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18 Contextual Bandits

In many bandit problems the learner has access to additional information
at the beginning of each round. Consider the problem of designing a movie
recommendation system. Clearly it would be inadvisable to ignore demographic
information about the user making the request, or any other contextual history
such as previously watched movies or ratings. None of the algorithms presented so
far can take this kind of additional information into account and the benchmark
(regret) also does not measure performance relative to other sources of information.
Imagine the results of trying to find the best single movie in hindsight for all users.
In this chapter we will present an augmented framework and regret definition
that better models the many real-world problems where contextual information
is available.

Whenever you design a new benchmark, there are several factors to consider.
Competing with a poor benchmark does not make sense, since even an algorithm
that perfectly matches the benchmark will perform poorly. At the same time,
competing with a better benchmark can be harder from a learning point of
view and this penalty must be offset against the benefits.

The tradeoff just described is fundamental to all machine learning problems.
In statistical estimation, the analogue tradeoff is known as the bias-variance
tradeoff. We will not attempt to answer the question of how to resolve this
tradeoff in this chapter because first we need to see how to effectively compete
with improved benchmarks.

18.1 Contextual bandits: one bandit per context

In a contextual bandit problem everything works the same as in a bandit problem
except the learner receives a context at the beginning of each round. The hope
is that specializing the action to the context can help collect more reward.
While contextual bandits can be studied in both the adversarial and stochastic
frameworks, in this chapter we focus on the adversarial model. To remind the
reader of the notation, let xtk ∈ [0, 1] be the reward for arm k in round t, which
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is chosen in advance by the adversary. The interaction model is what you would
expect:

For rounds t = 1, 2, . . . , n:

1 Learner observes context ct ∈ C where C is an arbitrary fixed set of contexts.
2 Learner selects distribution Pt on [K] and samples At from Pt.
3 Learner observes reward Xt = xtAt .

A natural way to define the regret is by

Rn = E


∑

c∈C
max
k∈[K]

∑

t∈[n]:ct=c

(xtk −Xt)


 . (18.1)

The difference is that now we are trying to compete with the best context-
dependent policy in hindsight, rather than the best fixed action. If the set of
possible contexts is finite, then a simple approach is to use a separate instance of
Exp3 for each context. Let

Rnc = E


max
k∈[K]

∑

t∈[n]:ct=c

(xtk −Xt)




be the regret due to context c ∈ C. When using a separate instance of Exp3 for
each context we can use the results of Chapter 11 to bound

Rnc ≤ 2

√√√√K
n∑

t=1
I {ct = c} log(K) , (18.2)

where the sum inside the square root counts the number of times context c ∈ C is
observed. Because this is not known in advance it is important to use an anytime
version of Exp3 for which the above regret bound holds without needing to tune
a learning rate that depends on the number of times the context is observed (see
Exercise 28.9). Substituting (18.2) into the regret leads to

Rn =
∑

c∈C
Rnc ≤ 2

∑

c∈C

√√√√K log(K)
n∑

t=1
I {ct = c} . (18.3)

The magnitude of the right-hand side depends on the distribution of observed
contexts. On one extreme there is only one observed context and the bound is
the same as the standard finite-armed bandit problem. The other extreme occurs
when all contexts are observed equally often, in which case we have

Rn ≤ 2
√
nK|C| log(K) . (18.4)

Jensen’s inequality applied to Eq. (18.3) shows that this really is the worst case
(Exercise 18.1).
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It is important to emphasize that the regret in Eq. (18.4) is different than the
regret studied in Chapter 11. If we ignore the context and run the standard Exp3
algorithm, then we would have

E

[
n∑

t=1
Xt

]
≥ max
i∈[K]

n∑

t=1
xti − 2

√
Kn log(K) .

Using one version of Exp3 per context leads to

E

[
n∑

t=1
Xt

]
≥
∑

c∈C
max
i∈[K]

∑

t∈[n]:ct=c

xti − 2
√
Kn|C| log(K) .

Which of these bounds is preferable depends on the magnitude of n and how
useful the context is. When n is very large the second bound is more likely to
be preferable. On the other hand, the second bound is completely vacuous when
n ≤ 4K|C| log(K).

18.2 Bandits with expert advice

For large context sets using one bandit algorithm per context will almost always
be a poor choice because the additional precision is wasted unless the amount of
data is enormous. Fortunately, however, it is seldom the case that the context set
is both large and unstructured. To illustrate a common situation we return to
the movie recommendation theme where the actions are movies and the context
contains user information such as age, gender and recent movie preferences. In this
case the context space is combinatorially large, but there is clearly a significant
amount of structure inherited from the fact that the space of movies is highly
structured and users in similar demographics are more likely to have similar
preferences.

Another way to write Eq. (18.1) is to let Φ be the set of all functions from
C → [K]. Then

Rn = E

[
max
φ∈Φ

n∑

t=1
(xtφ(ct) −Xt)

]
. (18.5)

The discussion above suggests we might prefer to choose Φ to be a slightly smaller
set. There are many ways to do this, some of which we describe below:

Partitions
Let P ⊂ 2C be a partition of C, which means that sets in P are disjoint and
∪P∈PP = C. Then define Φ to be the set of functions from C to [K] that are
constant on each partition of P. In this case we can run a version of Exp3 for
each partition, which means the regret depends on the number of parts |P| rather
than on the number of contexts.
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Similarity functions
Let s : C × C → [0, 1] be a function that we think of as measuring the similarity
between pairs of contexts on the [0, 1]-scale. Then let Φ be the set of functions
φ : C → [K] such that the average dissimilarity

1
|C|2

∑

c,d∈C
(1− s(c, d))I {φ(c) 6= φ(d)}

is below a user-tuned threshold θ ∈ (0, 1). It is not clear anymore that we can
control the regret (18.5) using some simple meta algorithm on Exp3, but keeping
the regret small is still a meaningful objective.

From supervised learning to bandits with expert advice
Yet another option is to run your favorite supervised learning method, training on
batch data to find a collection of predictors φ1, . . . , φM : C → [K]. Then we could
use a bandit algorithm to compete with the best of these in an online fashion.
This has the advantage that the offline training procedure can bring in the power
of batch data and the whole army of supervised learning, without relying on
potentially inaccurate evaluation methods that aim to pick the best of the pack.
And why pick if one does not need to?

The possibilities are endless, but in any case, we would end up with a set of
functions Φ with the goal of competing with the best of them. This suggests
the idea that perhaps we should think more generally about some subset Φ of
functions without necessarily considering the internal structure of Φ. This is the
viewpoint that we will take. In fact, we will bring this one step further by noticing
that once Φ has been chosen the contexts themselves play very little role. All we
need in each round is the output of each function. This leads to a setting called
bandits with expert advice.

In this model there are M experts. At the beginning of each round the experts
announce their predictions of which actions are the most promising. For the sake
of generality, we allow the experts to report not only a single prediction, but a
probability distribution over the actions. The interpretation of this probability
distribution is that the expert, if the decision was left to them, would choose the
action for the round at random from the probability distribution it reported. As
discussed before, in an adversarial setting it is natural to consider randomized
algorithms, hence one should not be too surprised that the experts are also allowed
to randomize. An application to an important practical problem is illustrated in
Fig. 18.1.

The predictions of the M experts in round t is represented by a matrix
E(t) ∈ [0, 1]M×K where the mth row E

(t)
m , a probability distribution of K, is

the recommendation of expert m for round t. The learner and the environment,
including the expert interact as follows:
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Figure 18.1 Prediction with expert advice. The experts, upon seeing a foot give expert
advice on what socks should fit it best. If the owner of the foot is happy, the
recommendation system earns a cookie!

For rounds t = 1, 2, 3, . . . , n:

1 Learner observes predictions of all experts, E(t).
2 Learner selects a distribution Pt on [K] in some way.
3 Action At is sampled from Pt and the reward is Xt = xtAt .

The regret of the learner is with respect to the total expected reward of the best expert:

Rn = E

[
max

m∈[M ]

n∑

t=1

E(t)
m xt −

n∑

t=1

Xt

]
. (18.6)

There is a delicate choice to be made about whether to allow the experts
predictions of the experts to depend on the actions of the learner. Or whether
they should be fixed from the beginning of the game in an oblivious manner.
While the framework does allow learning experts, the regret definition above is
not really meaningful in this case because the total reward of any of the experts
will also depend on the actions chosen by the learner (through E(t)) and in this
case a more meaningful benchmark is to compare with the total reward of the
experts computed under the assumption that the learner chooses some fixed
action all the time. Chapter 37 will consider this type of regret for a specific
problem class. However, in this chapter we restrict ourselves to non-learning,
oblivious experts.
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1: Input: n, K, M , η, γ
2: Set Q1 = (1/M, . . . , 1/M) ∈ [0, 1]1×M (a row vector)
3: for t = 1, . . . , n do
4: Receive advice E(t)

5: Choose the action At ∼ Pt, where Pt = QtE
(t)

6: Receive the reward Xt = xtAt
7: Estimate the action rewards: X̂ti = 1− I{At=i}

Pti+γ (1−Xt)
8: Propagate the rewards to the experts: X̃t = E(t)X̂t

9: Update the distribution Qt using exponential weighting:

Qt+1,i = exp(ηX̃ti)Qti∑
j exp(ηX̃tj)Qtj

for all i ∈ [M ]

10: end for
Algorithm 10: Exp4 algorithm

18.3 Can it go higher? Exp4

Exp4 is not just an increased version number, but stands for Exponential weighting
for Exploration and Exploitation with Experts. The idea of the algorithm is
very simple. Since exponential weighting worked so well in the standard bandit
problem we should adopt it to the problem at hand. However, since the goal is to
compete with the best expert in hindsight, it is not the actions that we should
score, but the experts. The algorithm maintains a probability distribution Qt
over experts and use this to come up with the next action. Once the action is
chosen, we use our favorite reward estimation procedure to estimate the rewards
for all the actions, which is then used to estimate how much total reward the
individual experts would have made so far. The reward estimates are then used
to update Qt using exponential weighting. The pseudocode of the algorithm is
given in Algorithm 10.

Note that At can be chosen in two steps, first sampling Mt ∈ [M ] from Qt and
then choosing At ∈ [K] from E

(t)
Mt,·. The reader can verify that (given the past)

the probability distribution of the so-selected action is also Pt. The algorithm uses
O(M) memory and O(MK) computation per round. Hence it is only practical
when M and K are reasonable.

18.4 Regret analysis

We restrict our attention to the case when γ = 0, which is the original algorithm.
The version where γ > 0 is called Exp4-IX and its analysis is left to the reader in
Exercise 18.3.

theorem 18.1 Let γ = 0 and η =
√

2 log(M)/(nK) and denote by Rn the
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expected regret of Exp4 defined in Algorithm 10 after n rounds. Assume that the
experts are deterministic and oblivious. Then,

Rn ≤
√

2nK log(M) . (18.7)

The proof will use the following lemma:

lemma 18.1 For any m∗ ∈ [M ] it holds that

n∑

t=1
X̃tm∗ −

n∑

t=1

M∑

m=1
QtmX̃tm ≤

log(M)
η

+ η

2

n∑

t=1

M∑

m=1
Ptm(1− X̂tm)2 .

After translating the notation, the proof of Lemma 18.1 can be extracted from
the analysis of Exp3 in the proof of Theorem 11.2, a task that we leave to the
reader in Exercise 18.2.

Proof of Theorem 18.1 Let m∗ be the index of the best performing expert in
hindsight:

m∗ = argmaxm∈[M ]

n∑

t=1
E(t)
m xt . (18.8)

Applying Lemma 18.1 shows that

n∑

t=1
X̃tm∗ −

n∑

t=1

M∑

m=1
QtmX̃tm ≤

log(M)
η

+ η

2

M∑

t=1

M∑

m=1
Qtm(1− X̃tm)2 . (18.9)

Let Ft = σ(E(1), A1, E
(2), A2, . . . , At−1, E

(t)), and introduce Et[·] = E[·|Ft].
When γ = 0 the estimator X̂ti is unbiased so that Et[X̂t] = xt and

Et[X̃t] = Et[E(t)X̂t] = E(t)E[X̂t] = E(t)xt . (18.10)

Since Qt is Ft-measurable, using the tower rule for conditional expectation, taking
expectations of both sides of Eq. (18.9) we get

Rn ≤
log(M)

η
+ η

2

n∑

t=1

M∑

m=1
E
[
Qtm(1− X̃tm)2] , (18.11)

where we also used the assumption that the experts are oblivious, and hence m∗
is non-random.

Like in Chapter 11, losses are more convenient than rewards to work with. Let
Ŷti = 1− X̂ti, yti = 1− xti and Ỹtm = 1− X̃tm. Note that Ỹt = E(t)Ŷt and recall
also the notation Ati = I {At = i}, which means that Ŷti = Atiyti

Pti
and

Et[Ỹ 2
tm] = Et



(
E

(t)
mAt

ytAt
PtAt

)2
 =

K∑

i=1

(
E

(t)
miyti

)2

Pti
≤

K∑

i=1

E
(t)
mi

Pti
. (18.12)
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Therefore using the definition of Pti,

E

[
M∑

m=1
Qtm(1− X̃tm)2

]
≤ E

[
M∑

m=1
Qtm

K∑

i=1

E
(t)
mi

Pti

]

= E

[
K∑

i=1

∑M
m=1QtmE

(t)
mi

Pti

]
= K .

Substituting into Eq. (18.11) leads to

Rn ≤
log(M)

η
+ ηnK

2 =
√

2nK log(M) .

Let us see how this theorem can be applied to the contextual bandit where
C is a finite set and Φ is the set of all functions from C → [K]. To each of
these functions φ ∈ Φ we associate an expert m with E

(t)
mi = I {φ(ct) = i}. Then

M = KC and Theorem 18.1 says that

Rn ≤
√

2nK|C| log(K) ,

which is the same bound we derived using an independent copy of Exp3 for each
context. More generally, if C is arbitrary (possibly infinite) and Φ is a finite set
of functions from C to [K], then the theorem ensures that

Rn ≤
√

2nK log(|Φ|) .

These results seem quite promising already, but in fact there is another
improvement possible. Define random variable E∗t by

E∗t =
t∑

s=1

K∑

i=1
max
m∈[M ]

E
(s)
mi .

By modifying the algorithm to use an adaptive learning rate of ηt =
√

log(M)/E∗t
one can prove the following theorem.

theorem 18.2 Assume the same conditions as in Theorem 18.1, except that
let ηt =

√
log(M)/E∗t . Then, there exists a universal constant C > 0 such that

Rn ≤ C
√
E∗n log(M) .

The proof of this result is not hard and is left to the reader in Exercise 18.4.
The bound on the right-hand side of the above inequality is data-dependent since
it depends on E∗n. It is not hard to see (Exercise 18.7) that

E∗n ≤ nmin(K,M) (18.13)

and as such this bound is much better than the bound of Theorem 18.1 when
M ≤ K. One can think of E∗n/n as the effective number of experts which depends
on the degree of disagreement, or diversity in the experts’ recommendations. The
bound tells us that Exp4 with the suggested learning rate is able to adapt to the
degree of disagreement between the experts. In fact, it is reasonable that learning
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becomes easier (and the regret bound will be smaller) when the experts tend to
agree. At the same time, what is the use of having many experts if they tend
to agree? This is another manifestation of the bias-variance tradeoff mentioned
at the beginning. Regardless, the fact that Exp4 with an adaptive learning rate
learns faster when there is more agreement amongst the experts is reassuring.

18.5 Notes

1 Perhaps the most important point of this chapter beyond the algorithms is
to understand that there are tradeoffs between having a larger competitor
class and a more meaningful definition of the regret that this entails. This
is very similar to the tradeoff involved in considering algorithms tuned for
a specific environment class (for example, Bernoulli bandits as opposed to
bandits with subgaussian noise). Indeed, similarly to what happens when a
smaller competitor class is chosen, a more restricted environment class usually
allows faster learning, but tuning to a more restricted class runs the risk of
losing on performance when the environment that the bandit algorithm runs on
does not belong to the restricted class. (The lack of proved guarantees should
not be mistaken for the lack of guarantees!)

2 The Exp4 algorithm serves as a tremendous building block for other bandit
problems by defining your own experts. The best example of this is the
application of Exp4 to nonstationary bandits that we explore in Chapter 31.
Here, a combinatorially large set of experts is considered, and yet a fast
implementation of Exp4 can be demonstrated to exist. That this is possible is
more the exception than the rule. In the lack of such an efficient implementation,
Exp4 can still be useful when working with a combinatorially large set of
experts just to demonstrate an upper bound on the regret (for an example see
Exercise 18.5).

3 The bandits with expert advice framework is clearly more general than
contextual bandits. With the terminology of the bandits with expert advice
framework, the contextual bandit problem arises when the experts are given
by static C → [K] maps.

4 A significant challenge is that a naive implementation of Exp4 has running time
O(MK) per round, which can be enormous if either M or K is large. In general
there is no solution to this problem, but in some cases the computation can be
reduced significantly. One situation where this is possible is when the learner
has access to an optimization oracle that for any context/reward sequence
that returns the expert that would collect the most reward in this sequence (this
is equivalent to solving the offline problem Eq. (18.8)). In Chapter 30 we show
how to use an offline optimization oracle to learn efficiently in combinatorial
bandit problems. The idea is to solve a randomly perturbed optimization
problem and then show that the randomness in the outputs provides sufficient
exploration.
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5 In the stochastic contextual bandit problem it is assumed that the context
and reward vector form a sequence of independent and identically distributed
random variables. Let Φ be a set of C → [K] maps and suppose the learner has
access to an optimization oracle capable of finding

argmaxφ∈Φ

t∑

s=1
xsφ(cs)

for any sequence of reward vectors x1, . . . , xt and contexts c1, . . . , ct. Under
these circumstances there exists a polynomial-time algorithm for which the
regret is essentially as the bound in Theorem 18.1.

With access to such an oracle, for stochastic contextual bandit problems
there exists a polynomial-time algorithm for which the regret is essentially the
same as that stated in Theorem 18.1 [Agarwal et al., 2014]. The algorithm
computes importance-weighted estimates of the rewards in each round. These
are used to estimate the regret of all the experts. Based on this, a distribution
over the experts (with a small support) is computed by solving a feasibility
problem: the distribution is constrained so that the importance weights will not
be too large, while the regret estimates averaged over the chosen distribution
will stay small. To reduce the computation cost, this distribution is updated
periodically with the length of the interval between the updates exponentially
growing. The significance of this result is that it reduces contextual bandits
to (cost-sensitive) empirical risk-minimization (ERM), which means that any
advance in solving cost-sensitive ERM problems automatically translates to
bandits.

6 The development of efficient algorithms for ERM is a major topic in supervised
learning. Note that ERM can be NP-hard even in simple cases like linear
classification [Shalev-Shwartz and Ben-David, 2009, §8.7].

7 As noted earlier, the bound on the regret stated in Theorem 18.2 is data-
dependent. Thinking of an instance of an adversarial bandit prediction with
expert advice problem as the joint choice of the rewards (x1, x2, . . . ) and
the expert predictions (E(1), E(2), . . . ) we may also call the bound instance-
dependent. These two expressions are in fact synonyms of each other, but
the stochastic bandit literature mostly uses instance-dependent, while the
adversarial online learning literature mostly uses the term data-dependent. In
any case, as explained earlier, when a data, or instance-dependent bound is
tight enough to imply the worst-case optimal bounds, they are preferred as
they give us more information about the algorithm, or, when paired with a
matching or nearly matching lower bound, about the problem class.

8 There are many points we have not developed in detail. One is high probability
bounds, which we saw in Chapter 12 and can also be derived here. We also
have not mentioned lower bounds. The degree to which the bounds are tight
depends on whether or not there is additional structure in the experts. In later
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chapters we will see examples where the results are essentially tight, but there
are also cases where they are not.

18.6 Bibliographic remarks

For a good account on the history of contextual bandits see the article by Tewari
and Murphy [2017]. The Exp4 algorithm was introduced by Auer et al. [2002b]
and Theorem 18.1 essentially matches Theorem 7.1 of this paper (with a slightly
better constant). McMahan and Streeter [2009] noticed that neither the number
of experts nor the size of the action set are what really matters for the regret,
but rather the extent to which the experts tend to agree. McMahan and Streeter
[2009] also introduced the idea of solving a linear program to find an exploration
policy that computes a distribution over the actions such that for any action i

and round t the computed probability of i is lower bound by the maximum of a
constant multiple of Pt(i). This is meant to ensure sufficient exploration while
staying close to the output of the exponential weights distribution. The idea of
explicitly optimizing a probability distribution with these objectives in mind is at
the heart of several works [Agarwal et al., 2014, for example]. While Theorem 18.2
is inspired by this work, the result appears to be new and goes beyond the work of
McMahan and Streeter [2009] because it shows that all one needs is to adapt the
learning rate based on the degree of agreement amongst the experts. Neu [2015a]
proves high probability bounds for Exp4-IX. You can follow in his footsteps by
solving Exercise 18.3. Another way to get high probability bounds is to generalize
Exp3.P, which was done by Beygelzimer et al. [2011]. As we mentioned in Item 5,
there exist efficient algorithms for stochastic contextual bandit problems when a
suitable optimization oracle is available [Agarwal et al., 2014]. An earlier attempt
to address the problem of reducing contextual bandits to cost-sensitive ERM is
by Dudik et al. [2011]. The adversarial case of static experts is considered by
Syrgkanis et al. [2016] who prove suboptimal (worse than

√
n) regret bounds

under various conditions for follow the perturbed leader for the transductive
setting when the contexts are available at the start. The case when the contexts
are independent and identically distributed, but the reward is adversarial has
been studied by Lazaric and Munos [2009] for the finite expert case, while Rakhlin
and Sridharan [2016] considered the case when an ERM oracle is available. The
paper of Rakhlin and Sridharan [2016] also considers the more realistic case when
only an approximation oracle is available for the ERM problem. What is notable
about this work is they demonstrate regret bounds with a moderate blow-up,
but without changing the definition. Kakade et al. [2008] consider contextual
bandit problems with adversarial context-loss sequences, where all but one action
suffers a loss of one in every round. This can also be seen as an instance of
multiclass classification with bandit feedback where labels to be predicted
are identified with actions and the only feedback received is whether the label
predicted was correct, with the goal of making as few mistakes as possible. Since
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minimizing the regret is in general hard in this non-convex setting, just like most
of the machine learning literature on classification, Kakade et al. [2008] provide
results in the form of mistake bounds for linear classifiers where the baseline is
not the number of mistakes of the best linear classifier, but is a convex upper
bound on it. The recent book by Shalev-Shwartz and Ben-David [2009] lists some
hardness results for ERM. For a more comprehensive treatment, the reader can
consult the book by Kearns and Vazirani [1994].

18.7 Exercises

18.1 Let C be a finite context set and let c1, . . . , cn ∈ C be an arbitrary sequence
of contexts.

(a) Show that
∑

c∈C

√√√√
n∑

t=1
I {ct = c} ≤

√
n|C|.

(b) Assume that n is an integer multiple of |C|. Show that the choice that
maximizes the right-hand side of the previous inequality is the one when each
context occurs n/|C| times.

18.2 Prove Lemma 18.1.

18.3 In this exercise you will prove an analogue of Theorem 12.1 for Exp4-IX.
In the contextual setting the random regret is

R̂n = max
m∈[M ]

n∑

t=1

(
E(t)
m xt −Xt

)
.

Design an algorithm accepting parameter δ ∈ (0, 1) such that

P

(
R̂n ≥ C

(
√
nK log(K) +

√
nK

log(K) log
(

1
δ

)))
≤ δ .

18.4 Prove Theorem 18.2.

18.5 Let x1, . . . , xn be a sequence of reward vectors chosen in advance by
an adversary with xt ∈ [0, 1]K . Furthermore, let o1, . . . , on be a sequence of
observations, also chosen in advance by an adversary with ot ∈ [O] for some fixed
O ∈ N+. Then let H be the set of functions φ : [O]m → [K] where m ∈ N+.
In each round the learner observes ot should choose an action At based on
o1, A1, X1, . . . , ot−1, At−1, Xt−1, ot and the regret is

Rn = min
φ∈H

n∑

t=1
xtAt − xtφ(ot,ot−1,...,ot−m) ,

where ot = 1 for t ≤ 0. This means the learner is competing with the best
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predictor in hindsight that uses only the last m observations. Prove there exists
an algorithm such that

E[Rn] ≤
√

2nmK log(O) .

18.6 In this problem we consider non-oblivious experts. Consider the following
modified regret definition:

R′n = max
m∈[M ]

E

[
n∑

t=1
E(t)
m xt −

n∑

t=1
Xt

]
.

Show that:

(a) R′n ≤ Rn regardless of whether the experts are oblivious or not.
(b) Theorem 18.1 remains valid for non-oblivious experts if in Eq. (18.7) we

replace Rn with R′n. In particular, explain how to modify the proof.
(c) Research question: Give a non-trivial bound on Rn.

18.7 Prove Eq. (18.13).

18.8 [The epoch-greedy algorithm, [Langford and Zhang, 2008]] Consider a
stochastic contextual bandit environment, where the context-reward pairs (Ct, Xt)
form an i.i.d. sequence, with Ct ∈ C and Xt ∈ [0, 1]K . Let Φ ⊂ {φ : φ : C → [K]}
be a set of static experts and assume that we have access to an oracle O(x, c) that
can compute argmaxφ∈Φ

∑t
s=1 xt,φ(ct) for any x = (xs)s, c = (cs)s sequences of

reward-vectors and contexts (xs ∈ RK , cs ∈ C).
The epoch-greedy algorithm works in phases of length 1 < τ1 < τ2 < . . . of

increasing length. In the first round of phase m = 1, 2, . . . , the algorithm receives
context C̃m and then performs an exploration step: An action Ãm ∈ [K] is chosen
uniformly at random. Let X̃m denote the reward received in response. Next, the
algorithm constructs the reward estimates X̂m,k = 1

K I
{
Ãm = k

}
X̃m and finds

the expert φm whose usage so far would have incurred the most total reward:
φm = argmaxφ∈Φ

∑m
p=1 X̂p,φ(C̃p). In the remaining τm − 1 rounds of phase m,

the advice of φm is followed: Upon receiving context Ct in round t (during this
phase), action At = φm(Ct) is used.

(a) Let Φ be finite. Show that with an appropriate choice of (τm)m, the expected
regret Rn of epoch-greedy after n steps is Rn ≤ O(n2/3|Φ|1/3).

(b) Extension to VC-dimension!
(c) Can the result be extended to the case when the context sequence (ct)t is an

arbitrary fixed sequence, but Xt ∼ Pct for some family (Pc)c of distributions?


