
Chapter 

9 
Models for Analog Design 

In this chapter we develop models for analog design using the MOSFET. We'll break this 
discussion up into three sections. The first section covers long-channel MOSFET models 
with the assumption that the MOSFET follows the "square-law" equations derived in Ch. 
6. In the second section we discuss models using modern MOSFETs with short-channel 
lengths (< 1 urn). Models for these short-channel MOSFETs are developed with graphs 
showing device characteristics, (e.g., output resistance, transconductance, etc.). Finally, at 
the end of the chapter, we introduce MOSFET noise modeling. 

9.1 Long-Channel MOSFETs 

When we do analog design we often say things like "the MOSFET looks like a current 
source when operating in the saturation region" or "it looks like a resistor." Before going 
too far, let's make sure that we understand these statements. Examine the current-voltage 
(IV) plot in Fig. 9.1. In this figure we've plotted the (DC) current-voltage characteristics 
of a resistor, a current source, and a voltage source. Often the controlling parameter in a 
semiconductor device is a voltage. The controlled parameter is then the device's output 
current (and this is why current is on the y-axis and voltage is on the x-axis in an IV plot). 

Current source 

Figure 9.1 Current-voltage (IV) plots for various electrical components. 
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The voltage across the voltage source, for example, doesn't vary with changes in current 
running through it. The voltage across the resistor is linearly related to the current flowing 
through the resistor (Ohm's law). An important thing to note is that resistance can be 
calculated by taking the reciprocal of the IV plot slope. (So the voltage source in this 
figure has zero resistance; the current source, infinite resistance.) Also note that the x-axis 
corresponds to plotting the IV characteristics of an open circuit (no current with changes 
in voltage). The y-axis corresponds to a short (no changes in the voltage across a wire [a 
short], with changing current). 

Example 9.1 
Plot the IV characteristics for the circuit seen in Fig. 9.2. 
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Figure 9.2 Circuit for Ex. 9.1. 

Figure 9.3a shows the IV curves for each component of the circuit where we use a 
single quadrant of the IV plotting plane. The slope of the resistor is 200 «,4/1 V. 
The resistance value is the reciprocal of this slope (5MEG). The combined IV 
curve is seen in Fig. 9.3b. ■ 
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Figure 9.3 IV plots for Ex. 9.1. 
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Example 9.2 
Figure 9.4 shows the IV curves (drain current versus drain-source voltage with 
constant gate source voltage) for a MOSFET. Comment on what the MOSFET 
looks like in the triode and saturation regions. 

VDSJSÜI and /n s 

Drain-source voltage 

Figure 9.4 IV curves of a MOSFET. 

Clearly, in the triode region (also known as the linear or ohmic region), the 
MOSFET behaves like a resistor. In the saturation region, the MOSFET behaves, 
as seen in Fig. 9.3b, like a current source in parallel with a resistor. The resistive 
component, whether in the triode or saturation regions, is often called the 
MOSFET's output resistance. ■ 

9.1.1 The Square-Law Equations 

The drain current, ID , is related to the gate-source voltage, VGS , and the drain-source 
voltage, VDS, using 

/ B = ^ ■ J(VGS- VTHN)\\ +X(VDS- VDS**)) (9.1) 

for VDS ^ Vos^at and VGS ^ VTHN- A S seen in Fig. 9.4, Vos,sat is the voltage where the 
MOSFET moves from the triode region to the saturation region. For long-channel 
MOSFETs, this can be written as 

Vos,sat = VGS - VTHN (9.2) 

This term is very important and will be used frequently when doing analog design. Notice 
that Vos,sat represents the amount of gate-source voltage that we have in excess or over 
the threshold voltage. For this reason, it is sometimes called 

VDSJM = excess gate voltage = gate overdrive voltage (9.3) 

Note that while Eq. (9.2) is only valid for long-channel MOSFETs, the voltage, VDS,sat, 
simply indicates, for long- or short-channel MOSFETs, the VDS at the boundary between 
triode and saturation. When VDS = Vos^at, the drain current is labeled ID^M or 

KP„ w,„ v ^2_KP„ W(V .2 „ „ 
VTHN) -—: r(YDS,sai) {y-V I D,sal : (V GS-

Equation (9.1) can be rewritten as 
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ID = lD,sat + lD,sat^- ' ( VDS ~ VaS.sat) (9.5) 

Using the results from Exs. 9.1 and 9.2, we see that the MOSFET behaves, while in the 
saturation region, like a current source ID^M in parallel with a resistor of value 

r0 = Y T — (9-6) 

Figure 9.5 shows a gate-drain connected MOSFET, something we'll see often in 
analog design. Notice that VGS = VDS- If VGS > VJHN (a current is flowing through the 
device), then, for the MOSFET to operate in the saturation region, we must have 
VDs ̂  VGS - VTHN or 0 > - VTHN (indicating that a gate-drain-connected MOSFET with a 
current flowing through it is always operating in the saturation region [remember this]). 
We can also write the requirement for operation in the saturation region as 

VDS VGS 

VD^VS > VG^FS - VTHN or VD>VG-VTHN (9.7) 

+ 
VGS 

+ 
ID 

VDS 

Figure 9.5 Gate-drain connected MOSFET. Also known as a diode-connected MOSFET. 

PMOS Square-Law Equations 

The PMOS equivalents of Eqs. (9.1) and (9.2) are (for completeness) 
KP uz 

ID=~i~' L {VSG ~ v™p)2{X+X{-VSD - VsD^<y> (9-8) 
and 

VsD** = VSG - Vmp (9.9) 

Note that all we did was swap the subscripts of the symbols used in the NMOS equations. 
Using this notation, the terminal currents and voltages of the MOSFET (both NMOS and 
PMOS) are always positive. 

Qualitative Discussion 

To develop some intuitive understanding for MOSFET operation, let's look at the circuits 
in Fig. 9.6. In the following discussion it is assumed that the MOSFETs are operating in 
the saturation region and that the terminal voltages (VGS and VDS) of the device do not 
exceed the power supply rails. 

Imagine injecting a current into the drain of the NMOS device in Fig. 9.6a. What 
happens to the device's drain current? Answer: it goes up. What happens to the device's 
VDS? Answer: it goes up. If we hold Vcs constant then, as seen in Eq. (9.1), we must see an 
increase in VDS ifID increases. Stealing current from the NMOS's drain (pulling more of 
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Figure 9.6 Movement of voltages and currents in a MOSFET, see text. 

the current flowing down from the resistor away from the MOSFET's drain terminal) 
results in both the drain current and VDS going down (until the device enters the triode 
region and ultimately turns off). Make sure that these statements are clearly understood. 
We will frequently sum or take the difference of currents using MOSFETs; how the 
voltages and currents change should be "felt" when looking at an analog design, without 
referring to the equations. 

For the PMOS device in Fig. 9.6b, injecting a current into the drain causes the 
drain current to go down. In the PMOS device, drain current flows out of the drain 
terminal of the MOSFET. Injecting a current into the drain results in the drain current 
going down. When we inject this current into the PMOS drain, the source-drain voltage, 
VSD , decreases as well (meaning that the drain voltage moves towards the power supply 
voltage VDD). Ultimately the device will shut off and the drain current will go to zero. If 
we steal current from the drain, the drain voltage will move towards ground (noting that 
VSD = VDD -VD) and the PMOS drain current will increase. 

Question: If the channel length modulation parameter, X, is zero and the 
MOSFETs stay in the saturation region, will the drain current change with drain-source 
voltage? Answer: no, the drain current is then independent of VDS, Eq. (9.1). We won't be 
able to inject or steal a current from the MOSFET without either pushing the MOSFET 
into triode or moving the drain terminals beyond VDD or ground until the MOSFET 
breaks down. As seen in Eq. (9.1), with A. = 0, ID is only dependent on VGS as long as the 
MOSFET is in saturation. 

Example 9.3 
For the circuit in Fig. 9.7, describe qualitatively what will happen if we inject a 
current at the location seen in the figure of - 1 \\A < I < 1 u^ . Verify your answer 
with SPICE. (Use the long-channel CMOS models from Ch. 6.) 

This circuit, as we will see in Ch. 20, is a cascode current mirror. Ml and M3 are 
operating in the saturation region with a drain current of 1 uA. Neglecting body 
effect (the change in threshold voltage when the source and body of the MOSFET 
aren't at the same potential), we know Vcs\ = VG& when Ml and M3 are sized 
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Figure 9.7 Schematic for Ex. 9.3. 

the same and have the same drain currents. Because the gates and sources of M2 
and Ml are physically tied together, we can write VGS\ = VQSI = VGSI = VGSA, 
meaning that 1 uA flows in all MOSFETs. 

For the injected current seen in the figure, a positive 1 uA indicates that 
current flows to the left into the drain of M2 (the source of M4). A positive 
current also indicates that we are injecting a current into the node. A -1 uA 
indicates that current flows to the right out of the node (we are stealing current 
from the node). 

If we inject 1 uA into the drain of M2, then M2's drain voltage and M4's 
source voltage increase causing VGSA to decrease. Since M2 wants to (meaning its 
Vcs is setting) sink a current of 1 uA, our injected current goes entirely through 
M2 to ground. M4 will shut off {VGSA ^ VJHN)-

If we steal 1 uA from the node (/ = - 1 uA), then the drain voltage of M2 
moves downwards towards ground. Then M4 supplies 2 uA of current {VGSA 
increases). 

Figure 9.8 shows the SPICE simulation results. As discussed, M4 starts to shut 
off (its gate-source voltage falls below Fmjv) when we inject 1 uA of current. 
When we steal 1 uA of current (the left side of the plot), VGS4 increases to supply 2 
uA of current. 

To look at the currents flowing in the circuit, zero-volt DC sources can be 
added. Then, in SPICE, the current through these added sources can be plotted. 
An example is seen in Fig. 9.9. Simulating the circuit in Fig. 9.7 with the added 
DC source, we can plot the current through M4, as seen in Fig. 9.10. As 
mentioned, the drain current shuts off when 1 (oA is injected into the node, and it 
goes to 2 uA when we pull (steal) 1 uA from the node. To monitor the current 
flowing in M2, we can either add another zero-volt DC source or simply move the 
injection point to the top of the added DC voltage source in Fig. 9.9. 

It's highly recommended that the reader simulate the circuit in Fig. 9.7 under 
various operating conditions until its operation is fully understood. ■ 
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Figure 9.8 SPICE simulations verifying the discussions in Ex. 9.3. 

For monitoring M4's 
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Figure 9.9 Adding zero volt sources to monitor currents in SPICE. 
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Figure 9.10 How the drain current of M4 changes with injected current. 
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Threshold Voltage and Body Effect 

For an NMOS device, the threshold voltage increases when the source is at a higher 
potential than the NMOS body (the p-substrate, or ground, in this book). This change in 
threshold voltage is called the body effect. A simple example of a MOSFET operating 
with body effect (an increased threshold voltage) is seen in Fig. 9.7. Both M3 and M4 
have a larger threshold voltage than Ml and M2. 

From Ch. 6 the change in threshold voltage can be written as a function of the 
source to bulk potential, VSB, Fig. 9.11, as 

VTHN(VSB) = VTHN0 + y„U2\Vfp\ + VsB - p\Vfp\ ) (9.10) 

and for the PMOS (again we simply switch the subscripts so that all voltages and currents 
are positive) 

VTHP(VBS) = Vmm+Vp(ft\Vfi,\ + VBS - p\Vfn\) (9.11) 

B 

S VSB 
+ 

VDD 

+ 
I—, B 

n-well 
(most positive voltage 
on the chip...generally) 

■^ p-substrate 
(most negative voltage 
on the chip) 

Figure 9.11 The body connection of a MOSFET. 

Qualitative Discussion 

It's useful to have a feeling for how the threshold voltage changes with increasing 
source-to-body potential. Figure 9.12 shows a plot of the threshold variation with VSB. For 
large values of VSB, the threshold voltage change isn't very significant, while for small 
values it is significant. The circuit seen in Fig. 9.13 is an example where we might want 
small variations in the threshold voltage. Because the resistor is large, the gate-source 
voltage will be close to the threshold voltage. If the threshold voltage didn't vary, then the 
drain current would be linearly related to the input voltage. This circuit is useful for 
voltage-to-current conversions. 

VTHN{VSB) 

VTHN(0)= VTHNO-

Source shorted to body, VSB = 0 VSB 

Figure 9.12 Variation in threshold voltage with source to bulk potential. 
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The resistor is big so that 
Vcs x VTHN (a small drain 
current). 

Vm - VTHN 

Figure 9.13 An example of a circuit where body effect is important. 

Example 9.4 
Simulate the operation of the voltage-to-current converter in Fig. 9.13 if the size 
of the MOSFET is 10/1 and the resistor is 10MEG. Use long-channel devices. 

Figure 9.14a shows how the current varies through the MOSFET with Vin 
changing from 1 V to 5 V. We start at 1 V Vin because the current will shut off 
when Vin < VTHN, resulting in a large nonlinearity. Looking at the linearity of the 
current, it looks really good (straight). However, in Fig. 9.14b we take the 
derivative of the line in (a) to see the slope. The variation in the slope is 
approximately 20%. For precision design of voltage-to-current converters, the 
variation in the linearity of the threshold voltage can be a limiting factor. We 
should note that channel length modulation also contributes to nonlinearities (so 
increasing the length, to increase ro, of the device can help improve the linearity). 

Question: what is the ideal slope for Fig. 9.14; that is, what is the ideal value 
ofdIldVinl Answer: MR or, in this example, 100 x 10"9 AIV. ■ 

- vdd*#branch — deriv(vdd»i'br«nch) 

300.0 

200.0 

100 0 

(a) 

Figure 9.14 (a) Current flowing in the circuit of Fig. 9.13 and (b) its linearity. 
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There isn't any way to eliminate the body-effect in an n-well process where the 
NMOS device body is the substrate (though, if a triple well process is used, the NMOS 
devices can sit in their own wells). However, the PMOS devices can sit in their own wells 
and have separate bodies (and so we can design without body effect). 

The Triode Region 

The relationship between ID , Vas , and VDS for an NMOS device operating in the triode 
region is 

ID=KPn^-UvGs-VTHN)VDs-^f\ (9.12) 

where VGs ̂  VTHN and VDS ^ Vassal (= VGS- VTHN)- The equivalent expression for the 
PMOS device is 

lD=Kp£-\(.VsG-Vmp)V!!D-^r\ (9.13) 

where VSc ^ VTHP and VSD ̂  VSD,sat (= Vsc - VTHP)-

We said earlier, in Fig. 9.4 and the associated discussion, that the MOSFET looks 
like a resistor when it is operating in the triode region. To estimate the value of the 
resistance, we can use 

rcl=^-=KPn-^-(Vas-VmN)-KP„-^. 

or 

If Vos^at » VDS, this equation can be written as 

Rch = Ü - (9.15) 

Rch * ^ (9.16) 
KP„-f(VGS-VTHN) 

The Cutoff and Subthreshold Regions 

For general design, we normally assume that the device is off (meaning zero drain 
current) when VGs < VTHN or VSG < VTHP- However, it would be more correct to say that 
the device is operating in the subthreshold region (instead of the strong inversion region 
we've discussed so far in this chapter). The subthreshold current of a MOSFET operating 
in the active region (the amplifying region, which is similar to the saturation region for a 
MOSFET operating in strong inversion) is modeled using 

ID=IDO-J- e(-v™-v™»y"VT (9.17) 

VGS ̂  VTHN and VDS > 4VT (remembering the thermal voltage, VT , is kTlq or 26 mV at 
room temperature). The current Im is the (scaled) current that flows when VGS - VTHN = 0 
(the gate-source voltage is equal to the threshold voltage). Note that Eq. (9.17) shows no 
dependence on VDS. This indicates that the MOSFET has infinite output resistance when 
operating in the active region (which isn't the case, and so this equation has limitations). 
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9.1.2 Small Signal Models 

A quick note concerning symbols: throughout the book we'll represent a signal containing 
both AC and DC components by a lowercase letter with uppercase subscripts. AC signals 
are represented with both lowercase letters and subscripts, while DC signals are 
represented with both uppercase letters and subscripts, see Fig. 9.15. (Note that if the 
maximum value of vGS is VDD in Fig. 9.15, then the MOSFET is either in the saturation 
region or off [Vas<VTHN].) 

VDD 

I 'D = ID 
DC AC 

+ id 

VGS =VGS +vg 

> 
VTHN 

Figure 9.15 IV curves of a MOSFET in saturation. 

Small-signal models are used to calculate AC gains. Figure 9.16 shows the basic 
idea. We adjust the DC gate-source voltage, Vas , to a value that corresponds to a DC 
drain current ID. At this bias point, we apply a small AC signal where lvgsl « VGS and 
lirfl «ID- Because the signals are small, the change in drain current, id , with gate 
voltage, vgs is essentially linear (as seen in the blown-up view in Fig. 9.16). If our AC 
signal amplitudes get comparable to the DC operating (or bias) points, we get high 
nonlinearity (which makes feedback necessary for any highly linear amplifier). 

id Slope =gm = — 

Blown-up view 

>VGS 

Figure 9.16 How small-signal parameters are calculated. 
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We often treat DC voltage sources as shorts when doing AC analysis (and current 
sources as opens). Looking at Fig. 9.15, we see that it's impossible for the AC signal to 
generate a voltage across the DC source. The voltage across the DC source is fixed with 
zero AC component so that the DC voltage source is an AC short. 

Finally note that performing a small-signal analysis consists of the following 
steps: 

(1) Calculating the bias point of the circuit using the DC equations from Sec. 9.1.1. 

(2) Using the DC values from (1) to calculate the small-signal parameters. 
Small-signal AC parameters are always a function of the DC operating point. 

(3) Replacing the active elements (e.g., MOSFETs) with their small-signal models. At 
the same time, the DC sources are removed (that is, short out all DC voltage 
sources and open up all DC current sources). 

An AC analysis doesn't include any DC voltages or currents. For example, 
suppose we have an (AC) vgs = 1 mV. It doesn 't make sense to say that the MOSFET is 
off because vgJ < VTHN. To perform a small-signal analysis (to calculate small-signal 
parameters), the MOSFETs are in saturation or triode (meaning VGS > VTHN)-

Transconductance 

An extremely important parameter in analog design is a device's transconductance, gm. 
The gm of a device is an AC small-signal parameter that relates the AC gate voltage to the 
AC drain current, that is, 

ld = gm (9.18) 

From Figs. 9.15 and 9.16, gm is simply the slope of the line at the intersection of the DC 
operating values VGS and ID. Using Eq. (9.1), without concerning ourselves with 
channel-length modulation, we can write 

ID = id + ID = 
KP„ W 

L ' 
< + V, GS ■ THN (9.19) 

To find the slope (gm) of the iD-vGS curve at the fixed bias points Vas and ID (Fig. 9.16), we 
take the derivative of this equation with respect to the x-axis variable (vGS) 

" ID = constant 
gm = 

If we remember 

then we can write 

Sip 
. 5vGly 

w 
= KP„-f-(vgs+VGS-VTHN) 

VQS = constant 

ß„=KP„-^ andlv g s l«K G S 

gm = ßn 

VDSjat 

VGS - VTHN = pßnlD 

(9.20) 

(9.21) 

(9.22) 

The key points are that gm goes up as the root of the drain current and linearly with VL 
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Example 9.5 
Calculate the DC and AC voltages and currents for the circuit seen in Fig. 9.17. 
Use the long-channel MOSFET parameters from Ch. 6. 

VDD VDD = 5V 

2.5V 

Both NMOS are 10/2 
Both PMOS are 30/2 

Figure 9.17 Circuit discussed in Ex. 9.5. 

We begin by looking at the DC operating point. The gates of both Ml and M2 are 
at 2.5V. This is necessary to keep them turned on. Since the sources of Ml and 
M2 are physically tied together, VGS\ = Vcsi and ID\ = IDI = 20 \iA. Rewriting Eq. 
(9.1), neglecting channel-length modulation, results in 

VGS= -\KP:'W+VTHN (9.23) 

Assuming both Ml and M2 are operating in the saturation region (we'll verify this 
in a moment), we get 

Vasi = VGsi = J-^ ■ - j | +0.8 = 1.058 V-> VDS^at «250 mV 

The source-to-gate voltage for M3 (knowing its drain current is 20 uA) is 

Vsoi = J ^ 2 Q . 2- +0.9 = 1.158 K-> VSD** * 250 mV 

The drain potential of Ml and M3 is 

VDX = VD3 = VDD- Vsm = 3.842 V 

From Fig. 9.5 and the associated discussion, we know that M3 is in saturation. To 
see if Ml is in saturation, we use Eq. (9.7) 
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VD\ > VG\ - VTHN -> 3.842 > 1.7 V (yes, Ml is in saturation) 

Next we look at M4. M4's source-to-gate voltage is 5 V. It's very likely that it is 
in triode. We know, for a PMOS to be operating in the saturation region, we must 
have 

VS-VD VS-VG 

VSD > VSG - VTHP -*VD<VG+ Vrm (9.24) 

M4's gate is grounded (Va = 0), so for M4 to be in saturation, VD ^ 0.9 V. Since 
the gate of M2 is at 2.5 V and VGS2 = 1.058, then its source is 1.442 V, which 
makes it impossible for M4 to be saturated. To estimate the drain-to-source 
voltage of M4, we use Eq. (9.13), knowing that M4's drain current is 20 uA and 
its gate-source voltage is 5 V 

30 L ™ w VSD 20 = 4 0 . ^ ( 5 - 0 . 9 ) K S z > 2 

which results in VSD = 8.13 mV. The drains of M4 and M2 are then 4.992 V or 
essentially at VDD. Clearly M2 is operating in the saturation region. M4 can be 
thought of as a resistor with a value of (Eq. [9.16] noting VSDsat» VSD, that is, 4.1 
V » 8 . 1 3 m V ) 

RchMA = 1—rn = 407 Q 
(40iiA/V)-f -4.1 

Note that we could have estimated the resistance using VSDIID = 8.13m/20|a 
= 407 Q. Before moving on, let's do an operating point analysis for this circuit 
(an .op analysis). The SPICE netlist is seen below. 

*** Example 9.5 CMOS: Circuit Design, Layout, and Simulation *** 

.control 
destroy all 
run 
** for the operating point analysis 
print all 
* 
** for the AC analysis 
*plot mag(vd13) mag(vs12) mag(vgl) mag(vd34) 

** for the transient analysis 
*plotvd13 
*plotvs12 
*plotvg1 
.ende 

.option scale=1u 
•op 
" .ac dec 1001 10k 
".tran 1u300u 

VDD VDD 0 
VG1 VG1 0 
VG2 VG2 0 
Ibias VS12 0 

DC 
DC 
Dc 
DC 

5 
2.5 
2.5 
40u 

AC 1m SIN 2.5 1m 10k 
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M1 VD13 VG1 
M2 VD24 VG2 
M3 VD13 VD13 
M4 VD24 0 

VS12 
VS12 
VDD 
VDD 

.MODEL NMOS NMOS LEVEL 
+ TOX =200E-10 
+ PHI =0.7 
+ UO = 650 
+ KP =120E-6 
+ RSH = 0 
+ XJ = 500E-9 
+ CGDO =200E-12 
+ CJ = 400E-6 
+ CJSW =300E-12 
* 
.MODEL PMOS PMOS LEVEL 
+ TOX =200E-10 
+ PHI = 0.7 
+ UO = 250 
+ KP = 40E-6 
+ RSH = 0 
+ XJ = 500E-9 
+ CGDO =200E-12 
+ CJ = 400E-6 
+ CJSW =300E-12 

0 NMOS L= 
0 NMOS L= 
VDD PMOS L= 
VDD PMOS L= 

= 3 
NSUB =1E17 
VTO = 0.8 
ETA = 3.0E-6 
VMAX =1E5 
NFS =1E12 
LD = 100E-9 

=2W= 
=2W= 
=2W= 
=2W= 

CGSO =200E-12 
PB = 1 
MJSW =0.5 

= 3 
NSUB =1E17 
VTO = -0.9 
ETA =0 
VMAX =5E4 
NFS =1E12 
LD = 100E-9 
CGSO =200E-12 
PB =1 
MJSW =0.5 

=10 
=10 
=30 
=30 

GAMMA = 0.5 
DELTA = 3.0 
THETA = 0.1 
KAPPA =0.3 
TPG =1 

CGBO =1E-10 
MJ = 0.5 

GAMMA = 0.6 
DELTA =0.1 
THETA = 0.1 
KAPPA =1 
TPG = -1 

CGBO =1E-10 
MJ = 0.5 

.end 

A portion of the operating point analysis output is 
(we hand calculated 3.842) 
(we hand calculated 4.992) 
(we hand calculated 1.442) 

vd13 = 3.854977e+00 
vd24 = 4.989641 e+00 
vs12 = 1.171189e+00 

The only significant difference between our hand calculations and the simulation 
results is the potential calculated for the sources of M1/M2. The smaller value in 
the simulation is because we didn't include the body effect in our calculations. We 
used VTHNO = 0.8 V when the actual threshold voltage was closer to 1.1 V. 

Let's now turn our attention towards the AC analysis. The transconductance of 
Ml andM2 is 

gmi=gn,2 = j2-KP„^-ID = J 2 - 1 2 0 u - - ^ - 2 0 ^ 1 5 0 ^ 

The transconductance of M3 is 

gml ■ 2-KPp^-ID = /2-40u.-^-20u. *150uJ/T 30 
2 

M4 is operating in the triode region and so we think of it as a resistor (407 Q). 
Figure 9.18 shows the simplified AC schematic of Fig. 9.17. Notice how we can 
replace M3 with a resistor of l/gm3. This is because the AC voltage across M3 is 
vJg3 = v«ß and the AC current through it is id or 
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J_ 
gm 

Vsd . 

id id 
(9.25) 

A gate-drain connected MOSFET with a current flowing through it is always in 
saturation, as discussed earlier, and can be thought of as a small-signal resistance 
of l/gm (again, remember this). 

S Channel resistance 

Figure 9.18 AC schematic for the circuit in Fig. 9.17. 

When we talk about negative currents or voltages in an AC small-signal 
analysis, we are indicating that the overall AC + DC signal is decreasing. For 
example, we'll see in a moment that the AC small-signal drain current in M2, Fig. 
9.18, is negative. This means that the current may be going from 20 |jA (its DC 
operating point) to, say, 19.995 uA with an AC input. We would then say that the 
AC drain current is, z^, - 5 nA. 

To analyze the circuit, we can begin by writing 

1 TA id\ idl 

Imv=vgs,-Vgs2=—-— 
We know that gm\ = g„a and, from Fig. 9.18, 

id\ =-idi 

so 

Vgsi =-vgs2 =0.5mV 

The sources of Ml and M2 are at an AC voltage of 0.5 mV. The AC drain 
currents are 

idi = idi = -idi = -id* = gm\ ■ vgsi = (150 \xAIV) ■ 0.5 mV= 75 nA 

This means the overall (AC + DC) drain current of M1/M3 is 

iD\ = 20 \iA + 0.075 sin2jt/7 

where/is the frequency of our 1 mV input signal and 

im = 20 |x4-0.075 sinlnft 



Chapter 9 Models for Analog Design 285 

noting that im and iD2 must sum to the DC bias of 40 uA. 

The (AC) drain voltage of Ml and M3 is 
1 75 nA n c T/ 

The voltages on the drains of M2 and M4 are 

Vdi = vM = -IM ■ RchMA = (75 nA) ■ 407 = 0.03 mV 

We'll verify these voltages with SPICE in a moment. This lengthy example 
illustrates several key concepts that will be used throughout the analysis and 
design of analog CMOS circuits in this book. Before moving on, make sure that 
the concepts are clear and well understood (SPICE can be very helpful for this). 

Question: How would we look at the SPICE simulated currents (AC and DC) 
flowing in the MOSFETs in Fig. 9.17? Answer: add zero-volt voltage sources as 
seen in Fig. 9.9 and the associated discussion. ■ 

AC Analysis 

We can perform a small-signal analysis using a SPICE ".ac" statement. Just like in our 
hand calculations, SPICE first calculates the operating point using the DC sources (no AC 
sources are present in the circuit). Then SPICE replaces the active devices with their 
small-signal equivalent circuits (no DC sources in the circuit, now just the AC sources). 
The key point here is that SPICE assumes the user knows that the AC components should 
be much smaller than the DC components. If we were to simulate, using an AC analysis, 
the operation of the circuit in Fig. 9.17, but used a 1,000 V AC input instead of a 1 mV 
AC input, SPICE would simply scale all of the outputs (the simulation won't tell the user 
that the AC input is too big). 

The possible syntax for an .ac analysis statement is 
.AC DEC ND FSTART FSTOP 
.AC OCT NO FSTART FSTOP 
.AC LIN NP FSTART FSTOP 

where DEC stands for decade (our x-axis in an .ac analysis is frequency) and ND is the 
number of points per decade (OCT stands for octave and LIN stands for linear). FSTART 
and FSTOP are the starting and ending frequencies for the small-signal AC analysis. 

We can do a SPICE AC analysis for the circuit in Fig. 9.17 by changing the .op 
analysis used in the netlist to an AC analysis control statement 

.ac dec 100 1 10k 

where we've picked a frequency range of 1 Hz to 10k Hz with 100 points calculated per 
decade. (The first decade is 1 to 10 Hz, the second, 10 Hz to 100 Hz, etc. If we had used a 
start frequency of 2 Hz, then the first decade would be 2 Hz to 20 Hz, the second would 
be 20 Hz to 200 Hz, noting that increasing by a decade is multiplying by 10 and 
decreasing by a decade is dividing by 10.) The input signal (the gate of Ml) is 

VG1 VG1 0 DC 2.5 AC 1m SIN 2.51m 10k 
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The operating point analysis ignores the AC voltage of 1 mV and the sinusoid 
specification (a sine wave with a DC offset of 2.5 V, a peak amplitude of 1 mV, and a 
frequency of 10 kHz). The AC analysis uses the DC value to calculate the operating point 
and the AC value to calculate the small-signal AC voltages and currents. We'll discuss 
the SIN portion in a moment when we talk about transient analysis. The simulation 
results are seen in Fig. 9.19. The values should be compared to the values calculated in 
Ex. 9.5. The only (small) difference is the voltage calculated at the sources of Ml and 
M2. We calculated 0.5 mV, while SPICE gives 0.42 mV. This is due to the body effect 
transconductance, gmh, which is discussed on the next page. 

AC input 

Drains of M1/M3 
Sources of M1/M2 

<-
*.—— 

Drains of M2/M4 
1 0 - 3 IQ"* 

f r e q u e n c y Hz 

Figure 9.19 AC simulation results for the circuit in Fig. 9.17. 

Transient Analysis 
The AC analysis is frequently used to look at the frequency response of a circuit. 
However, as we have just discussed, it will not show large signal nonlinearity. A transient 
analysis, however, will show large signal nonlinearity (the x-axis is time just like the 
x-axis on an oscilloscope display). The control statement for a transient analysis is 

TRAN TSTEP TSTOP <TSTART <TMAX> <UIC> 

where TSTEP is the step size (say 1/1,000) of the stop time TSTOP. TSTART is an optional 
parameter to specify a later starting time. The simulation always starts at 0 seconds. 
However, in some simulations there are start-up transient signals that we are not 
interested in. To avoid saving this uninteresting data in our output file (to reduce the 
output file size), we can specify a start-up time later than 0. In this book we won't use this 
option. The TMAX parameter specifies a maximum step size for the simulation. If, for 
example, a sine wave is plotted and it looks jagged (meaning that our step size is too 
coarse), we would use a smaller step size (TMAX) in the simulation to smooth it out. UIC 
indicates, "Use Initial Conditions." If UIC isn't present in a simulation, SPICE ignores all 
initial conditions. A sample transient control statement is 

.TRAN 1n1000n0 1nUIC 

To simulate the circuit in Fig. 9.17 using a transient analysis, we use the input signal 
source of 

VG1 VG1 0 DC 2.5 AC 1m SIN 2.5 1m 10k 

In a transient analysis, SPICE always ignores the AC component. It ignores the DC 
component as well if pulse, sinusoid, or some other signal is specified. Note that the SIN 
specification has nothing to do with AC analysis. For the transient simulation of the 
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circuit in Fig. 9.17, we use a sinusoid with a DC offset of 2.5 V, a peak amplitude of 
lmV, and a frequency of 10 kHz (picked arbitrarily for this simulation). The simulation 
results showing the drain potential of Ml and M3 are seen in Fig. 9.20. 

Peak voltage of 0.5 mV 

Figure 9.20 Transient simulation showing the drain voltages of Ml and M3 from Fig. 9.17 

Body Effect Transconductance, gmb 

Figure 9.21 shows the setup to determine how the drain current varies with source-to-
bulk potential VSB. If we raise the potential of the source, we eventually run into the point 
where the source potential is less than a VTHN below the gate potential, and the MOSFET 
shuts off. 

VDD 

(Source shorted to bulk) 

VSB = VSB + Vsb 

> 
VSB 

MOSFET shuts off 
VG > VSB + VTHN because source 
for the MOSFET to be on. potential gets too large. 

Figure 9.21 How the drain current changes with body-effect. 

Remembering that the body-effect is the variation of the threshold voltage with 
VSB, we can write 

gmb ■ 
dip 

. 8VSB 

ID = constant 

VSB = constant ^SB 
—z — ( VGS - VTHN) 

~ ID = constant 
(9.26) 

VSB = constan 

or 
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gmb=KP„^.(VGS-VTHN)(-d-^ (9.27) 

or (noting there is a variation in vGS with v5flbut this is simply the forward gj. 

gmb=gm-r\ (9.28) 

The factor r| describes how the threshold voltage changes with VSB and generally ranges 
from 0 (no body effect) to 0.5. The minus sign in Eq. (9.27) simply indicates that the AC 
drain current contributions from changes in the threshold voltage with VSB (body effect) 
flow in the opposite direction of the contributions from the forward transconductance, gm. 
Figure 9.22 shows the AC small-signal model of the MOSFET with both small-signal 
transconductances included. 

M 

+ 
Vsb 

\ ) gmbVsb 
MD,S 

Figure 9.22 Small-signal MOSFET with both transconductances. 

Output Resistance 

We've already calculated the output resistance of a MOSFET operating in the saturation 
region in Eq. (9.6) (added to Fig. 9.22). Let's calculate this value again using the circuit 
seen in Fig. 9.23. We can write 

In = constant 

VDS = constant ^VDS 

KP„ W(v v ,2 
f vDS 

1+A. 
V V 

Vds + VDS - KD5,S, 
J J 

(9.29) 

ID = ID + id 
< 

D 

VGS = constant 

0 VDS 

One over the slope 
is output resistance. 

> 
VDS X7 

constant 

Figure 9.23 How the drain current changes with drain-to-source voltage. 
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or, once again, 

ra = XIDJM 
(9.30) 

Example 9.6 
Determine X, using simulations, for the MOSFETs in Ex. 9.5. 

The Vas (NMOS) and Vsa (PMOS) of the MOSFETs in Ex. 9.5 are 1.05 V and 
1.15 V, respectively (roughly for 20 uA of bias current). Figure 9.24 shows the IV 
plots for the MOSFETs and the reciprocal of the derivative of the drain current 
(which gives us the output resistance). Because the NMOS threshold voltage is 
0.8 V and the PMOS threshold voltage is 0.9 V, both MOSFETs have a VDSsal of 
250 mV and a channel length of 2. The channel-length modulation parameter is 
calculated using 

1 1 X„ — 
20n • 5MEG 

= 0.01 V-

and 

X„ — ■ 1 
2 0 ^ ■ 4MEG 

: = 0.0125 V 

noting that the values are approximations. Also note that the output resistance is 
very dependent on drain-to-source voltage. ■ 

c 
<D 15 

fc 

Was- = i1.05tf i 

pzEc^j 
1 : 1 i ! 1 3 

3 
O 

[VGS = i.05 H^4-"-~—i 

NMOS VDS NMOS VDS 

a 
a 
£ 
3 
o 
c 
«1 

Q 

20 0 

in n 

b.(] 

Vsa^l.lSW 

3 
O 

IF«; = 11.15 H 

PMOS 
VSD PMOS VsD 

Figure 9.24 Using simulations to determine lambda. 
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It's of interest to determine how output resistance changes with channel length 

j _ KPN W VI /-Q I n 

and VDSsal. Remember 

and, from Ch. 6, 

so we can write 

^ - C C 
1 

DSjat 

(9.32) 

(9.33) 

If the length of the MOSFET is increased, for fixed Vas (equivalent to saying for fixed 
VDSsal, since VDSiSat = VGS - VTHN), then the drain current decreases and the output 
resistance increases. If the length is held constant, then decreasing VDSsal causes the drain 
current to decrease and the output resistance to increase. We might think that, to get large 
output resistance, all we have to do is use a very long-length device. However, as we'll 
show next, this causes the inherent speed of the MOSFETs to decrease. 

MOSFET Transition Frequency, fT 

Examine the circuit in Fig. 9.25. The drain of the MOSFET is at AC ground (shorted 
through the DC drain-source voltage). This causes, from the gate terminal, Cgs and Cgd, to 
appear as though they are in parallel. We can then write 

ves = -j(D ■ (Cgs + Cgd) 
Knowing id = gm • vgs, we can write the current gain of the MOSFET as 

gm 
2 r t / ' (Cgs + Cgd) 

(9.34) 

(9.35) 

Figure 9.25 Determining the transition frequency of an NMOS transistor. 
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If we call the frequency where the current gain of the MOSFET is one, Fig. 9.26, the 
transition frequency, fT (the transistor transitions from an amplifier to an attenuator) and 

- wrT '"" i » Cgd, then we can write (see Eq. [9.22]) we remember that Czs\ = ^WLC\ 

f ~ 8> 
JT~ IUCQ 

3KP„-( VGS - VTHN) _ 3 \in Voss« 
4n-L2CL 4n ' L2 (9.36) 

This equation is fundamentally important. To get high speed, we need to use minimum 
channel lengths and design with a large VDSml. However, as seen in Eq. (9.33), using 
minimum lengths results in lower output resistances (and, as we'll see later, lower gain). 
What this indicates is a constant gain-bandwidth product (higher speed resulting in lower 
gain). In using a large VDSsal, the MOSFETs enter the triode region earlier (resulting in 
reduced output swing in amplifiers or mirrors). Note that the/ r for the PMOS device is 
inherently smaller than that of the NMOS device due to the lower value of hole mobility. 

For short-channel devices, the mobility is no longer constant but starts to decrease 
(velocity saturation as discussed in Ch. 6) with decreasing length (increasing electric field 
between the drain and channel). Because of this, we treat the term \i„IL as a relatively 
constant value and rewrite Eq. (9.36) as 

/ r oc VDS,S, (Short-channel devices) (9.37) 

Again, for high-speed, we need to use the smallest possible channel length and large 

Figure 9.26 The transition frequency of a MOSFET. 

General Device Sizes for Analog Design 

Based on Eqs. (9.33) and (9.36), we can make some general statements about selecting 
device L, W, and VDSsat. For general analog design, use an L of 2-5 times minimum (in 
this book Lmin = 1, since we scale the MOSFET sizes by either 1 um [long-channel 
MOSFETs] or 50 nm [short-channel MOSFETs] in the SPICE netlists or layout). We'll 
use an L, for analog design, of 2 as a good trade-off between speed and gain. 

For general design, use a VDSsal of 5% of VDD. For our long-channel MOSFETs 
(VDD = 5 V), we'll use a VDSsal of 250 mV, while for the short-channel process (VDD = 
IV), we'll use 50 mV. Table 9.1 shows the parameters for general analog design using the 
long-channel process discussed in this chapter. 
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Table 9.1 Typical parameters for analog design using the long-channel CMOS process discussed 
in this book. Note that the parameters may change with temperature or drain-to-source 
voltage (e.g., Fig. 9.24). 

LoHg-channel MOSFET parameters for general analog design 
VDD = 5 V and a scale factor of 1 \im (scale = le -6) 

Parameter 
Bias current, ID 

WIL 
VDs,Sa, and VSDsal 

VGS&nAVsa 

V and V 
' THN a l I U ' THP 
dVTHNj>ldT 

KP„ and KPp 

t-'ox = &ox'*ox 

C a n d C 
oxn oxp 

C ^ a n d C ^ 

C ^ a n d C ^ 

£m„a n dgm / , 
ron a n d % 

2 r and j? r 
omn on omp op 

Kand K 
fr„ a n d / r P 

NMOS 

20 uA 
10/2 

250 mV 

1.05 V 

800 mV 

- 1 mV/C° 

\20[iA/Y2 

1.75/F/um2 

3 5 / F 

23 .3 /F 

2 / F 
150 uAA/ 

5 M f i 

750 V/V 

0.01 V"1 

900 MHz 

PMOS 

20 uA 

30/2 

250 mV 

1.15 V 

900 mV 

-1.4mV/C° 

40|iA/V2 

1.75/F/iim2 

105 /F 

7 0 / F 

6 / F 

150|aA/V 

4 M Q 

600 V/V 

0.0125 V'1 

300 MHz 

Comments 

Approximate 

Selected based on ID and VDSsal 

For sizes listed 

No body effect 

Typical 

Change with temperature 

f„ = 200A 

Cox = C'0XWL-(scale)2 

PMOS is three times wider 
C --C 
*~*gs 3 *~*ox 

Cgd = CGDOW- scale 

At/D = 20uA 

Approximate at ID - 20 uA 

Open circuit gain 

AtZ, = 2 

For L =2,fT goes up if L = 1 

Subthreshold gm and VTHN 

Before leaving the topic of small-signal models, let's derive the forward transconductance 
of the MOSFET operating in the subthreshold region. Using Eqs. (9.17) and (9.20), we 
can write 

gm = 
Sip 

. 8VG5 

ID = constant 

VGS - constant 

i W 
VGS-i VTHH \lnVT 

1 
nVr 

If, (as always for a small-signal analysis) vgs « VGS, then 

ID 
gm nVr 

(9.38) 

(9.39) 

The transconductance increases linearly with bias current when operating in the 
subthreshold region (compare to Eq. (9.22)). Unfortunately, the speed (fT) of MOSFETs 
operating in this region is considerably slower. The small currents charging the device's 
own capacitances limit the speeds to, in general, < MHz. As CMOS technology scales 
downwards, the inherent speeds increase. This, together with the need for lower power, 
increases the number of designs operating in, or near, the subthreshold region. 
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As ID (VGS) increases, the MOSFET moves from operating in the subthreshold 
region, gm = loin VT (gm is exponentially dependent on VGS), to moderate inversion, and 
then to the strong inversion region, gm = j2IDß„ = ß„(Vcs - VTHN) igm is linearly 
dependent on VGS). As seen in Eq. (9.16), using small VDS results in a channel resistance, 
Rch , of l/gm (assuming that the MOSFET is operating in the triode region). Fig. 9.27a 
shows a plot of ID against VGS for a MOSFET in the short-channel process discussed later 
in the chapter. The threshold voltage in (a) is estimated by linearly extrapolating back to 
the x-axis (again from Eq. [9.16] the slope is R~l). In (b) we take the derivative of (a) to 
get the gm of the device. Knowing gm = ß„(Kcs - VTHN) (for a MOSFET operating in the 
saturation region), we can linearly extrapolate back to the x-axis to estimate when gm 

goes to zero (to get VTHN). The two methods give different results (there are other methods 
as well, such as taking the derivative of gm with respect to VGS and looking at the VGS [= 
VTHN] when this second derivative of ID becomes constant). Because, even for small VDS (> 
a couple of kT/q), the MOSFET will be operating in the saturation region when VGS X 

VTHN we'll use method (b). 

ID, M VDS = 0AV gm, \XA/V VDS = 0.1 V 

4 

"Hp * VGS 
(a) VTHN*350mV 

0 . 6 0 

(b) VTHN-280 mV 
VGS 

Figure 9.27 (a) Drain current plotted against gate-source voltage with small Vds 
and (b) transconductance plotted against gate-source voltage. 

9.1.3 Temperature Effects 

In this section we look at how the drain current of a MOSFET operating in the saturation 
region changes with temperature. Looking at the long-channel expression for the drain 
current 

Iüs,sat = —r. y ■ ( VGS - VTHN) (9.40) 

(where we've written KPn as |a„eox//ox), the variables that change with temperature are the 
mobility and the threshold voltage. 

Threshold Variation with Temperature 

From Ch. 6, Eq. (6.17), we can write 

VTHN = -Vms-2Vfp + QbO ~ Qss 

C 
noting Q'ss is a constant and Q'b0 = J2qNAESi\-2Vjp\ . Knowing 

K* = - T l n ^ a n d K ™ = F c -^ = fln%^ kT,„NA 
a vfP 

(9.41) 

(9.42) 
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the change in the threshold voltage with temperature is 

ß*o dVnm _ k , Np.pofy 
dT q' NA C' 

k ,_ ND,p0ly 

NA C'0X-2T <l NA 

The term klq is the change in the thermal voltage with temperature, that is, 

er 8T^ q J q 

(9.43) 

(9.44) 

(keeping in mind that we don't confuse the temperature behavior of the thermal voltage, 
VT, with the behavior of the threshold voltage, VTHN). If NDiPOiy = 1020 and NA = 1015 (a 
ballpark value for a long-channel MOSFET), then 

ÖVfHN 
dT *-\mVIC° (9.45) 

If 7V̂  = 1017 (NA scales upwards as the channel length of the CMOS technology 
decreases, see Table 6.3 in Ch. 6), then 

SVTHN 
dT ■« -0.6 mV/C (9.46) 

noting that the threshold voltage decreases with increasing temperature, while the thermal 
voltage increases with increasing temperature. The temperature coefficient of the 
threshold voltage is defined as 

8VTHN 
TCVTHN = • 1 

VTHN dT 

so that the threshold voltage can be written as a function of temperature as 

(9.47) 

VTHN{T) = VTHN(T0) ■ (1 + TCVTHN • (T- T0)) (9.48) 

where the threshold voltage is measured at the temperature T0, Fig. 9.28. The units for 
temperature can be Kelvin or Celsius because of the difference used in this equation. For 
our long-channel process with VTHN = 0.8 V, the temperature coefficient is -1,250 ppm/ 
C°. For a short-channel process with VTHN = 0.28 V, we get a temperature coefficient of 
-2,143 ppm/C°. For a 100-degree increase in temperature, our short-channel threshold 
voltage decreases by 60 mV, resulting in a larger Ioff (a factor of 10 larger if the 
subthreshold slope is the ideal 60 mV/decade at room temperature). 

VTHN(T) = VTHN(TO) ■ (1 + TCVTHN ■ (T- T0)) 

VTHN(TQ) 

^ The slope is ^ 

T, in Kelvin or Celsius 

Figure 9.28 Temperature dependence of the threshold voltage. 
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Mobility Variation with Temperature 

The reduction in mobility with increasing temperature is modeled using 

H(r) = u ( r 0 ) - ^ f J (9.49) 

and so it follows that the reduction in the transconductance parameter with increasing 
temperature is 

KP(T) = KP(To)-(pf) (9.50) 

where, once again, the mobility is measured at temperature T0. Note that both T and T0 
have units of Kelvin. The change in the MOSFET transconductance parameter, KP, with 
temperature around T0 is 

8KP(T) 
dT = WTo)-(rl.5)(?f) ' -jr (9-51) 

- 7b= constant -* -* 0 

The temperature coefficient of the transconductance parameter around the temperature T0 
is then 

_J_ dKP(T)_ 1,5 
KP{T) dT T y ' ' 

The transconductance parameter at a particular temperature close to T0 is given by 

KP(T) = KP(T0)-(l- 1.5 -^Y^) (9-53) 

As temperature increases, the mobility and KP decrease. Note that our derivation used the 
change in the temperature (the slope of the line) around the measured temperature T0 (just 
like we used for small-signal analysis). Equations (9.52) and (9.53) work well for hand 
calculations. However, for wide temperature changes, we'll need to use simulations 
(which can include the nonlinear variations in the mobility). Note, again, that unlike Eq. 
(9.48) where a difference in temperatures is present, and so either Kelvin or Celsius can 
be used, we must use Kelvin when using Eq. (9.53). 

Drain Current Change with Temperature 

We now know that as temperature goes up, the threshold voltage and mobility go down. 
A decrease in mobility, see Eq. (9.40), causes the drain current to go down. At the same 
time, a decrease in threshold voltage causes the drain current to go up. At low VGS, the 
changes in VTHN dominate and the drain current increases with increasing temperature. At 
higher VGS, the mobility dominates and the drain current decreases with increasing 
temperature. When the effects cancel, the drain current doesn't change with temperature, 
Fig. 9.29. For a long-channel device like the one seen in Fig. 9.29, again, OVTHNIOT 
= -\mVIC. 

Figure 9.30a shows how the drain current changes with temperature in a 
short-channel CMOS technology. Again, we see where the effects of the mobility 
changing with temperature cancel the effects of the threshold voltage changing with 
temperature. Looking at Fig. 9.30b, we see that, for a constant current of 10 uA, VGS 
changes at a rate of a -0.6 mVIC (= dVmNldT because the Vas is small). 
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200.0 

r = 5 0 c ° 

T= 100 C° 

Drain current 
does not change 
with temperature. 

1.00 1.20 1.40 1.60 
sweep v Gate-source voltage 

Figure 9.29 Long-channel drain current change with temperature. 

600.0 

j - 400.0 
a 
u 
fc 
3 
o 
13 

'S 200.0 

0.0 

r=iooic° 

Jy 

T=0C° 

^y^ 

T=50C 

T= 100 C° 

0.8 1.0 0.0 0.2 0.4 \ 0.6 
sweep \ V 

(a) T=0C° Gate-source voltage 

50.0 

3 4 0.0 

S 30.0 
c 

■g 

10.0 
250.0 

50 C 

i 100 C/f / A 

'/// 
y / j/oc \ 

ypr/\ 
300.0 350.0 400.0 450.0 

sweep mV , Gate-source voltage 
(b) Zoomed-in view of (a). 

Figure 9.30 Short-channel drain current change with temperature. 
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9.2 Short-Channel MOSFETs 
The last section covered the fundamental models used for MOSFETs in analog design. In 
this section we use these results to help with our selection of device sizes and biasing 
currents to meet certain design requirements: speed, power, output or input swing, etc. 
Our approach is to develop plots of device parameters based on simulations that can be 
used when designing with short-channel MOSFETs. The CMOS process technology that 
we use in this section has a minimum length of 50 nm and a VDD of 1 V. 

9.2.1 General Design (A Starting Point) 

We labeled the VDS where the MOSFET enters the saturation region, for a fixed VGS and 
for either long- or short-channel MOSFETs, VDSsal (Fig. 9.4). For long-channel MOSFETs 
this voltage was determined using Eq. (9.2), that is, VGS - VTHN- However, for 
short-channel devices this relationship (Vosjat = Vcs~ VTHN) isn't meaningful. For these 
devices, we'll call the difference between Vcs and VTHN the gate overdrive voltage 

Vov„ = VGs - VTHN * VDS,sat (9-54) 

As we saw in Fig. 9.27 the threshold voltage for this 50 nm process is 280 mV. We said 
earlier that for general analog design we set the overdrive voltage to roughly 5% of VDD. 
We might use, as a starting point, 

Vov„ = 70 mV-* VGS = 350 mV 

For higher speed we increase Vom at the price of reduced output swing (a higher VDS is 
needed to move the MOSFET into saturation). Using the overdrive voltage, we can 
rewrite, perhaps more correctly now, Eq. (9.37) as 

/ r = 7 ^ - « : - ^ 2 L (9.55) 

Now we must select the biasing current and the width/length of the MOSFETs. As 
mentioned earlier, we use 2-5 times minimum length for general design (we use 
minimum length for high-speed design). As we did with the long-channel process, let's 
use twice minimum length (L = 2 or, with the scale factor, L = 100 nm) to get started as a 
good trade-off between speed and gain. To select the bias current and width, let's 
remember the on current for a short-channel MOSFET, from Ch. 6, is 

ID = Vsat ■ C'ox ■ W- {vGS - VTHN - VDS,sat) (9.56) 

The transconductance, following the same procedure used earlier, for a short-channel 
MOSFET is then 

gm: dip 
.dvos. 

ID = constant 
= Vsat -C'ox-W 

VGS = constant ( 9 . 5 7 ) 

The gm of a short-channel device depends only on the MOSFET's width if the velocity of 
the carriers saturates (is a constant). Fortunately, effects such as velocity overshoot cause 
gm to increase with increases in VGS or VDS. The width of the MOSFET is selected to 
ensure the MOSFET has enough current drive for a particular load (for a more detailed 
discussion see Sec. 26.1). Here we'll select a bias current of 10 ^A and a gm of 150 uA/V. 
As a first cut, let's use V = 70 mV, W= 50, and L = 2 (selected based on simulations). 
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Figure 9.31 shows the IV curves for a 50/2 (actual size of 2.5|am/100nm device) with a 
Vas of 350 mV. The current shows significant variation as VDS changes. Knowing ID does 
change with VDS, we'll still simply say the drain current is 10 |xA. (as an approximation). 

fc! 3 u 
C 5 . D 

's 
Q 

0 . 0 

\VGS = 3$0 m F J — - — " 

0 . 2 0 . 4 0 . 6 0 . 8 1 .0 
s w e e p V 

Drain-source voltage, VDS 
Figure 9.31 IV curves for a 50/2 NMOS with VGS = 350 mV. 

Output Resistance 

Figure 9.32 shows the output resistance of this 50/2 NMOS device. We get r0 by taking 
the reciprocal of the drain current's derivative in Fig. 9.31. To determine VDSsal, we can 
look at the point where the output resistance starts to increase. Here this is approximately 
50 mV (= VDSsa). However, notice that if we use larger VDS, we get considerably higher 
output resistances. This is an important point when we design current mirrors in Ch. 20. 
The lambda can be estimated using Figs. 9.31 and 9.32 as 0.6 V"1. 

1.0 
v VDS 

■ Device starts to enter the saturation region here, VDS^ÜI 

Figure 9.32 Output resistance of the MOSFET in Fig. 9.31 against VDS ■ 

Forward Transconductance 

The forward transconductance, gm , is plotted against VGS in Fig. 9.33. At our VGS of 350 
mV (gate overdrive, Vovn, of 70 mV), we get, as designed for, a gm of 150 \iAJV. The open 
circuit gain is gmro and is only 25. This is considerably lower than the open circuit gains 
seen in Table 9.1 for the long-channel devices and results in design "challenges" when 
designing with such small devices. Also notice that the gm does change with VGS, unlike 
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VDS = 100 mV 

gm = \50vAIV 

100.0 200.0 
sweep 

Vas = 350mV 

Figure 9.33 How transconductance changes with gate-source bias. 

what was indicated in Eq. (9.57). This is because the saturation velocity isn't exactly 
constant and depends on both VGS and VDS. 

Transition Frequency 

From Fig. 9.34 we see that the transition frequency of the 50/2 NMOS is approximately 6 
GHz. While the equations show that increasing the gate overdrive increases fj, it can be 
educational to change the Vas in the netlist and look at how the speed (fT) changes. 

20»log(ID'IG) 

Id , dB 
VDS= 100 mV 
VGS = 350mV 

10*10 

fT * 6 GHz 

Figure 9.34 MOSFET transition frequency. 

Table 9.2 shows the typical parameters for the sizes and biasing current we've 
used in this section. These values are a good starting point for general design. However, if 
the design must be either high-speed or low-power, the biasing current, device sizes, and 
thus overdrive voltages will be different from what's listed. They'll also be different with 
shifts in process, voltage, and temperature (PVT). 

Finally, we generated the PMOS data from simulation netlists that are available at 
cmosedu.com. These simulation netlists are invaluable for quickly regenerating the data 
in Table 9.2 for different device sizes and overdrive voltages. 
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Table 9.2 Typical parameters for analog design using the short-channel CMOS process 
discussed in this book. These parameters are valid only for the device sizes and 
currents listed. 

SAort-channel MOSFET parameters for general analog design 
VDD = 1 V and a scale factor of 50 nm {scale = 50e-9) 

| Parameter 
Bias current, ID 

WIL 
Actual WIL 

VDS.sa, a I l d VSD,sa, 

V andF 
V0SandVSG 

'THN a n " *THP 

dVTHNj>/dT 

V
Sa,n a n d Vsa,p 

L 
C -F It ^ ox — cac' * ox 

C andC 
oxn oxp c^^csgp 

Crf.andC.fc, 

gm^nd8mp 

ron a n d roP 

s r and JET r 
omn on omp op 

Xn and Xp 

fTn änd/^ 

NMOS 
10 uA 
50/2 

2.5um/100nm 
50 mV 
70 mV 
350 mV 
280 mV 

- 0.6 mV/C° 
110xl03m/s 

14 Ä 
25/T/um2 

6.25/F 
4.17/F 

1.56/F 
150 uA/V 
167 kD 
25 VA^ 
0.6 V"1 

6000 MHz 

PMOS 
10 uA 
100/2 

5um/100nm 
50 mV 
70 mV 

350 mV 
280 mV 

- 0.6 mV/C° 
90xl03m/s 

14 Ä 
25/F/nm2 

12.5/F 
8.34/F 

3.7/F 
150uA/V 
333 kQ 
50V/V 
0.3 V"1 

3000 MHz 

Comments 
Approximate, see Fig. 9.31 
Selected based on ID and Vov 

Lmin is 50 nm 
However, see Fig. 9.32 and 
the associated discussion 

No body effect 
Typical 

Change with temperature 
From the BSHM4 model 

Tunnel gate current, 5 A/cm2 

C ox = C'0XWL-(scale)1 

PMOS is two times wider 
*^gs 2 ^ox 

Cgd = CGDO-W-scale 
At/D= 10 uA 

Approximate at ID = 10 uA 
! !Open circuit gain!! 

L = 2 
Approximate at L = 2 

9.2.2 Specific Design (A Discussion) 

A figure-of-merit (FOM) that is useful when comparing designs with different WILs and 
bias currents is the gain^ product (GFT) of an amplifier. The GFT of a MOSFET can be 
written as the product of the open-circuit gain and/r, that is, 

GFT = gmr0 -fr (9.58) 

For a long-channel process we can write this equation (see Eqs. [9.22], [9.30], 
1m [9.32], and [9.36]) knowing Cgs = \C'0XWL as 

GFT = gmr0./r = - § h . - i - = 3V" oc Hi (9.59) 
InCgs XID 2n ■ L2X L 

Notice that this expression is independent of drain current. It is based entirely on the 
channel length and mobility of the MOSFET. This result is important because it shows 
that if the gain goes up, the speed (fT) goes down. Not understanding this equation will 
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result in wasted time when trying to increase both the gain and bandwidth of an amplifier. 
Note that for a short-channel process the GFT is dependent on mobility alone since the/ r 
of the MOSFET is proportional to L, Eq. (9.55), not L2, Eq. (9.36) (discussion below). 

We know from Eq. (9.36) that increasing the drain current (or increasing VGS) 
results in an increase in speed. But the cost for the higher speed is a reduction in the 
open-circuit gain. This gain can be written, for a device operating in strong inversion, as 

gmr0-
\lKPn\lD pKP„ 1 

UL 
(9.60) 

showing that gain decreases with increasing drain current, Fig. 9.35. We can also write, 
with the help of Eq. (9.32), 

gmr0 = ■ 
KP„Y(VGS - VTHN) 

KP„W, 
2 L 

f(Vas-VTHN)2 HVGS-VTHN) V, 
x -±- (9.61) 

showing that open-circuit gain increases with increasing L or decreasing VGS. When 
operating in the subthreshold region (weak inversion), we can write 

gmr0 = 
ID 1 1 

nVj XID nVrk 
(9.62) 

showing that the gain is independent of drain current when the long-channel MOSFET is 
operating in the subthreshold region, again see Fig. 9.35. 

0.1 nA 1 nA 10 nA 100 \LK 

Figure 9.35 Gain falling off with bias current. 

While these results were derived using long-channel models, we can use the 
outcomes for design in a short-channel process. For high-speed we want to use higher 
biasing currents and thus overdrive voltages. As the speed of the design increases, the 
gain falls (but, as we'll see, not at the same rate). As an example, if we decrease the width 
of the NMOS device used to generate Table 9.2 from 50 to 20 (using the same 
gate-source voltage of 350 mV), we would expect ID to fall,/r to remain unchanged (the 
device is narrower so its capacitance decreases but so does the gm), r0 to increase, and gm 
to decrease. The GFT shouldn't change much by simply reducing the width of the device. 
First, from Table 9.2 the GFT is 

open circuit gain - 25 

\VA gmr0 -h = 150^ • 167 kn ■ 6 GHz = 150 GHz 
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Next, with the decrease in the device's width to 20, we get (with the help of the 
simulations that generated Figs. 9.31-9.34): ID = 4 uA (Vovn is still 70 mV), r0 = 435 kQ, 
gm = 55 uA/V, and/r= 6 GHz. The GFT with the device width of 20 is 

open circuit gain = 24 

gmr0 .fT = 5 5 ^ • 435 k£l ■ 6 GHz = 144 GHz 

practically no difference. If we now increase the gate-source voltage to 450 mV (almost 
half of VDD) so that the overdrive goes from 70 mV to 170 mV while using a 50/2 
NMOS, we would expect the fT to increase, gm to increase, ID to increase, and ro to 
decrease. Again, with the help of the simulations that generated Figs. 9.31-9.34, ID = 45 
uA (Vovn is now 170 mV), ro = 55 kQ, gm = 390 uA/V, and/r= 10 GHz. The GFT with the 
increased Vovn is 

open circuit gain = 21.5 

gmr0 -h = 390^ • 55 AQ -10 GHz = 215 GHz 

Using the long-channel equations, Eq. (9.59), we would expect little change (again) since 
the GFT doesn't depend on the overdrive voltage. However, the mobility in a short 
channel process does change with Vowl (see gm and velocity overshoot discussions on 
pages 151 and 297). By using higher gate overdrives, in a short-channel process, we can 
improve the GFT (and speed) of our circuits at the cost of power and overhead (the 
devices will triode at a higher VDS) with small degradation to the gain. 

Based on large GFT it might appear that it's better to design using a long-channel 
(older) CMOS technology rather than a short-channel (nanometer) process. The GFT, for 
example, of the NMOS device in Table 9.1 is 675 GHz while it's only 150 GHz for the 
NMOS device in Table 9.2. In addition, the open circuit gains of short-channel 
MOSFETs are considerably lower than long-channel MOSFETs. The smaller device, 
however, is better for high-speed design because its fT is higher (it still behaves like an 
amplifier at high frequencies). In summary, for high-speed designs use a small process 
while for low-frequency designs use older CMOS (if there is a choice). 

9.3 MOSFET Noise Modeling 

In this section we cover modeling MOSFET noise using SPICE. It is assumed that the 
reader is familiar with the material presented in Ch. 8, that is, the spectral characteristics 
and origins of thermal and flicker noise. 

Drain Current Noise Model 

The noise generators in MOSFETs are due to thermal and flicker noise. The thermal noise 
due to the channel resistance, modeled in the saturation region using a resistor of | • ^ 
(subsitute Eq. [6.46], without the area dependence, into [6.27] and integrate) and RCH in 
the triode region, is given, in the saturation region, by a power spectral density, PSD, of 

2' 1^ J (9.63) 

This noise current source is placed across the drain and source of the MOSFET (so the 
output current is the sum of the desired and undesired [noise] components). 
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Flicker noise (one-over-f, that is, \lf) results from the trapping of charges at the 
oxide/semiconductor interface. As indicated in Ch. 8, flicker noise is present whenever a 
direct current flows in a discontinuous material. The electrons jump from one location to 
the next while sometimes being randomly trapped and released. This trapping gives rise 
to a flickering in the drain current. Since the carrier lifetime in silicon is on the order of 
tens of microseconds (relatively long), the resulting current fluctuations are concentrated 
at lower frequencies. Flicker noise can be modeled in SPICE (with NLEV = 0, the 
default) by a PSD of 

% ( / ) = 
KF-IA

D
F 

f-{C'm-L)2 (9.64) 

where KF is the flicker noise coefficient, a typical value is 10"28 A2_AF(F/m)2, ID is the DC 
drain current, AF is the flicker noise exponent, a value ranging from 0.5 to 2 (generally 
very close to 1), and/is the frequency variable we integrate over. Setting NLEV = 1 in 
SPICE changes the L2 term in the denominator to LW (the area of the MOSFET), that is, 

iU/y-
KF-IA

D
F 

' f-(C'0X)2LW 
(9.65) 

Figure 9.36 shows measured data comparing a straight-line fit to the PSD generated using 
this noise model. The device used to collect this data is 10 |am wide and 2.8 urn long. 
Note that the noise PSD was averaged 20 times and still looks jagged. The 1/f noise 
spectrums we drew in Ch. 8, e.g., Fig. 8.31, show smooth PSDs. We only get smooth 
spectrums after much averaging (it is, after all, noise). 

f(f), A2/Hz 

1.0&51 

1.0e-22 

1.0e-23 

1.0e-24 

^ 

NLEV = = 1 — - ^ 

^ 

AF=\.25 
KF= 2.5 xlO"27 

ID = 10 \iA 

20 averages of noise 

Straight line fit 

1.0e1 1.0e2 1.0e3 1.0e4 1.0e5 
Frequency (Hz) 

Figure 9.36 Measured MOSFET flicker noise spectrum. 
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The total PSD of MOSFET drain current noise (the sum of the flicker and thermal 
noise contributions) is given by 

Itif) = i\,f (/) +4 (/) = ,. Yr^Z w+^V-^ (9-66^ 
/■(CoxYLW 3 

Remembering noise is always measured on the output of a circuit and referred back to the 
input of a circuit so that it can be compared to the input signal, we can write (knowing 
id = gmVgs) the MOSFET's input-referred noise PSD as 

vi ( n = KF-IA
D

F MT (q fi~ 
f-(Cox)LW-gZ

m 5gm 

Figure 9.37 shows how the noise models are added to the schematic representation of the 
MOSFET. Notice that increasing the MOSFET's forward transconductance, gm, reduces 
the input-referred thermal noise. If the gm is increased by making the device wider (that is, 
it is not increased by simply raising the drain current), then the \lf noise decreases as 
well. Note, as discussed in Ch. 8, that looking at the (size of the) output noise alone gives 
no indication of the noise performance of the amplifier or circuit. The input-referred noise 
should be compared to the input signal for an indication of noise performance. (A notable 
exception to this is a circuit that doesn't have an input signal like a current mirror. In 
these types of circuits we do care about reducing the size of the output noise.) 

, 2 , ^ KF-IA
D

F zkT r X f\ = D + 

/•(CoxYLW-gi igm 

Figure 9.37 (a) Modeling MOSFET noise current and (b) input-referred noise voltage. 

Finally, we might ask if it is better to use a PMOS or NMOS device for low-noise 
design? In the older CMOS technologies, say 350 nm and earlier technology nodes, 
n-type polysilicon was used to form the gates of both NMOS and PMOS devices (single 
workfunction gates, see page 191). This keeps the PMOS device's channel from forming 
at the surface directly under the gate oxide. Instead a buried channel is formed in the 
device. By avoiding conduction at the oxide/semiconductor surface we also avoid the 
trapping and random release of carriers that is ä major component of the MOSFET's drain 
current flicker noise. The result is the PMOS devices in the older CMOS processes have 
considerably better noise performance than the NMOS devices. In modern CMOS n-type 
polysilicon is used to form the gate of the NMOS device and p-type polysilicon is used 
for the gate of the PMOS (dual workfunction gates and why the polysilicon must be 
suicided, that is, so the connection between the p-type and n-type polysilicon isn't 
rectifying). The result is that both devices utilize a surface channel so the benefit of using 
PMOS devices is gone. The larger gm of the NMOS makes it the preferable device for low 
noise design (however, this is process dependent). 
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PROBLEMS 
For the following problems use the long-channel process information given in Table 9.1 
for .KP, VTH, and C'ox, unless otherwise indicated. 

9.1 Calculate and simulate the values of ID and VGS in the following circuit. 

100k 
2V 

l_ 10/1 

Figure 9.38 Circuit used in Problem 9.1 

9.2 Repeat Problem 9.1 if the MOSFET size is changed to 10/10. 

9.3 Calculate and simulate the values of ID and VSG in the following circuit. 

10/1 

5 V 

100k 

Figure 9.39 Circuit used in Problem 9.3 

9.4 Repeat Problem 9.3 if the MOSFET size is changed to 10/10. 

9.5 Calculate ID, VDS , and estimate the small-signal resistance looking into the drain 
of the MOSFET in the following circuit. 

5 V 

Figure 9.40 Circuit used in Problem 9.5 
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9.6 To determine the value of a small-signal resistance in a simulation, the circuit 
seen in Fig. 9.41 is used. The ratio of the test voltage, vT, to the current that flows 
in the source, iT , that is, v/fj, is the small signal resistance. Using this circuit 
determine, with SPICE, the value of the resistance looking into the drain of the 
circuit in Fig. 9.40. How does the 200k resistor affect iT in the simulation? 

Figure 9.41 Using a test voltage to determine a resistance in a simulation. 

9.7 Explain qualitatively what happens to VGS4 and VDS4 in Fig. 9.42 as the bias current 
is increased. 

■5 V + 5V 

Figure 9.42 Schematic for Problem 9.7. 

9.8 Describe qualitatively what happens if we steal or inject a current at the point 
indicated in Fig. 9.43. How does this affect the operation of Ml and M2? Verify 
your answer with SPICE. 

■5 V 

M2 D-

© 

-C 

1-5 V 

X 
M4 

Ml D-f C M3 

Figure 9.43 Schematic for Problem 9.! 
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9.9 Using simulations, generate the plot seen in Fig. 9.12 for both NMOS and PMOS 
devices. 

9.10 Design a circuit that will linearly convert an input voltage that ranges from 0 to 
4V into a current that ranges from roughly 50 uA to 0. Simulate the operation of 
the design showing the linearity of the voltage-to-current conversion. How does 
the MOSFET's length affect the linearity? 

9.11 Using a PMOS device, discuss and show with simulations how it can be used to 
implement a 10k resistor. Are there any limitations to the voltage across the 
PMOS resistor? Explain. 

9.12 Using SPICE (and ensuring the MOSFET is operating in the saturation region 
with sufficient VDS), generate the iD versus vGS curve seen in Fig. 9.15. Using 
SPICE take the derivative of iD (e.g., "plot deriv(ID)") to get the device's gm 
(versus VGS). How does the result compare to Eq. (9.22)? Does the level 3 model 
used in the simulation show a continuous change from subthreshold to strong 
inversion? 

9.13 Estimate the AC, id , drain current that flows in the circuit seen in Fig. 9.44. 
Verify your answer with SPICE in using both transient and AC simulations. 

VDD = 5 V 

VDD 

1.3 Vi 
S^ „ . J 

21/3 
lid 

XZ 
Figure 9.44 Schematic for Problem 9.13. 

9.14 Calculate the DC and AC voltages and currents for the circuit seen in Fig. 9.45. 
Verify your answers with a SPICE AC analysis simulation. 

9.15 Repeat Problem 9.14 if the bias current is reduced to 20 uA. 

9.16 Using SPICE (and zero volt sources), verify the drain currents calculated in Ex. 
9.5. Show both your AC analysis and transient analysis simulation results. 

9.17 Using SPICE, generate the iD versus vSB curve seen in Fig. 9.21. 

9.18 Repeat Ex. 9.6 if the widths and lengths of the PMOS and NMOS devices are 
multiplied by 10 (that is the NMOS is now 100/20 and the PMOS is now 300/20). 
How does the drain current change? 

9.19 Compare the fT of a 10/2 NMOS to a 100/20 NMOS. Verify your hand 
calculations using simulations. 
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VDD VDD = 5V 

M3 J^-^-^L C M4 

1 mV ( "u 

2.5V 

+ ^ 
Ml M2 

+ 
Vgs2 

40 uA © 
S7 

Figure 9.45 Circuit used in Problem 9.14. 

% ) —1 mV 

2.5V 

Both NMOS are 10/2 
Both PMOS are 30/2 

9.20 Equation (9.39) is used to calculate the forward transconductance of a MOSFET 
operating in the subthreshold region. Is it possible to have subthreshold operation 
when ID is 100 uA? If so, how? 

9.21 Using the simulations that generated Fig. 9.27, estimate the threshold voltage for 
50/5 PMOS and NMOS devices (both in the short-channel CMOS process). 

9.22 Show the details leading to Eq. (9.43). Show, as an example, that the 
approximation is valid if Q'b0/C'ox = 30mV. (Remember: temperature is in 
Kelvin.) 

9.23 For the circuits seen in Fig. 9.46, estimate both the output voltage at room 
temperature and how it will change with temperature. Verify your answer with 
SPICE. Use the short-channel CMOS process. 

VDD = 1 V VDD = 1 V 

© 1 0 uA 

> O u t 

i—C 100/2 

50/2 

\7 

->Out 

© 
X7 

10 uA 

Figure 9.46 Circuits for Problem 9.23. 
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9.24 Verify, using simulations, the result given in Eq. (9.59), that is, that the GFT of a 
long-channel process is independent of biasing conditions. Make sure that the 
MOSFET is biased away from the subthreshold and triode regions. 

9.25 When Eq. (9.36) was derived it was assumed that Cgs » Cgd. Looking at the data 
in Table 9.2, is this a good assumption? Compare the hand-calculated value of/r 
to the simulation results in Table 9.2. 

9.26 Using the short-channel parameters in Table 9.2, calculate the drain voltage of Ml 
and its drain current (both AC and DC components) for the circuit seen in Fig. 
9.47. 

VDD 

M3 

1 mV ( \, 

0.5V 

h 
Ml 

1 

VDD = IV 

M2 

© 
\7 

20 uA 

0.5V 

Both NMOS are 50/2 
The PMOS is 100/2 

Figure 9.47 Circuit used in Problem 9.26. 

9.27 What is the PSD of a MOSFET's thermal noise when it is operating in the triode 
region? 

9.28 Looking at Eq. (9.66), we see that decreasing the MOSFET's gm reduces the 
MOSFET's drain current noise PSD. If the MOSFET is to be used as an amplifier 
where the input signal is on the MOSFET's gate, is reducing gm a good idea? Why 
or why not? 

9.29 Show how the thermal noise resistance of the channel seen in Eq. (9.63) is derived 
for the MOSFET operating in the saturation region. 


