.1 Plots of sine and cosine integrals.
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IV

FRESNEL INTEGRALS

¥ cos( 1')

0 ‘\/271'1’

qm('r)
Solx) —f
Cx)= f COQ(E‘ T ) dr
Six)y= [ sin(z‘rz) dr
0 2

Ci(x) = J- cos(tH dr

RY

Colx) =

S.(x)zj sin(t%) dr

A

(2 e—'jr

) \/2mT

Cx) — jSx)= C{](':It)_j's()( )

Ci(x) = jSi(x)= x e” dr-\[[ e’
Cy(x) — jSi(x) = ‘/’:{ f c dr}
Ciix) — jSilx) = \/%’ { % - %] - [Cu(.\'z) - an(f)]}
Ci(x) — jSi(x) = \[g { % —q,u%)] ~ B - SMr’)J}

dr

Cx) — jS(x) = L e N gr = ﬁ

(IV-1)

(1v-2)

(IV-3)

(IV-4)

(1V-5)

(1V-6)

(Tv-7)

(IV-8)
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x Cyx) Si(x) C(x) S(x)
0.0 ().62666 0.62666 0.0 0.0
0.1 (.52666 0.62632 0.10000 0.00052
0.2 (1.42669 0.62399 0.19992 0.00419
0.3 (.32690 0.61766 0.29940 0.01412
0.4 0.22768 0.60536 0.39748 0.03336
0.5 0.12977 0.58518 0.49234 0.06473
0.6 0.03439 0.55532 0.58110 0.11054
1.7 - 0.05672 0.51427 0.65965 0.17214
0.8 —0.14119 0.46092 0.72284 0.24934
0.9 —-0.21606 0.394381 0.76482 0.33978
1.0 —-0.27787 0.31639 0.77989 0.43826
1.1 -(1.32285 0.22728 0.76381 0.53650
1.2 —-0.34729 0.13054 0.71544 0.62340
1.3 —0.34803 0.03081 0.63855 0.68633
1.4 —0.32312 —0.06573 0.54310 0.71353
1.5 -0.27253 —0.15158 0.44526 0.69751
1.6 —-0.198806 -0.21861 0.36546 0.63889
1.7 -0.10790 —0.25905 0.32383 0.54920
1.8 —0.00871 —0.26682 0.33363 0.45094
1.9 0.08680 -0.23918 0.39447 0.37335
2.0 ).16520 —0.17812 0.48825 0.34342
2.1 0.21359 —-0.09141} 0.58156 0.37427
22 0.22242 0.00743 0.63629 0.45570
23 0.18833 0.10054 0.62656 0.55315
24 0.11650 0.16879 0.55496 0.61969
2.5 0.02135 0.19614 0.45742 0.61918
2.6 -0.07518 0.17454 (.38894 0.54999
2.7 —0.14816 0.10789 0.39249 0.45292
2.8 —0.17646 0.01329 0.46749 0.39153
29 —-0.15021 -0.08181 0.56237 0.41014
3.0 —0.07621 —0.14690 0.60572 0.49631
31 0.02152 —0.15883 0.56160 0.58181
3.2 0.10791 —-0.11181 0.46632 0.59335
33 0.14907 -0.02260 0.40570 0.51929
34 0.12691 0.07301 0.43849 0.42965
35 0.04965 0.13335 0.53257 0.41525
3.6 —0.04819 0.12973 0.58795 0.49231
3.7 —0.11929 0.06258 0.54195 0.57498
38 -0.12649 —0,03483 0.44810 0.56562
39 —0.06469 —=0.11030 042233 0.47521
4.0 0.03219 —-0.12048 0.49842 0.42052
4.1 0.10690 —0.05815 0.57369 0.47580
4.2 0.11228 0.03885 0.54172 0.56320
4.3 0.04374 0.10751 0.44944 0.55400
44 —0.05287 (.10038 0.43833 0.46227
4.5 —0.10884 0.02149 0.52602 0.43427
4.6 —-0.08188 -0.07126 0.56724 0.51619
4.7 0.00810 —0.10594 0.49143 0.56715
4.8 0.08905 —0.05381 0.43380 0.49675
49 0.09277 0.04224 0.50016 0.43507
5.0 0.01519 0.09874 0.56363 0.49919
5.1 -0.07411 0.06405 0.49979 0.56239
5.2 —-0.09125 -0.03004 0.43889 0.49688



Appendix IV 895

X Ci(x) Si{x) C(x) S(x)
5.3 —-{.01892 —{).(09235 (0.50778 0.44047
54 0.07063 =0.03976 0.55723 0.51403
5.5 0.08408 0.03440 0.47843 0.55369
5.6 0.00641 0.08900 0.45171 0.47004
5.7 —0.07642 0.04296 0.53846 0.45953
5.8 —{.06919 -0.05135 0.52084 ().54604
59 0.01998 -0.08231 0.44859 0.51633
6.0 0.08245 —-0.01181 0.49953 0.44696
6.1 0.03946 0.07180 0.54950 ().51647
6.2 —0.05363 0.06018 0.46761 0.53982
6.3 —().07284 = (L0314 0.47600 0).45555
6.4 0.00835 —0.07765 0.54960 0.49649
6.5 0.07574 —0.01326 0.48161 (1.54538
6.6 (.03183 0.06872 ).46899 0.463(17
6.7 —{).05828 0.04658 0.54674 0.49150
6.8 —{).05734 — (1L.04600 0.48307 ().54364
6.9 0.03317 —0.06440 047322 00.46244
7.0 0.06832 0.02077 0.54547 0.49970
7.1 ~0.00044 0.06977 00.47332 0.53602
7.2 -0.06943 0.00041 0).48874 0.45725
7.3 - (.00864 —-0.06793 ().53927 0.51894
1.4 (106582 —0.01521 0.46010) 0.51607
1.5 0.02018 0.06353 0.5160] ().46070
7.6 —0.06137 0.02367 0.51564 ().53885
1.7 —.02580 —0.05958 0.46278 0.48202
1.8 0.05828 -~ 0.0266% ().53947 ().48964
1.9 0.02638 0.05752 (.47598 (.53235
8.0 —-0.05730 0.02494 (.49980 0.46021
8.1 —0.02238 ~—0.05752 (.52275 0.53204
8.2 0.05803 —0.01870 {).46384 {.48589
R.3 0.01387 0.05861 0.53775 0.49323
8.4 —).05899 0.00789 0.47092 (.52429
8.5 —0.00080 —~0.05881 0.51417 0.46534
8.6 0.05767 0.00729 ().50249 (1.53693
8.7 -0.01616 0.05515 (.48274 (1.46774
8.8 —-0.05079 —-(.02545 0.52797 (0.52294
8.9 0.03461 -0.04425 ().46612 0.48856
9.0 (1.03526 0.04293 ).53537 (2.49985
9.1 —(.04951 0.02381 (1L,46661 ().31042
9.2 —0.01021 —{).05338 0.52913 0.48135
93 0.05354 {.00485 (.47628 ().52467
94 —=0.02020 ().04920 (0.51803 0.47134
9.5 —(.03995 —{.03426 (1.4872G 0.53100
9.6 0.04513 —{,02599 0.50813 0.46786
9.7 0.00837 0.05086 0.49549 0.53250
9.8 ={).04983 = 0.01094 (0.50192 0.46758
9.9 0.02916 -0.04124 (0.49961 0.53215
10.0 00.02554 1.04298 0.49989 (.46817
10.1 —(1.04927 0.00478 0.49961 (.53151
10.2 001738 —0.014583 0.50186 0.46885
10.3 0.03233 0.03621 0.49575 0.53061
10.4 - 0.04681 0.01094 0.50751 0.47033
10.5 0.01360 —0.04563 ).48849 (.52804
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X C,(x) S| (X) C(X) S(x)
1.6 0.03187 0.03477 0.51601 0.47460
10,7 —0.04595 0.00848 0.47936 0.52143
0.8 0.01789 —0.04270 0.52484 0.48413
10,9 0.02494 0.03850 0.47211 0.50867
1.0 -.04541 —-0.00202 1).52394 0.4999)
1.1 0.02845 ~0.03492 0.47284 0.49079
1.2 0.01008 0.04349 0.52195 0.51805
1.3 —0.0398] -0.0§930 0.48675 047514
1.4 0.04005 -0.0i789 0.50183 0.52786
1.8 —0.01282 0.04155 0.51052 0.47440
11.6 -0.02188 -0.03714 0.47890 0.51755
1.7 0.04164 0.00962 0.52679 0.49525
1.8 ~0.03580 0.02267 0.47489 0.49013
11.9 0.00977 —0.04086 0.51544 0.52184
12.0 0.02059 0.03622 0.49993 0.47347
12.1 -0.03919 -0.01309 0.48426 0.52108
2.2 0.03792 —0.01555 0.52525 0.49345
12.3 —0.01914 0.03586 047673 0.48867
12.4 -1.00728 - 0.03966 0.50951 0.52384
12.5 0.02960 0.02691 0.50969 0.47645
12.6 - (.03946 -0.0042) 0.47653 0.50036
12.7 0.03445 -0.01906 0.52253 0.51097
12,8 -0.01783 0.03475 0.49376 0.47593
2.9 -0.00377 —0.03857 0.48523 0.51977
13.0 0.02325 0.03064 0.52449 0.499%4
t2.1 —1.03530 -0.01452 {).48598 0.48015
13.2 0.03760 -.00459 0.49117 0.52244
13.3 - 0.03075 0402163 0.52357 0.49583
13.4 0.01744 -0.03299 0.48482 0.48173
13.5 -0.00129 0.03701 0.49103 0.52180
13.6 —0.0142] —0.03391 0.52336 0.49848
13.7 0.02639 0.02521 0.48908 0.47949
13.8 —.03377 -0.01313 0.48534 0.51781
13.9 0.03597 - 0.00002 0.52168 0.50737
14.0 -0.03352 0.01232 .49996 0.47726
14.1 0.02749 —0.02240 0.47844 0.50668
14.2 -0.01916 0.02954 0.51205 0.51890
14.3 0.00979 -0.03357 0.51546 0.48398
14.4 - 0.00043 0.03472 0.48131 0.48819
14.5 —-0.00817 -0.03350 0.49164 0.52030
14.6 0.01553 0.03052 052113 0.50538
14.7 —-0.02145 —0.02640 .50301 0.47856
14.8 0.02591 0.02168 0.47853 0.49369
14.9 -0.02903 -0.01683 0.49971 0.52136
15.0 0.03103 0.01217 0.52122 0.49926
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APPENDIX

\Y%

BESSEL FUNCTIONS

Bessel's equation can be written as

L2y dy . .
r—t+tax=+(-ply=20
Yo T ! P

Using the method of Frobenius, we can write its solutions as
vv) = ApJx) + BoJ_(x). p # 0 or integer
or
vx) = A0, + By Y, (x), p = = {orinteger
where

* — 1y x/2 m+p
5,0 = (= 1)"(x/2)

m=0 mim + p)!
x

L (— 1 )m(-‘_lz )Zm -p
J-pl0) wmzzu mim — p)!

J,(xyeos(pmy — J_,(x)
Y,(x) =+ ) cos(p z

sin{ p)

m'=Tm+1)

(V-1)

(V-2)

(V-3)

(V-4)

(V-5)

(V-6)

(V-7)

Jo(x) is referred to as the Bessel function of the first kind of order p, Y,(x) as the
Bessel tfunction of the second kind of order p, and I'(x) as the gamma function.

When p = n = integer. using (V-5) and (V-7) it can be shown that

J_plx) = (= 1,0

(V-8)

and no longer are the two Bessel functions independent of each other. Therefore a

second solution is required and it is given by (V-3), It can also be shown that

. Jdy(x)cos(y —J_.
Y,(x) = lim ¥,(x) = lim p{X) w‘(.P"f) plX)
Pl P sin( PTT)
899

(V-9)
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When the argument of the Bessel function is negative and p = n, using (V-4) leads
to

Ju( _.\') = (- I)" .I,,(-\') (V'IO)

in many applications Bessel functions of small and large arguments are required.
Using asymptotic methods, it can be shown that

Jolx) =1
2 vX
Yo(x) = = In (—2—) x—0 (V-11)
v= 1781
n»
Jy(x) = l' (f) x—0
P V-12)
( “
— 12y
= - L= (—) p>0
w X

and

2 T pw
J) = [—cos|lx — — — —

wX 4 2 X—>> (V'l3)
Y.(x) = 2l —T_p7
o (X) = — sin|x — 2 >

For wave propagation it is often convenient to introduce Hankel functions defined
as

H,00) = J,(0 + jY, ) (V-14)
H2(0) = J,(x) — jY, () (V-15)

where H,'"(x) is the Hankel function of the first kind of order p and H,?(x) is the
Hankel function of the second kind of order p. For large arguments

") — = jlx—pim)— i
HI'(”(X) = - (."h prms) ], R (V-lﬁ)

f 2
Hp(z)(_‘,) —~ ; e—jl.v—p(mm— 7!/4], X—>% (V-l?)

A derivative can be taken using either

f _
(:,—x [Z,(ax)] = aZ, . (ax) — %Z,,(ax) (V-18)
or

d ) r
o [Z,(ax)] = —aZ, . (ax) + ‘;Z,,(ax) (V-19)

where Z, can be a Bessel function (J,. ¥,) or a Hankel function [H,™" or H,,‘”].
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A useful identity relating Bessel functions and their derivatives is given by
2
J, ()Y, (x) = Y,(x) ], (x) = — (V-20)

and it is referred to as the Wronskian. The prime (') indicates a derivative. Also

e, 2 .
LI, (x) — L], (x) = — ;sm(,mr) (V-21)
Some useful integrals of Bessel tunctions are
]
fr\'p-H J!;(,ﬂ-\') dx=—x"*! Jp+ lax) + C (V-22)
[44
!
fx'“”J,,(a.r)dx= —Ex"”J,,_ (ax) + C {V-23)
f.xj Jo(x)dx = x* Sy (x) = 2x* Jx(x) + C (V-24)
f X0, dx = 30 Jy(x) — 4x° Jafx) + 8 ) + C (V-25)
2
f.l;(x)dx= =) — )—c.l,(.r) + C (V-26)
fx.l.(.r) dx = ".\'J()(X) + IJ()(.\') dy + C (V-27)
j.r_ V() dy = —Ji(x) + J’Jo(x)dx + C (V-28)
j Jox)ydx= =2J(x) + fJD(.t)(Lr + C (V-29)

fx”‘J,,(x)dA':x"’J (xy =(m—n-10 fx‘”_'.l,,. x)dx
n+1 F ’(‘ (V-30)

J-x’"J,,(.\‘) dx= —x"J _(x)+ (m+n-—-1 J-x""'J,,, vy dx

(V-31)
~ w2
Jix) = ';'-T J’u sin(x sin @) sin 6 d¢ (V-32)
! 2 (™ >
;Jl(*") =— f cos(x sin #) cos” 0 d8 (V-33)
. T Jo
2 72
Ja(x) = ir fo cos(x sin #)cos 20 40 (V-34)

s—n (An
_]" (X') =-’_ f ej\'cmd: (?j" & dd) ('V-35)
27 Jo



202 Appendixes

09 = [ cosngy eremsa (v-36
J,(x)= Tll' J: , cos(x sin ¢ — n)ddo (V-37
y) d
o (x) = . J; ' cos(x sin @) cos(2n ) dep (V-38)
o) 2
Joy bty = (= 1)" fr j: | costx cos &) cos(2n ¢y de (V-39
The integrals
J; ’ Jof?) dr and L ) Yo(7) d7 (V-40)

often appear in solutions of problems but cannot be integrated in closed form. Graphs
and tables for each, obtained using numerical techniques, are included.
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x Julx) Ji(x) Yo(x) Y(x)
0.0 1.00000 00 - -

0.1 0.99750 0.04994 -~ 1.,53424 —(.45895
0.2 0.99003 (.09950 — 108110 —3.32382
0.3 (.97763 0.14832 —0.80727 —2.29310
0.4 0.96040 0.19603 —-0.600602 — 1.78087
0.5 ().93847 0.24227 ~0.44452 — 147147
0.6 (L91201 0.28670 —0.30851 — 1.26039
0.7 (1.88120 0.32900 —~ (). 19066 - 1.10325
08 ().84629 ().36884 —0.08680 —0.97814
0.9 0.80752 0.40595 (1.00563 -0.87313
1.0 0.76520 0.44005 0.08826 -0.78121
1.1 0.71962 0.47090 0.16216 —-0.69812
1.2 0.67113 (0.49829 0.22808 -0.62114
1.3 0.62009 0.52202 ).28654 —1).54852
1.4 0.56686 (.54195 0.33789 —0.47915
1.5 0.51183 0.55794 0.38245 —-0.41231
1.6 (0.45540 0.56990 (0.42043 —0.34758
1.7 0.39799 0.57777 0.45203 —1.28473
1.8 0.33999 0.58152 0.47743 -{).22366
1.9 0.28182 0.58116 0.49682 —0.16441
20 0.22389 0.57673 (.51038 -0.10703
2.1 0).16661 0.56829 (.51829 -0.05168
2.2 0.11036 0.55596 0.52078 0.00149
23 0.05554 0.53987 0.51807 (.05228
2.4 (.00251 0.52019 0.51041 0.10049
2.5 —{.04838 0.49710 (.49807 0.14592
2.6 —0.09681 0.47082 0.48133 (.18836
2.7 — (1. 14245 0.44161 (1.46050 0.22763
2.8 —(). 18504 (2.40972 0.43592 0.26354
2.9 —0.22432 0.37544 0.40791 0.29594
3.0 —0.26005 (0.33906 ().376%6 0.32467
3.1 —{).29206 0.30092 0.34310 .34963
3.2 —0.32019 0.26134 0.30705 0.37071
3.3 —0.34430 0.22066 0.26909 (.38785
34 —0).36430 0.17923 (.22962 0.40101
35 —0.38013 0.13738 0. 18902 041019
3.6 -0.39177 0.09547 0.14771 0.41539
3.7 —(),39923 0.05383 0.10607 0.41667
3.8 —0.40256 0.01282 0.06450 041411
3.9 -0.40183 —(6L.02724 0.02338 0.40782
4.0 —0.39715 - 0.06604 —0.01694 0.39793
4.1 —0.38868 —-0.10328 - 0.05609 (.38459
4.2 —0.37657 —-0.13865 —0.09375 0.36801
4.3 —0.36102 -0.17190 —0.12960 (0.34839
4.4 —().34226 —0.20278 —-0.16334 0.32597
4.5 -0.32054 —-0.23106 —(.19471 0.30100
4.6 -0.29614 —=0.25655 —().22346 (.27375
4.7 —.26933 =0.27908 —(1.24939 0.24450
4.8 —0.24043 —0.29850 —-0.27230 0.21356
4.9 -0.20974 -0.31470 —0.29205 0.18125

5.0 = 0.17760 —0.32758 —-0.30852 0.14786
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X Jo(x) Jy(x) Yo(x) Yi(x)
5.1 —-0.14434 -0.33710 —(.32160 0.11374
52 —-0.11029 —0.34322 -0.33125 0.07919
5.3 -0.07580 —-0.34596 —-0.33744 0.04455
54 -0.04121 —0.34534 —-0.34017 0.01013
55 —0.00684 —0.34144 —0.33948 -0.02376
5.6 0.02697 —0.33433 —0.33544 —0.05681
57 0.05992 -0.32415 —0.32816 —0.08872
5.8 0.00170 -0.31103 =0.31775 -0.11923
59 0.12203 -0.29514 —0.30437 —0.14808
6.0 0.15065 —0.27668 —-0.28819 ~0.17501
6.1 0.17729 —().25587 —0.26943 —0.1998]
6.2 0.20175 -0.23292 —0.24831 —0.22228
6.3 0.22381 —-0.20809 —0.22506 —0.24225
6.4 0.24331 —0.18164 —0.19995 —0.25956
6.5 0.26009 —0.15384 -0.17324 —0.27409
6.6 0.27404 —0.12498 —0.14523 —-0.28575
6.7 0.28506 —-0.09534 ~0.11619 —0.29446
6.8 0.29310 —-0.06522 —(.08643 —-0.30019
6.9 0.29810 -0.03490 —0.05625 -0.30292
7.0 0.30008 —0.00468 —0.02595 —0.30267
7.1 0.29905 +0.02515 0.00418 —0.299438
72 0.29507 0.05433 0.03385 -0.29342
13 0.28822 0.08257 0.06277 —-0.28459
7.4 0.27860 0.10962 0.09068 ~0.27311
7.5 0.26634 0.13525 0.11731 ~0.25913
7.6 0.25160 0.15921 0.14243 —-0.24280
7.7 0.23456 0.18131 0.16580 —-0.22432
7.8 0.21541 (.20136 0.18723 —0.20388
79 0.19436 0.21918 0.20652 —-0.18172
8.0 0.17165 0.23464 0.22352 —0.15806
8.1 0.14752 0.24761 0.23809 —0.13315
8.2 0.12222 (0.25800 0.25012 —0.10724
8.3 0.09601 (.26574 0.25951 —0.08060
84 0.06916 0.27079 0.26622 —0.05348
B.5 0.04194 0.27312 0.27021 -0.02617
8.6 0.01462 0.27276 0.27146 0.00108
8.7 —0.01252 0.26972 0.27000 0.02801
8.8 —0.03923 0.26407 0.26587 0.05436
89 ~0.06525 0.25590 0.25916 0.07987
9.0 —0.09033 0.24531 0.24994 0.10431
9.1 -0.11424 (0.23243 0.23834 0.12747
9.2 -0.13675 0.21741 0.22449 0.14911
9.3 —0.15765 0.20041 0.20857 0.16906
9.4 017677 0.18163 0.19074 0.18714
9.5 —0.19393 0.16126 0.17121 0.20318
9.6 —0.20898 0.13952 0.15018 0.21706
9.7 —0.22180 0.11664 0.12787 0.22866
9.8 -0.23228 0.09284 0.10453 0.23789
9.9 —0.24034 0.06837 0.08038 0.24469
16.0 —(1.24594 (0.04347 0.05567 0.24902
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X Jo(x) Ji(x) Yo i(x) Y (x)
10.1 —0.24903 0.01840 0.03066 0.25084
10.2 —0.24962 —0.00662 0.00558 0.25019
10.3 —0.24772 —-0,03132 -0.01930 0.24707
10.4 —0.24337 —0.05547 —-0.04375 0.24155
10.5 - (1.23665 —-0.07885 —0.06753 .23370
10.6 —0.22764 —0.10123 —-0.09042 0.22363
10.7 —0.21644 —{.12240 -0.11219 0.21144
10.8 —0.20320 —0.14217 —-0.13264 0.19729
10.9 —0.18806 —{).16035 —(.15158 (0.18132
11.0 -0.17119 -0.17679 ~(.16885 (116371
It —0.15277 =0.19133 —().18428 0.14464
11.2 —-(.13299 -0.20385 -0.19773 0.12431
11.3 —-0.11207 —0.21426 —(1.20910 0.10294
11.4 —0.09021 —-0.22245 -0.21829 0.08074
i1.5 —(.06765 -0.22838 —{}).22523 0.05794
1.6 = 0.04462 ~{.23200 ~(.22987 0.03477
1.7 -0.02133 -0.23330 -0.23218 0.01145
1.8 0.00197 -0.23229 ~—(1L.23216 —0.01179
1.8 0.02505 —1().22898 —0.22983 =0.03471
12.0 0.04769 —0).22345 -0.22524 —-0.05710
12.1 ().06967 —0.21575 —0.21844 —-0.07874
12.2 0.00077 —).20598 =1).20952 —0.09942
12.3 0. 18O —0.19426 —0.19859 —0.11895
12.4 (.12956 —0.18071 —().18578 —0.13714
12.5 (. 14689 —-0.16549 —-0.17121 —-0.15384
12.6 0.16261 —(.14874 —0.15506 -().16888
12.7 0.17659 —0.13066 —0.13750 —(.18213
12.8 0.18870 —-0.11143 —0.11870 -0.19347
129 0.19885 —-0.09125 - 0.09887 —0.202482
13.0 .20693 —0.07032 =0.07821 —-0.21008
13.1 0.21289 —{).04885 —0.05692 —-0.21521
13.2 0.21669 —-0.02707 —0.03524 —-0.21817
13.3 0.21830 —0.00518 —-0.01336 —0.21895
13.4 0.21773 0.01660 0.00848 -0.21756
13.5 0.21499 0.03805 0.03008 =0.21402
13.6 0.21013 (103844 0.05122 -0.20839
13.7 0.20322 0.07914 0.07169 —0.20074
13.8 ().19434 (.09839 0.09130 —0.19116
13.9 0.18358 0.11653 0.10986 —-0.17975
14.0 0.17108 (.13338 0.12719 —{).16664
14.1 0.15695 0.14879 0.14314 —-0.15198
14.2 (.14137 0.16261 0.15754 —(.13592
14.3 {).12449 0.17473 0.17028 —0.11862
14.4 ).10649 (.18503 0.18123 —{.10026
14.5 (.08755 (0.19343 0.19030 -0.08104
14.6 0.06787 0.19986 0.19742 -0.06115
14.7 0.04764 (0.20426 0.20252 —0.04079
14.8 0.02708 0.20660 ().20557 —-0.02016
14.9 0.00639 (1.2068% 0.20655 0.00053

15.0 -0.01422 (.20511 0.20546 0.02107
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J(x)/x FUNCTION

x Ji(x)x x Ji(x)x x Jy(xVx
0.0 0.50000 N —0.06610 10.2 —0.00065
0.1 0.49938 52 —0.06600 10.3 —0.00304
0.2 0.49750 53 —{0.06528 10.4 —0.00533
0.3 (.49440 5.4 —0.06395 10.5 —0.00751
0.4 0.49007 5.5 —0.06208 10.6 —0.00955
0.5 0.48454 3.6 -0.05970 10.7 -0.01144
0.6 0.47783 5.7 —0.05687 10.8 -0.01316
0.7 0.46999 5.8 —0.05363 10.9 =0.01471
0.8 0.46105 59 —0.05002 1.0 —0.01607
0.9 0.45105 6.0 —0.04611 1.1 -0.01724
1.0 0.44005 6.1 —-0.04194 11.2 -0.01820
I.1 0.42809 6.2 -0.03757 11.3 -0.01896
1.2 0.41524 6.3 —=0.03303 114 —0.01951
.3 0.40156 6.4 —{.02838 1.5 —0.01986
1.4 0.38710 6.5 —-0.02367 11.6 —0.02000
1.5 0.37196 6.6 —-0.01894 1.7 -0.01994
1.6 (1.35618 6.7 -0,01423 11.8 -0.01969
).7 .33986 6.8 —0.00959 11.9 -0.01924
1.8 0.32306 6.9 —0.00506 120 —0.01862
1.9 0.30587 7.0 = 0.00067 12.1 —-0.01783
20 0.28836 7.1 0.00354 122 —0.01688
2.1 0.27061 7.2 0.00755 123 -0.01579
22 0.25271 7.3 0.01131 124 —0.,01457
2.3 0.23473 7.4 0.01481 12.5 —-0.01324
24 0.21674 7.5 0.01803 12.6 -0.01180
2.5 0.19884 7.6 0.02095 12.7 -0.01029
2.6 0.18108 1.7 0.02355 12.8 —-0.0087]
2.7 0.16356 7.8 0.02582 12.9 = 0.,00707
2.8 0.14633 7.9 0.02774 13.0 -0.00541
29 0.12946 8.0 0.02933 13.1 -0.00373
3.0 0.11302 8.1 0.03057 13.2 -0.00205
31 0.09707 8.2 0.03146 13.3 —0.00039
3.2 0.08167 8.3 0.03202 134 0.00124
3.3 .06687 8.4 0.03224 13.5 0.00282
34 0.05271 8.5 0.03213 13.6 0.00434
35 0.03925 8.6 0.03172 13.7 0.00578
3.6 0.02652 8.7 0.03100 13.8 0.00713
3.7 0.01455 8.8 0.03001 13.9 0.00838
18 0.00337 8.9 0.02875 14.0 0.00953
3.9 —0.00699 0.0 0.02726 14.1 0.01053
40 -0.01651 9.1 0.02554 14.2 0.01145
4.1 —-0.02519 9.2 0.02363 14.3 0.01222
1.2 —0.03301 9.3 0.02155 14.4 0.01285
4.3 —0.03998 94 0.01932 14.5 0.01334
4.4 —0.04609 9.5 0.01697 14.6 0.01369
4.5 —0.05135 9.6 0.01453 14.7 0.01389
4.6 -0.05578 9.7 0.01202 14.8 0.01396
4.7 -0.05938 9.8 (.00947 149 0.01388
4.8 —0.06219 99 0.00691 15.0 0.01367
4.9 —{.06423 10.0 0.00435
5.0 - 0.06552 10.1 0.00182
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I JolT) dr ANDJ’ Yot 7) d7 FUNCTIONS
{

)

X X X X
x L Jo(1) dr L Yo(7) d7 X L Jo(7) dr J:’ Yo7 d7
0.0 0.00000 0.00000 5.1 0.69920 0.1681%
0.1 0.09991 —-{.21743 5.2 0.68647 0.13551
0.2 (0.19933 —{.34570 5.3 Q0.67716 0.10205
0.3 0.29775 —(.43928 54 0.67131 0.06814
0.4 0.39469 —0.50952 5.5 .66891] 0.03413
0.5 0.48968 —0.56179 5.6 0.66992 0.00035
0.6 (0.58224 —(1.59927 5.7 (.67427 —0.03284
0.7 0.67193 —(3.62409 5.8 0.68187 —0.06517
0.8 0.75834 —(.63786 59 (.69257 —0.09630
0.9 0.84106 —-{0.64184 6.0 (.70622 —-0.12595
1.0 0.91973 —().63706 6.1 (.72263 —0.15385
1.1 0.99399 —-0.62447 6.2 .74 160 —0.17975
1.2 1.06355 —0.60490 6.3 (.7629( —(.20344
1.3 1.12813 —(0L.57911 6.4 (.78G628 —-0.22470
1.4 1.18750 —0.54783 6.5 0.81147 —().24338
1.5 1.24144 -0.51175 6.6 (.83820 = (.2593]
1.6 1.28982 —-.47156 6.7 0.86618 —{0.27239
1.7 1.33249 —().42788 6.8 ().895]2 —().28252
1.8 1.36939 —().38136 69 (.92470 —().28966
1.9 1.40048 —{.33260 7.0 ().93464 -0.29377
2.0 1.42577 —(L28219 7.1 (.98462 —().29486
21 |.44528 —-0.23071 7.2 1.01435 —().29295
2.2 1.45912 - 17871 7.3 1.04354 —().28811
2.3 1.46740 —0.12672 7.4 1.07190 =().28043
24 1.470029 —0.07526 7.5 1.09917 —{).27002
25 1.46798 —0.02480 7.6 1.12508 —-(.25702
2.6 1.46069 0.02420 1.7 1.14941 —(,24159
2.7 144871 0.07132 1.8 1.17192 -0.22392
2.8 1.43231 0.11617 7.9 1.19243 =0.20421
29 1.41181 0.15839 8.0 1.21074 -0.18269
3.0 1.38756 0.19765 8.1 1.22671 —-0.15959
3.1 1.35992 0.23367 8.2 1.24021 —(0.13516
3.2 1.32928 0.26620 8.3 1.25112 —-0.10966
3.3 [.29602 0.29502 8.4 1.25939 —1.08335
34 1.26056 0.31996 8.5 1.26494 —().05650
35 1.22330 (.34090 8.6 1.26777 =0.02940
3.6 1. 18467 0.35775 8.7 1.26787 —0.00230
3.7 1.14509 0.37044 8.8 1.26528 0.02451
3.8 1. 10496 (0.37896 8.9 1.26005 0.05078
39 1.06471 (.38335 9.0 1.25226 0.07625
4.0 1.02473 0.38366 9.1 1.24202 0.10069
4.1 0.98541 0.38000 9.2 1.22946 0.12385
4.2 0.94712 0.37250 9.3 1.21473 0.14552
4.3 0.91021 0.36131 94 1.19799 0.16550
4.4 0.87502 ().34665 9.5 1.17944 (2.18361
4.5 ()L.84 186 (0.32872 9.6 1.18927 ().19969
4.6 0.81100 0.30779 9.7 1.13772 0.21360
4.7 0.78271 0.28413 9.8 1.11499 (0.225231
4.8 0.75721 0.25802 9.9 1.00134 (0.23448
4.9 0.73468 0.22977 10.0 1.06701 0.24129

5.0 0.71531 0.19971
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Figure V.3 Plot of J,(x)/x function.
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Figure V.4 Plots of f“ Jo{mrdT and I ' ¥o(myd7 functions.
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APPENDIX

V1

IDENTITIES

TRIGONOMETRIC

Sum or difference:

a,
b.
c.
d.

e'

f.

g.
h.
i.

sin(x + ¥) = sinxcos v -+ cos xsin y
sin(x — ¥) = sinxcosy — cosxsiny
cos(x + v) = cosxcosy — sinxsiny

cos(x — ¥) = cosxcosy + sinxsiny
tanx + tan y

tan(x + y) =
Il — tanxtany
tanx — tan y

tan(x — y) =

| + tan x tan v

sinx + cos*x = |

1
tanx — secx = — |1
cot> v —csetx = — 1

Sum or difference into products:

a. sinx + siny
h. sinx — siny
C. COSY + COS ¥
d. cosx — cos ¥

= 2sin{x + v)cos(x — y)
= 2cos¥(x + y)sind(x — y)
= 2 cos 3(x + ¥)cos x — v)
= —2sin{x + v)sind(x — y)

Products into sum or difference:
a. 2sinxcosy =
b. 2cosxsiny =
c. 2cosvceosy =
d. 2 sin x sin y =
Double and half-angles:

sin 2x = 2 sin x cos x

a.
b.

C.

d.

sinfx + v) + sin(x — )
sin(x -+ v) — sin(x — v)
cos(x + v) + cos(x — v)
—cos{x + y) + cos(x — )

il . « 1
cos2x = ¢cost v —sinPx =2¢cosx — | =1 - 2sin"x
2tan x
tan 2x = ————yn0—
I — tan- x

or 28in*8 =1 — cos 26

911
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1 I + cosx -
€. cosi.r = * — or 2cos @ =1+ cos 28
| Il — cosx sin v l — cosx
f. tin-x = = = = -
2 | + cosx | + cosx sin x
5. Series:
¢ M e JA )‘, xs ‘_7
a siny=—/———=x—-—+ - -~ +
2j 3t 5 7N
b. ___e”+e"_l r"_'_x" x"+
CoOs X = 5 = TS
an e~ eH '+ f 2r N 1747 L.
c. X=—- = -t — + —
Jje" + ™) 3 315
V1.2 HYPERBOLIC
1. Definitions:
a. Hyperbolic sine: sinh x = {(¢* — ™)
b. Hyperbolic cosine: coshx = {e* + e™)
sinh x
¢. Hyperbolic tangent: tanh x =
yp £ cosh x
| cosh x
d. Hyperbolic cotangent: coth x = = —
ype g tanh x sinh x
. 1
e. Hyperbolic secant: sech x =
cosh x
. 1
f. Hyperbolic cosecant: ¢csch x = —
sinh x
2.  Sum or difference:
a. cosh(x + v) = cosh x cosh v + sinh x sinh ¥
b. sinh(x — y) = sinh x cosh vy — cosh x sinh ¥
¢. cosh(x — y¥) = cosh x cosh y — sinh x sinh ¥
d. tanh(r + ) tanh x + tanh y
. tanh(x + y) =
: I + tanh x tanh y
tanh x — tanh v
e. tanh(x — y) = -
¢ » I — tanh x tanh v
f. cosh’x — sinh’x = 1
g. tanh® x + sech’x = |
h. coth’ x — csch’ x = 1
i. cosh(x = jv} = coshxcosy * jsinhxsiny
J- sinh(x % jy) = sinhxcos y = jcosh x siny
3. Series:

e — e S8 W
a.sinh.\'=~————-x+_.+_+_.+
2 517
e+ et ;2 JUS
b.coshx=——'=l+—+—+-—-+
2 4! 6!
2 3
X X P

X -~ il A
c. e l+,1+2'+,“+4'+
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Vi.3 LOGARITHMIC

log.(MN) = log, M + log, N
log,(M/N) = log, M — log, N
log,(1/N) = ~log, N
log,(M") = r log, M

|
log, (M) = = log, M
n

log, N = log, N - log, b = log, Mlog,, a
log. N = log,y N * log. 10 = 2.302585 log,y M
Iog") N = IOg(. N- ]Ogl() e = (0.434294 Iog,. N

el A ol
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V1l

VECTOR ANALYSIS

VII.1 VECTOR TRANSFORMATIONS

In this appendix we present the vector transformations from rectangular-to-cylindrical
{and vice-versa), from cylindrical-to-spherical (and vice-versa), and from rectangular-
to-spherical (and vice-versa). The three coordinate systems are shown in Figure VIL1.

VI1.1.1 Rectangular-to-Cylindrical (and Vice-Versa)

The coordinate transformation from rectangular (x, y, 2} to cylindrical (p, ¢, 2) is

given, referring to Figure VILI(b)
X = pcos ¢
y = psin ¢ (VI-1)

-
~

"1

In the rectangular coordinate system we express a vector A as
A= 4a,A +4,A, +4.A; (VII-2)

where 4,, ., &_ are the unit vectors and A,. A,, A_ are the components of the vector
A in the rectangular coordinate system. We wish to write A as

A=4,A,+8,A,+ 8.A, (V1II-3)

where d,, 4,, &_ are the unit vectors and A, Ay, A_ are the vector components in the
cylindrical coordinate system. The z-axis is common to both of them.
Referring to Figure VII.2. we can write

a4, = d,co8 ¢ — d,sin ¢
d, = 4,sin ¢ + 4, cos ¢ (VII-4)
a. = 4,
Using (VI1I-4) reduces (V1I-2) to
A = (d,cos @ — 8,sin P)A, + (d,sin d + d,c0s PIA, + 4.4,
A =d,A cosd + A,sin @) + d4(—A,sind + A,cos ) + & A, (VII-5)

914
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Z
7 3
|
A
d,
» ;}@
d,
" »
ud, “p
- z
Uy
v Y
i y
Ky ?
o e e
Y /
. X
ta) Reclangular (b) Cyhindricut
Z
4
e 4

Y

i) Spherical

Figure VIL.1 Rectangular, cylindrical, and spherical coordinate systems.

which when compared with (VII-3) leads to

A, = A cos b + A sin g
Ay = —A,sind + A, cos ¢ {(V1I-6)
A. = A,
[n matrix form, (VII-6) can be written as
A, cosd sing 0\ /A,
Ayl = —singd cosg¢d 0]]A, (VII-6a)
A. 0 ¢ 1 A

<
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(1) Geometry for unit vectora,

¥
4
A
de
A
ap
A
s 8
d
< \@
ry ‘\ » X
z

(b} Geomelry for unit vector @,

Figure VII.2 Geometrical represemation of transformations between unit vectors of rectan-
gular and cylindrical coordinate systems.

where
cosd sing 0
|Al,, = | —sin¢gd cos¢d O (VII1-6b)
0 0 |
is the transformation matrix for rectangular-to-cylindrical components.
Since [A],,. is an orthonormal matrix (its inverse is equal (o its transpose), we can
write the transformation matrix for cylindrical-to-rectangular components as
cos¢dp -—sing O
Al = [AlL' = |Al, = |sin¢  cosd O (VIL-7)
0 0 I
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or
A, cosp ~—sing 0\ /A,
A | = [ sing cosp O A, (VII-7a)
A. 0 0 1/ \A.

or

A, = A,sind + Aycos ¢
= A,

A, = A,co8 p — Aysin ¢
} (VI1-7b)

VI11.1.2 Cylindrical-to-Spherical (and Vice-Versa)

Referring to Figure VII.1(c), we can write that the cylindrical and spherical coordinates
are related by

(VII-8)

p = rsin @
Z=rcos f

In a geometrical approach similar to the one employed in the previous section, we
can show that the cylindrical-to-spherical transformation of vector components is
given by

A, = A,sin 6 + A_cos 0}

Ay=A,cos ) — A_sin 8 (VII-9)
A,/, - A,/,
or in matrix form by
A, sing 0 cos 8\ /A,
Ayl =1lcos8 0 —sin@ || A, (V1I-9a)
Ay o 1 0 A.
Thus the cylindrical-to-spherical transformation matrix can be written as
sin @ ( cos f
Al = Jcos®# O —siné (V1I-9b)
0 ! 0
The |A],, matrix is also orthonormal so that its inverse is given by
sin 0 cos 0
Al = [AIL' = [Al, = | O N (VII-10)
cos ) —sin@ 0
and the spherical-to-cylindrical transformation is accomplished by
A, sin cos 0 O\ /A,
A,ﬁ = 0 0 ] A(} (V"- 10a)

A, cos @ —sinf 0/ \A,
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or

Ag = Ay
A, = A.cos 8 — Agysin 8

This time the component A, and coordinate ¢ are the same in both systems,

A, = A,sin 8 + A,cos
} (VII-10b)

VIL1.3 Rectangular-to-Spherical (and Vice-Versa)

Many times it may be required that a transformation be performed directly from
rectangular-to-spherical components. By referring to Figure VIL 1, we can write that
the rectangular and spherical coordinates are related by
x = rsin 8cos ¢
y = rsin 0 sin ¢}
z=1rcosf

(VI-11)

and the rectangular and spherical components by
A, = A, sinflcosd + A, sinf@sind + A, cos @
Ay = A cos Bcos ¢ + A, cos 8sin p — A_ sin 0} (VII-12)
Ay, = —A.singd + A, cos ¢

which can also be obtained by substituting (V1I-6) into (VII-9). In matrix form, (VII-
12) can be written as

A, sin #cos ¢ sin @sin ¢ cos B\ /A,
Ayl =|cosBcosd cosfsingdg -—sinf || A, (VII-12a)
A, —sing cos ¢ 0 A.
with the rectangular-to-spherical transformation matrix being
sin @ cos ¢  sin 8 sin ¢ cos f
[Al,, = | cos Bcos p cos Bsin¢p —sin 0 (VI-12b)
—sing cos ¢ 0

The transformation matrix of (VI1-12b) is also orthonormal so that its inverse can
be wrilten as

sin @cos ¢ cos Bcos ¢ —sin ¢
[A),, = |A]," = [Al = | sin @sin ¢ cos @sin ¢ cos ¢ | (VII-13)
cos@ —sin 0 0

and the spherical-to-rectangular components related by

Ay sin Bcos ¢ cos Peos ¢ —sin P\ [A,
A, ] = | sin@sin¢d cos fsin ¢ cos @ || Ay (V11-13a)
A, cosd ~sin ¢ 0 Ay

or
A, = A, sinfcos ¢ + Aycos Bcos p — Aysin @
A, = A.sin 8sin ¢ + Ajcos 8sin ¢ + Aycos o (VII-13b)
A. = A,cos § — Aysin @
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Vil.2 VECTOR DIFFERENTIAL OPERATORS

The differential operators of gradient of a scalar (V). divergence of a vector (V - A).
curl of a vector (V x A), Laplacian of a scalar (¥4, and Laplacian of a vector (V°A)
frequently encountered in electromagnetic field analysis will be listed in the rectan-
gular, cylindrical. and spherical coordinate systems.

VI1.2.1 Rectangular Coordinates
. rw 4 d¢: ¢r

=4, + &, Vil-14
vi=4a ax ' d_v d" ( ‘
dA,  0A, OA.
VeA=— 4 Xy = (VII-15)
ox dy 0z
PP A I LI H,(%_%)
V x \ay " m N\~ o P (VII-16)
& 62111 o _
= + B VU-I
VWSV = oSt St (VU-17)
VA =&, VA, + 4,V?A, + 4.V?A, (VII-18)
VI1.2.2 Cylindrical Coordinates
~n ﬂ‘p N w ﬂ (,lp
=34.— 4+ a -1¢
vy “f'ap dd) (VII-19)
1 8 10A, 0A.
"A=-— +-—" 4+ = V11-20
VA= 5P e T ( )
| aA, A, dA, A,
A= — ) + a,|— - —
Peasafy - 5 alhe - 5
) (i
a-iw—lﬂe (ViL-21)
\pdp p ¢
a{ 9 a* 3’
V=1 (—( Wy, Lae, e (VI11-22)
pop\"apl T P ad?
VA=V(V'A)-VxVxA (VI1I-23)

or in an expanded form

| A A | A 2 9A 1A
R ;”+—3’.—¥'+—,r.—i‘+'.—;"—‘)
dp p dp p pooade p- dd 0z
. (fFA: I 4A. 1 &AL alA_.)
+ @ + - =+ =+

Nap>  p oap PP ool a2’
In the cylindrical coordinate system VA 7 i, VZA,, + 4,V’A, + 4. VA, because
the orientation of the unit vectors 4, and 4, varies with the p and ¢ coordinates.

(VI1-23a)
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VIL.2.3 Spherical Coordinates
oy, aup | ayr

=4, — + + — VviI-
Vi =4, ar MY 50 a"'r sin 8 i (VII-24)
1 . | @ _ | AA,
A =S5 —=(rA) + —— — (A 0) + —— = VII-
vea r ar(r~ ) rsin @ dﬁ( osin 0) rsin 8 Ad (VII-25)
a, 0A, ﬁ,, 1 oA, d
= — (A, sin 6 + = - —(rA
VxA r sin 8[ (Aqsin 6) = d(b] [sm 0 a¢ a’_(r "’):I
a oA,
ty [57 (s ae] (VI-29)
L 1 aw) I @y
== T + + 2 . 1 Yl =
vy »ar ( m) r sin 0 (w(sm 080 r-sin” 0 d¢° (VI-27)
VA =VWV-A)—VxVxA (VII-28)
or in an expanded form
\ A, 20A, 2 I A,  cot 0 9A, 1 %A,
A=2 - - 3A + = et T
v A (ar' T TP r ap? 2P Fsin 8 o
_2_ dAy 2 cot HA 3 2 HA_,,,
r 90 2 7' Psing ad
. (7*A, 204, Ag 1 84, col 0 dA,
dyl—= +-— -~ -t 35 —
* "'(r')r2 T T Panie P T 7 ao
1 *A,, 2 0A, 2col @ aA,
+ + 5= -5 2
Fsinc @ 9dc P a0 Fsin 8
43 d'Ad, + 3 dA,/, _ | l r’)zA,,, cot 6 %
W\ T ar Pt 6t P ag? o
L PA, . 2 A, 2 coL B dAy v
2sin? @ o¢r  Psin@ad  rsin @ ad (VIl-282)

Again note that V?A # 4,V°A, + 4,V Ay + 8,V A, since Lhe orientation of the unit
vectors 4,, d,, and &, varies with the r, 8, and ¢ coordinates.

ViI.3 VECTOR IDENTITIES

VI1.3.1 Addition and Multiplication

= |A]? (VI1I-29)

A-A*¥ = |A) (VII-30)
A+B=B+A (VII-31)
A‘B=B-A (VI-32)
AxB=-BxA (VI1-33)
(A+B)C=AC+B-C (VII-34)

(A+B)xC=AxC+BxC (VII-35)
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A‘BxC=B:-CxA=C-AxB
AxBxC)=(A-C)B - (A-B)C
(AxB)<(CxD)=A"Bx(CxD)
=A-(B-DC-B-CD)
=(A-C)B-D)— (A-D)B:C)
AxB)x(CxD)=(AxB-D)C - (AxB:-C)D

VI1.3.2 Differentiation
V:(VxA)=0
VxVy=10
Vig+ ) =Vd+ V¢
Vidy) = ¢V + YV
V' (A+B)=V-A+V'B
Vx(A+B)=VxA+VxB
V-(YA)y = AV + yv-A
Vx(YA) = Vx A + YyV xA
VA°B) = {A-V)B + (B-V)A + Ax{VxB) + Bx(VxA)
V(AxB)=B:-VYxA—-A-VYxB
Vx(AxB)=AV'-B—BV-A+(B-V)A - (A'V)B
VxVxA =V(V-A) - VA

VI1.3.3 Integration
%A-dl - jj (VxA)-ds Stoke's theorem

ﬁA <ds = ff (V-A)dv Divergence theorem

# i x A)dv_f[ (VxA)dv
Gas- [[] vo
foan [[axsea

(VII1-36)
(VII-37)

(VII-38)
(VII-39)

(V1I-40)
(V1I-41)
(VI1-42)
(VII-43)
(VII1-44)
(VII-45)
{V1-46)
(VII-47)
(V11-48)
(VII-49)
(VII-50)
(VII-5D

(VII-52)

(VI1I-53)

(V1i-54)

(VII-53)

(VII-56)
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Vi1l

METHOD OF
STATIONARY PHASE

In many problems, the following integral is often encountered and in most cases
cannot be integrated exactly:

b rd
Itky = f f  F(x, y)e™ D dy dy (VIIL-1)

where

k = real
f(x, ¥) = real, independent of k. and nonsingular
F(x, v) = may be complex. independent of 4. and nonsingular

Often, however, the above integral needs to be evaluated only for large values of %,
but the task is still formidable. An approximate technique, known as the Method of
Stationary Phase, exists that can be used to obtain an approximate asymptotic ex-
pression. for large values of k. for the above integral.

The method is justified by the asymptotic approximation of the single integral
(]

I'tk) = | Fe™dy (VIN-2)

where
k = real
S(x, v) = real, independent of &, and nonsingular
F(x, yv) = may be complex, independent of &, and nonsingular

which can be extended to include double integrals.

The asymptotic evaluation of (VIII-1) for large k is based on the following:
f(x, ¥) is a well behaved function and its variation near the stationary points x,, y,
determined by

of

S le=u Ef:. (x.vr ys) =40 (VIH':’;a)
ax

et = _\"‘

922
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of ]
% =x =L y) =0 (VI1-3b)

is slow varying. Outside these regions, the function f{(x, y) varies faster such that the
exponential factor exp[ jkf(x, y)] of the integrand oscillates very rapidly between the
values of +1 and — 1, for large values of k. Assuming F(x, v) is everywhere a slow
varying function, the contributions to the integral outside the stationary points tend
to cancel each other. Thus the only contributors to the integral. in an approximate
sense, are the stationary points and their neighborhoods. Thus, we can write (VIII-1)
approximately as

tw p4=
Ik) = f ] F(x,, y,)e™ dx dy
- =7 + % + %
= F(x,, .v_f)j 3 j ) M e dy (VIII-4)
where the limits have been extended, for convenience, to infinity since the net con-
tribution outside the stationary points and their near regions is negligible.

In the neighborhood of the stationary points, the function f{x, ¥) can be approxi-
mated by a truncated Taylor series

y l 2 pr l 2 pn
f(-\'- v) = f(x_n ¥s) + 5(—’: — Xxg)" feclXe, vt ‘_;(V - .\"-\')‘. . \‘_v(xs- y.\')

+ (X — T,)(V - _"‘.\'),/..l';'v(x.\*~ .v.\') (Vm'S)
since
Felxe yg) = filx, v) = 0 (VI11-6)
by (VI111-3a) and (VI1I1-3b). For convenience, we have adopted the notation
.’2
r)x{ X=& = .ft(-‘:.vo y.\‘) (VIH"]‘U
oxX" fu=y,
Q2f
;—‘{2‘. X=XN5 = _)"‘,\'('\..\'9 V\) (VI“—?b)
82
ax('_;; ven = Lo (X ¥) (VIII-7¢)
CEYs
For brevity, we write (V1I]-5) as
flx, vy = flx,, v,) + A& + Bp* + Cé&q (VIL-8)
where
|
A= -2*../.'2"-(-’&. V) (VIi-8a)
1 N
= Ej-"-“ (X0 ¥y (VIII-8b)

C = f4x,. ¥ (VII-8c)
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E=(x—x,) (VIII-8d)
77 = ()' - _V.s) (V“I‘Se)
Using (VITI-8)—(VIII-8e) reduces (VIII-4) to

+ L
I(k) = F(x;. y)el s f = f eI W dg gy (VIHLY)

We now write the quadratic factor of the exponential, by a proper rotation of the
coordinate axes & 7 to u. A, in a diagonal form as

A+ BN +Cén = A'u® + B'N (VIII-10)
related to A. B, and C by
1 2 2N
Al = E[A + B) + \/(A + BY — (4AB — CM)] (VIII-104)

Bl

)

%[(A + B) — V(A + BY — (4AB — CY)] (VIII-10b)

which are found by solving the secular determinant

A—-0 Cr2
Cr2 B -

with £, = A’ and {, = B’. Substituting (VIII-10) into (VIIT-9) we can write
b + =
k) = Fx,. y)eltfoey) f _ f RN gy dA

=0 (VII-11)

+ % 4

1(k) = Fx,. y)el s f e A gy j _eHHER g (VD12

where the signs in the exponents are determined by the signs of A’ and B’, which in
turn depend upon A and B, as given in (VIll-10a) and (VIL-10b). The two integrals
in (VI11-12) are of the same form and can be evaluated by examining the integral

l"(k) - f— e I]k'tdl:dt - 2J:, e & jklajt? dt (V"l'l3)
where a can represent either A" or B’ of (VI1I-12). Making a change of variable by
letting

kot == 72 (VII-13a)

oy

m
= j—— ViII-}
p? > ktﬂ’l dr { 3b)

we can rewrite (VITI-13) as

I"k) = 2 "'r 57 g VII-14
RN (Vi1

The integral is recognized as being the complex Fresnel integral whose value is

. I | S
J”e:q:,:r dr = 5(1 + )y = ——e*3 (VII-15)

[H

S
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which can be used to write (VIII-14) as

w kS T, w L
I"ky = 2 /—f 3V dr = | 0 217
® 2k|al Jo ¢2ldr klalt !

The result of (VHI-16) can be used to reduce (VIII-12) to

o m L.
Itk) = F(x,. y,) efim —— e T/
KN |A'[\B']
R 7w 7
If A’ and B' are both positive, then ¢ "/ ¢ /5 = e M7 = +j
Iz i E .
If A’ and B' are both negative. then ¢ */3 ¢ /7 = ¢ /3 = —j

m

“r .
1T A’ and B' have different signs. then ¢ =3 ¢ =/} = |
Thus. (VIII-17) can be cast into the form

jmd

k\/TAB]

l(k) = F(,v‘.,\‘a ys) ‘)jk" Haex)

where

8 =194 —1 ifA" and B’ are both negative

{ +1 if A" and B’ are both positive
—j il A" and B’ have diflerent signs
Examining (VIL-10a) and (VITI-10b), it is clcar that

(a) A’ and B’ are real (because A. B, and C are real)
(b) A"+ B =A+B
(c) A'B' = (4AB — CH)/4

Using the results of (VIII-19). we reduce (VIII-18) to
Jj2mé
N/14AB - CF

To determine the signs of A’ and B’, let us refer o (VIII-19).

Iky = F(x,.v,) PYSAA N

(VIII-16)

(VITI-17)

(VIII-18)

(VIII-18a)

(VI11-19)

(VITI-20))

(a) If4AB > C? then A and B have the same sign and A‘B" > (). Thus, A’ and B’

have the same sign,
1. A>0thenB>0uandA' >0, B > ()
2. fA<OthenB<0andA"<0. B <0

(b) If4AB < C’. then A'B’ < 0. and A’ and B’ have different signs. Summarizing

the results we can write that

1. If4AB> C?and A > 0, then A’ and B’ are both positive
2. IM4AB> C?and A < 0.then A’ and B’ are both negative

3. If4AB < C* then A’ and B' have different signs

Using the preceding deductions, we can write the sign information of (VIII-18a) as

—1 H4AB>C*andA <0

+1 f4AB>C and A > 0
& =
—j if4AB < C’

(VII-21)
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in the evaluation of the integral in
4 4
1h) = Fx,. y,) e f J | RWETEBT = Co g gy

j2mwd

1k = F(x;, v, JhFCe
= H e N4AB - C|

(VILI-22)



APPENDIX

I1X

TELEVISION, RADIO,
TELEPHONE, AND RADAR
FREQUENCY SPECTRUMS

IX.1 TELEVISION

IX.1.1 Very High Frequency (VHF) Channels

CHANNEL

NUMBER 2 3 4 5 6 7 8 9 10 11 12 13
FREQUENCY

(MHz) 54"60166*72 76782788 1747180718611921198%2047210216

IX.1.2 Ultra High Frequency (UHF) Channels*

CHANNEL

NUMBER 14 15 16 17 18 19 20 ... 82 83
FREQUENCY

(MHz) 47074761482°488749415001506%512 . . . 8788841890

For both VHF and UHF channels, each channel has a 6-MHz bandwidth. For each
channel. the carrier frequency for the video part is equal to the lower frequency of
the bandwidth plus 1.25 MHz while the carrier frequency for the audio part is equal
to the upper frequency of the bandwidth minus 0.25 MHz.

"l top ten urban areas in the United States, land maobile is altowed ta the Grest seven UHF TV channels
(470-512 MHz).

927
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Examples: Channel 2 (VHF): [, (video) = 54 + 1.25 = 55.25 MHz
Jo taudio) = 60 — 0.25 = 59.75 MHz

Channel 14 (UHF): f, (video) = 470 + 1.25 = 471.25 MHz
fo (audio) = 476 — 0.25 = 475.75 MHz

A

I1X.2 RADIO

1X.2.1 Amplitude Modulation (AM) Radio

Number of channels: 107 {each with 10-kHz separation)
Frequency range: 535-1605 kHz

1X.2.2 Frequency Modulation (FM) Radio

Number of channels: 100 {each with 200-kHz separation)
Frequency range: 88-108 MHz

I1X.3 AMATEUR BANDS

Band Frequency (MHz) Band Frequency (MHz)
160-m 1.8-2.0 2-m 144.0--148.0
80-m 3.54.0 — 220-225
40-m 7.0-7.3 — 420-450
20-m 14.0-14.35 — 1215-1300
I15-m 21.0-21.45 — 2300-2450
{0-m 28.0-29.7 — 3300-3500
6-m 50.0-54.0 — 5650-5925

IX.4 CELLULAR TELEPHONE

1X.4.1 Land Mobile Systems

Uplink: MS to BS (mobile station to base station)

Downlink: BS to MS (base station to mobile station)

UPLINK (MH.) DOWNLINK (MHz)
United States of America (I1S-54): 869-894 824-849
Europe-Asia (GSM): 890-915 935-960

Global System for Mobile
communications

Japan (NTT): 870-885 925-940

Nippon Telegraph &
Telephone Corporation
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1X.4.2 Cordless Telephone

United States of America: 46—49 MHz
Digital European Cordless Telecommunications (DECT): 1.880-1.990 GHz

IX.5 RADAR IEEE BAND DESIGNATIONS

HF (High Frequency): 3-30 MHz
VHF (Very High Frequency): 30-300 MHz
UHF (Ultra High Frequency): 300-1,000 MHz
L-band: -2 GHz
S-band: 24 GHz
C-band: 4-8 GHz
X-band: 8-12 GHz
K,-band: 12-18 GHz
K-band: 18-27 GHz
K -band: 2740 GHz

Millimeter wave band: 40-300 GHz




